
ÈåùñçôéêÞ ÌåëÝôç ÓõóóùìáôùìÜôùí
Çìéáãùãþí.

Óõóóùìáôþìáôá Si ìå ÅíóùìáôùìÝíá
ÌÝôáëëá ÌåôÜðôùóçò

ÅììáíïõÞë Í. ÊïõêÜñáò
Á.Ì.: 198

ÅéäéêÞ ÅñåõíçôéêÞ Åñãáóßá

ÐáíåðéóôÞìéï Ðáôñþí
Ó÷ïëÞ Èåôéêþí Åðéóôçìþí

ÔìÞìá ÖõóéêÞò
ÐÜôñá

ÅðéâëÝðùí: ÊáèçãçôÞò Áñéóôåßäçò Ä. ÆäÝôóçò

(Éïýíéïò 2006)





i

ÁõôÞ ç ÅéäéêÞ ÅñåõíçôéêÞ Åñãáóßá óôïé÷åéïèåôÞèçêå ìå ôï ðñüãñáììá LATEX (äéáíïìÞ MiKTeX).

×ñçóéìïðïéÞèçêå ôï ôõðïãñáöéêü ðñüôõðï vpp thesis ôïõ Âáóßëç ÐëáãéáíÜêïõ êáé ç ðñïóáñìïãÞ

óôá åëëçíéêÜ auto-greek ôïõ Êþóôá ÌðëÝêïõ. Ç óõããñáöÞ Ýãéíå ìå ôç âïÞèåéá ôùí ðñïãñáììÜôùí

WinEdt êáé LEd (óôï ëåéôïõñãéêü óýóôçìá Microsoft Windows XP) êáé vim (óôï ëåéôïõñãéêü óýóôçìá

Suse Linux). Ç ôåëéêÞ çëåêôñïíéêÞ ìïñöÞ Portable Document Format (PDF) äçìéïõñãÞèçêå ìå ôï

ðñüãñáììá PDFTEX åíþ êáôÜ ôçí óõããñáöÞ ÷ñçóéìïðïéÞèçêå ôï PDFLATEX. Ãéá ôïõò õðïëïãéóìïýò

÷ñçóéìïðïéÞèçêáí êõñßùò ôá ðñïãñÜììáôá TURBOMOLE 5.6, GAUSSIAN-03 êáé PC-GAMESS 6.4 êáé

óå ëéãüôåñï âáèìü ôï ðñüãñáììá NWCHEM. Ïé ãñáöéêÝò ðáñáóôÜóåéò Ýãéíáí ìå ôç âïÞèåéá ôùí

ðñïãñáììÜôùí Origin 7.5 êáé MATHEMATICA 5.2, êáé ç åðåîåñãáóßá ôùí ó÷çìÜôùí ìå ôá ðñïãñÜììáôá

Jasc Paint Shop Pro, Ipe êáé Gimp.

Óôï åîþöõëëï áðåéêïíßæïíôáé Ýíá öïõëåñåíïåéäÝò óôåñåïúóïìåñÝò ôïõ óõóóùìáôþìáôïò
Ni@Si12 ìå óõììåôñßá D2d êáé ôï ìïñéáêü ôñï÷éáêü ôïõ ìå ôçí éó÷õñüôåñç äåóìéêÞ áëëçëå-
ðßäñáóç d-ôñï÷éáêþí (óõãêåêñéìÝíá dxz êáé dyz) ôïõ Ni ìå ôá Si. Áðü ôç ðáñïýóá åñãáóßá
ðñïêýðôåé üôé ôï éóïìåñÝò áõôü åßíáé ç èåìåëéþäçò êáôÜóôáóç ôïõ Ni@Si12.
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Ðåñßëçøç

It is doubted whether a man ever brings his faculties to bear

with their full force on a subject until he writes upon it.

---Marcus Tullius Cicero (106-43 BC)

Óôç ðáñïýóá åñãáóßá ãßíåôáé ìåëÝôç ôùí äïìéêþí, çëåêôñïíéêþí êáé äïíçôéêþí éäéïôÞôùí
óõóóùìáôùìÜôùí ðõñéôßïõ ôá ïðïßá ðåñéÝ÷ïõí ìÝôáëëá ìåôÜðôùóçò. Ï ëüãïò ðïõ ìåëåôþíôáé
ôÝôïéá óõóôÞìáôá åßíáé åðåéäÞ ðáñïõóéÜæïõí áõîçìÝíç óôáèåñüôçôá óå ó÷Ýóç ìå ôá áíôßóôïé÷á
óõóóùìÜôùìá êáèáñÜ ðõñéôßïõ åíþ ïé äïìÝò ðïõ öôéÜ÷íïõí åßíáé ôýðïõ êëùâïý (cage-like).
Ïé éäéüôçôåò áõôÝò åßíáé åðéèõìçôÝò ãéá ôç ÷ñÞóç ôïõò ùò âáóéêÝò äïìéêÝò ìïíÜäåò ãéá
íáíïöáóéêÜ õëéêÜ üðùò íáíïóùëÞíåò ðõñéôßïõ.

Ç åñãáóßá ÷ùñßæåôáé óå ôñßá ìÝñç. Óôï ðñþôï ìÝñïò ðáñïõóéÜæïíôáé âáóéêÝò èåùñçôéêÝò
Ýííïéåò êáé ìÝèïäïé ôçò ìïñéáêÞò öõóéêÞò êáé êâáíôéêÞò ÷çìåßáò. Ïé ìÝèïäïé áõôïß ÷ñçóé-
ìïðïéïýíôáé óôï äåýôåñï ìÝñïò ôçò åñãáóßáò üðïõ ðáñïõóéÜæåôáé ìåëÝôç óõóóùìáôùìÜôùí
ðõñéôßïõ ìå åíóùìáôùìÝíá ìÝôáëëá ìåôÜðôùóçò. Ç ìåëÝôç ãßíåôáé ãéá óõóóùìáôþìáôá
äþäåêá áôüìùí ðõñéôßïõ êáé ãéá ôï ìÝôáëëï ìåôÜðôùóçò Ni (íéêÝëéï). ¼ëïé ïé õðïëïãéóìïß
ðñáãìáôïðïéÞèçêáí óôçí õðïëïãéóôéêÞ ìïíÜäá ðáñÜëëçëçò åðåîåñãáóßáò ôýðïõ óõóôïé÷ßáò
Beowulf, Moly. Ç ó÷åäßáóç êáé õëïðïßçóç ôïõ õðïëïãéóôéêïý áõôïý óõóôÞìáôïò ðáñïõóéÜæåôáé
óôï ôñßôï ìÝñïò ôçò åñãáóßáò.

ÌÝñïò ôçò åñãáóßáò áõôÞò ðáñïõóéÜóôçêå óôï äéåèíÝò óõíÝäñéï ICCMSE 2005 (Interna-
tional Conference of Computational Methods in Sciences and Engineering) êáé Ý÷åé äçìïóéåõèåß
óôï åðéóôçìïíéêü ðåñéïäéêü LSCCS (Lecture Series on Computer and Computational Sciences).
Ç ðëÞñçò åñãáóßá ðïõ áöïñÜ ôï óõóóùìÜôùìá Ni@Si12 Ý÷åé äçìïóéåõèåß óôï åðéóôçìïíéêü
ðåñéïäéêü Physical Review B (Phys. Rev. B 73, 235417 (2006)).

Ç äéÜñèñùóç ôùí êåöáëáßùí Ý÷åé ùò åîÞò, óôï ðñþôï êåöÜëáéï äßíïíôáé ïé âáóéêïß
ïñéóìïß êáé èåùñçôéêÝò Ýííïéåò ôùí ìåèüäùí ôçò êâáíôéêÞò ÷çìåßáò. ÐáñïõóéÜæïíôáé ïé
ðñïóåããßóåéò Born-Oppenheimer êáé Hartree-Fock êáèþò êáé óýíïëá âÜóåùí. Óôï äåýôåñï
êåöÜëáéï ðáñïõóéÜæïíôáé ìÝèïäïé õøçëüôåñçò ôÜîçò (èåùñþíôáò ôçí Hartree-Fock ùò ìçäåíé-
êÞò ôÜîçò) ïé ïðïßåò ðåñéëáìâÜíïõí çëåêôñïíéáêÞ óõó÷Ýôéóç. ÓõãêåêñéìÝíá ðáñïõóéÜæåôáé ç
áëëçëåðßäñáóç äéáìïñöþóåùí (Configuration Interaction, CI), ç èåùñßá äéáôáñá÷þí Møller-
Plesset (MP) êáèþò êáé ç èåùñßá óõíáñôçóéáêïý ðõêíüôçôáò (Density Functional Theory,
DFT). Óôï ôñßôï êåöÜëáéï ðáñïõóéÜæåôáé ç èåùñßá ïìÜäùí ìå ãíþìïíá ôç ìïñéáêÞ óõììåôñßá
êáé ç åöáñìïãÞ ôçò óôïõò õðïëïãéóìïýò çëåêôñïíéêÞò äïìÞò. Ôï ôÝôáñôï êåöÜëáéï áðïôåëåß
ôçí ðáñïõóßáóç ôçò ìåëÝôçò ôùí óõóóùìáôùìÜôùí ðõñéôßïõ ìå åíóùìáôùìÝíï ìÝôáëëï ìåôÜ-
ðôùóçò. Ç åñãáóßáò ôåëåéþíåé ìå ôï ðÝìðôï êåöÜëáéï óôï ïðïßï ðáñïõóéÜæåôáé ç õëïðïßçóç
ôçò ðáñÜëëçëçò õðïëïãéóôéêÞò ìïíÜäáò Moly.

Óôá ÐáñáñôÞìáôá A êáé B ðáñáèÝôïõìå ôéò ó÷åôéêÝò åñãáóßåò ðïõ ðñïÝêõøáí êáôÜ ôçí
äéÜñêåéá åêðüíçóçò ôçò ðáñïýóáò åñãáóßáò, óõãêåêñéìÝíá ìéá ðïõ ðáñïõóéÜóôçêå óôï äéåèíÝò
óõíÝäñéï ICCMSE 2005 êáèþò êáé ìéá ðïõ äçìïóéåýôçêå óôï ðåñéïäéêü Physical Review B.
Óôï ÐáñÜñôçìá C ðáñáèÝôïõìå ôïí ðçãáßï êþäéêá ôïõ ðñïãñÜììáôïò ìå ôï ïðïßï Ýãéíáí ïé
õðïëïãéóìïß ôùí äéáãñáììÜôùí DOS, PDOS êáé COOP.
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Åõ÷áñéóôßåò

Ç ðáñïýóá åñãáóßá Þñèå óå ðÝñáò ìå ôç âïÞèåéá êáé óôÞñéîç ðïëëþí áíèñþðùí. Åõ÷áñéóôþ
èåñìÜ ôïí êáèçãçôÞ ê. Áñéóôåßäç ÆäÝôóç ãéá ôçí ïõóéáóôéêÞ êáèïäÞãçóÞ ôïõ êáèþò êáé
ôï åíäéáöÝñïí ðïõ Ýäåéîå ãéá ôç äçìéïõñãßá ôçò êáôÜëëçëçò õëéêïôå÷íéêÞò õðïäïìÞò, äß÷ùò
ôçò ïðïßáò ç Ýñåõíá ôçò ðáñïýóáò åñãáóßáò äåí èá Þôáí åöéêôÞ. ¸íá ìåãÜëï åõ÷áñéóôþ
áðåõèýíù êáé óôïí äéäÜêôïñá ê. ×ñÞóôï ÃáñïõöáëÞ ãéá ôéò ðñáãìáôéêÜ ðïëýôéìåò óõìâïõëÝò
êáé õðïäåßîåéò ôïõ êáé ãéá ôï ÷ñüíï ðïõ ðÜíôá åýñéóêå íá ìïõ áöéåñþóåé. Åõ÷áñéóôþ åðßóçò
êáé ôá Üëëá äýï ìÝëç ôçò Ôñéìåëïýò ÓõìâïõëåõôéêÞò ÅðéôñïðÞò ìïõ, ôïõò êáèçãçôÝò ê.ê.
Åõãåíßá Ìõôéëçíáßïõ êáé ÁíäñÝá ÔåñæÞ.

Ç ðáñïýóá åñãáóßá óôçñß÷èçêå ïéêïíïìéêÜ áðü ôï ðñüãñáììá ÂáóéêÞò ¸ñåõíáò «Ê.
ÊáñáèåïäùñÞ 2003» ôçò ÅðéôñïðÞò Åñåõíþí ôïõ Ðáíåðéóôçìßïõ Ðáôñþí.

ÅììáíïõÞë Í. ÊïõêÜñáò

ÐÜôñá, 2006.
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ÌÝñïò I

ÇëåêôñïíéêÞ äïìÞ ôçò ýëçò





Ê Å Ö Á Ë Á É Ï 1

Õðïëïãéóìïß çëåêôñïíéêÞò äïìÞò

...I fell into a reverie and lo, the atoms were gamboling before my eyes
...I saw how, frequently, two small ones united to form a pair;

how a larger one embraced two smaller ones;
how still larger ones kept hold of three or even four of the smaller.

This was the origin of the structure theory.

---Friedrich Kekule von Stradonitz (1829-1896)

Ç êáôáíüçóç êáé ðñüâëåøç ôïõ ôñüðïõ ðïõ óõãêñïôïýíôáé ôá ìüñéá áðü Üôïìá êáèþò
êáé ïé éäéüôçôåò (çëåêôñïíéêÝò, ïðôéêÝò, äïìéêÝò, ê.á.) ôùí ìïñéáêþí óõóôçìÜôùí áðïôåëåß
ôïí êýñéï óôü÷ï ôçò ìïñéáêÞò êâáíôéêÞò ìç÷áíéêÞò (êâáíôéêÞò ÷çìåßáò). Ï ôñüðïò ðïõ
åðéôõã÷Üíåôáé áõôü åßíáé ìå ôçí åðßëõóç ôçò ìç ó÷åôéêéóôéêÞò, ÷ñïíïáíåîÜñôçôç åîßóùóçò
Schrödinger áð’ üðïõ ðñïêýðôåé ç çëåêôñïíéêÞ äïìÞ ôùí ìïñßùí.

Óôï êåöÜëáéï áõôü ðáñïõóéÜæïíôáé ïé âáóéêÝò Ýííïéåò, ìÝèïäïé êáé óõìâïëéóìïß ôçò
ìïñéáêÞò êâáíôéêÞò ìç÷áíéêÞò (êáôÜ Üëëïõò êâáíôéêÞò ÷çìåßáò). Ãßíåôáé áíáöïñÜ óå Ýííïéåò
üðùò ôá áôïìéêÜ êáé ìïñéáêÜ ôñï÷éáêÜ, óýíïëá âÜóåùí, êâáíôïìç÷áíéêïß ôåëåóôÝò ê.á.
ÐáñïõóéÜæïíôáé åðßóçò ïé âáóéêÝò ðñïóåããßóåéò êáé ìÝèïäïé åðßëõóçò ðñïâëçìÜôùí, üðùò ç
ðñïóÝããéóç Born-Oppenheimer êáé ç ìÝèïäïò Hartree-Fock, óôéò ïðïßåò âáóßæïíôáé ðïëëÝò
áðü ôéò ðéï ðñï÷ùñçìÝíåò ìÝèïäïé ðïõ óõíáíôþíôáé óôï åðüìåíï êåöÜëáéï.

Ç óçìåéïãñáößá ðïõ èá ÷ñçóéìïðïéÞóïõìå óôá äýï ðñþôá êåöÜëáéá Ý÷åé ùò åîÞò: ôá
÷ùñéêÜ ìïñéáêÜ ôñï÷éáêÜ Ý÷ïõí ëáôéíéêïýò äåßêôåò (i, j, k, . . . ) êáé óõìâïëßæïíôáé ìå
ψ. ÁõôÜ óõíÞèùò áíáðôýóóïíôáé ðÜíù óå ÷ùñéêÜ áôïìéêÜ ôñï÷éáêÜ ðïõ óõìâïëßæïíôáé
ìå φ ìå åëëçíéêïýò äåßêôåò (µ, ν, λ, . . . ). ÌïñéáêÜ spin-ôñï÷éáêÜ óõìâïëßæïíôáé ìå χ
êáé Ý÷ïõí äåßêôåò a, b, c, . . . üôáí åßíáé êáôåéëçììÝíï êáé r, s, t, . . . üôáí åßíáé ìç
êáôåéëçììÝíï. Ïé ðïëõçëåêôñïíéáêïß ôåëåóôÝò óõìâïëßæïíôáé ìå êåöáëáßïõò êáëëéãñáöéêïýò
÷áñáêôÞñåò (ãéá ðáñÜäåéãìá, ç Hamiltonian åßíáé H ), åíþ ïé ìïíïçëåêôñïíéáêïß ôåëåóôÝò
óõìâïëßæïíôáé ìå ðåæïýò ëáôéíéêïýò ÷áñáêôÞñåò (ãéá ðáñÜäåéãìá, ï ôåëåóôÞò Fock ôïõ
çëåêôñïíßïõ-Ýíá åßíáé f(1)). Ç áêñéâÞò êõìáôïóõíÜñôçóç ðïëëþí çëåêôñïíßùí óõìâïëßæåôáé
ìå Φ åíþ ç ðñïóåããéóôéêÝò êõìáôïóõíáñôÞóåéò ðïëëþí çëåêôñïíßùí óõìâïëßæïíôáé ìå Ψ (ãéá
ðáñÜäåéãìá ç èåìåëéþäçò Hartree-Fock êõìáôïóõíÜñôçóç åßíáé ç Ψ0 êáé ç äéðëÜ äéåãåñìÝíç
êõìáôïóõíÜñôçóç åßíáé ç Ψrs

ab). Ïé áêñéâåßò êáé ðñïóåããéóôéêÝò åíÝñãåéåò óõìâïëßæïíôáé ìå E
êáé E áíôßóôïé÷á.

1.1 ÐñïóÝããéóç Born-Oppenheimer

Óôá ðñïâëÞìáôá çëåêôñïíéêÞò äïìÞò ïé åîéóþóåéò ðïõ êáëåßôáé êáíåßò íá åðéëýóåé
ðåñéÝ÷ïõí üñïõò ðïõ åîáñôþíôáé êáé áðü ôéò çëåêôñïíéêÝò êáé áðü ôéò ðõñçíéêÝò êéíÞóåéò.
Ç óýæåõîç áõôÞ ôùí êéíÞóåùí åßíáé ðçãÞ äõóêïëßáò. Ç ðñïóÝããéóç Born-Oppenheimer
åßíáé êåíôñéêÞò óçìáóßáò óôçí êâáíôéêÞ ÷çìåßá. ÅðåéäÞ ïé ðõñÞíåò åßíáé ðïëý âáñýôåñïé
áðü ôá çëåêôñüíéá (ï ëüãïò ôùí ìáæþí ôïõò åßíáé ìéêñüôåñïò áðü 1/1850), ç êßíçóÞ ôïõò
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åßíáé ðïëý ðéï áñãÞ. Ãéá ôïí ëüãï áõôü ìéá êáëÞ ðñïóÝããéóç åßíáé íá èåùñÞóïõìå üôé ôá
çëåêôñüíéá êéíïýíôáé óôï ðåäßï ðïõ äçìéïõñãïýí áêßíçôïé ðõñÞíåò. Ç ðñïóÝããéóç áõôÞ
ïíïìÜæåôáé ðñïóÝããéóç Born-Oppenheimer Þ ðñïóÝããéóç ôùí ðáêôùìÝíùí ðõñÞíùí. Áõôü
ðïõ åðéôõã÷Üíåôáé ìå ôçí ðñïóÝããéóç áõôÞ åßíáé ï äéá÷ùñéóìüò ôùí çëåêôñïíéêþí êáé
ðõñçíéêþí êéíÞóåùí êáé êáôÜ óõíÝðåéá ôçí áðïóýæåõîç ôùí åîéóþóåùí.

Èåùñþíôáò ùò óôáèåñÝò ôéò ðõñçíéêÝò èÝóåéò, ç åîßóùóç ôïõ Schrödinger åðéëýåôáé ãéá
ôá çëåêôñüíéá åíôüò ôïõ óôáôéêïý çëåêôñéêïý ðåäßïõ ðïõ äçìéïõñãïýí ïé ðõñÞíåò êáé ãéá ôç
óõãêåêñéìÝíç äéåõèÝôçóç. ÁëëÜæïíôáò ôç äéåõèÝôçóç ôùí ðõñÞíùí êáé åðáíáëáìâÜíïíôáò
ôïõò õðïëïãéóìïýò ðñïêýðôåé Üëëç ëýóç ôïõ çëåêôñïíéêïý ðñïâëÞìáôïò. Áðü ôéò ëýóåéò
áõôÝò ðñïêýðôïõí ïé åðéöÜíåéåò äõíáìéêÞ åíÝñãåéáò (potential energy surfaces). Ç äéáìüñöùóç
ðïõ áíôéóôïé÷åß óôç èÝóç éóïññïðßáò áíáãíùñßæåôáé áðü ôï åëÜ÷éóôï ôçò åðéöÜíåéáò áõôÞò
(ãéá äéáôïìéêü ìüñéï ðñüêåéôáé ãéá êáìðýëç).

Ëüãù ôçò êåíôñéêÞ óçìáóßáò ôçò ðñïóÝããéóçò ôçí ðáñïõóéÜæïõìå ëßãï áíáëõôéêüôåñá.
¸óôù óýóôçìá N çëåêôñïíßùí êáéM ðõñÞíùí. Ç ìç ó÷åôéêéóôéêÞ ÷ñïíïáíåîÜñôçôç åîßóùóç
Schrödinger åßíáé

H |Φ〉 = E |Φ〉 (1.1)

ìå ôçí ðëÞñç Hamiltonian H ôïõ ðñïâëÞìáôïò óå áôïìéêÝò ìïíÜäåò íá åßíáé

H = −1
2
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(1.2)

üðïõ rij êáé RAB ïé áðïóôÜóåéò ìåôáîý ôùí i, j çëåêôñïíßùí, êáé A, B ðõñÞíùí áíôßóôïé÷á.
¸÷ïíôáò èåùñÞóåé üôé ç êßíçóç ôùí çëåêôñïíßùí åßíáé áíåîÜñôçôç áðü áõôÞ ôùí ðõñÞíùí

ôï ðñüâëçìá åßíáé äéá÷ùñßóéìï êáé ç óõíïëéêÞ êõìáôïóõíÜñôçóç ìðïñåß ðëÝïí íá ãñáöåß

|Φ〉 = |Φelec({ri}; {RA})〉|Φnucl({RA})〉 (1.3)

üðïõ Φelec êáé Φnucl ïé êõìáôïóõíáñôÞóåéò ðïõ ðåñéãñÜöïõí ôçí êßíçóç ôùí çëåêôñïíßùí
êáé ôùí ðõñÞíùí áíôßóôïé÷á. Ðáñáôçñïýìå üôé ç Φelec Ý÷åé ðáñáìåôñéêÞ åîÜñôçóç áðü ôéò
ðõñçíéêÝò èÝóåéò.

Ç Φelec áðïôåëåß ëýóç ôçò åîßóùóçò ôïõ Schrödinger ìå ôçí çëåêôñïíéêÞ Hamiltonian

Helec|Φelec〉 = Eelec|Φelec〉 (1.4)

üðïõ ç çëåêôñïíéêÞ Hamiltonian åßíáé

Helec = −1
2

N∑
i=1

∇2
i −

N∑
i=1

M∑
A=1

ZA

riA
+

N∑
i=1

N∑
j>i

1
rij

(1.5)

ç ïðïßá ðñïÝñ÷åôáé áðü ôçí ïëéêÞ Hamiltonian (1.2) ôïõ ðñïâëÞìáôïò èåùñþíôáò ôïí üñï
ôçò êéíçôéêÞò åíÝñãåéáò ôùí ðõñÞíùí ùò áìåëçôÝï. Åðßóçò, ï ôåëåõôáßïò üñïò, äçëáäÞ ôùí
ðõñçíéêþí áðþóåùí, èåùñåßôáé ùò óôáèåñÜ êáé êáôÜ óõíÝðåéá äåí åðéäñÜ óôá éäéïäéáíýóìáôá
(ðáñÜ ìüíïí óôéò éäéïôéìÝò).

¸÷ïíôáò âñåé ôéò åíåñãåéáêÝò éäéïôéìÝò ôïõ çëåêôñïíéêïý ðñïâëÞìáôïò, ç óõíïëéêÞ
åíÝñãåéá ðñïêýðôåé ðñïóèÝôïíôáò ôç óôáèåñÞ ðõñçíéêÞ Üðùóç

Etot = Eelec ({RA}) +
M∑

A=1

M∑
B>A

ZAZB

RAB
(1.6)

Ïé åîéóþóåéò (1.3) Ýùò (1.6) óõíèÝôïõí ôï çëåêôñïíéêü ðñüâëçìá êáé åßíáé áõôü ðïõ
ðáñïõóéÜæåé åíäéáöÝñïí.
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Áðü ôç óôéãìÞ ðïõ ôï çëåêôñïíéêü ðñüâëçìá Ý÷åé ëõèåß, ôï ðñüâëçìá ôùí ðõñçíéêþí
êéíÞóåùí ìðïñåß íá ëõèåß èåùñþíôáò üôé ïé ðõñÞíåò êéíïýíôáé óôï ìÝóï äõíáìéêü ðïõ äçìéïõñ-
ãïýí ôá çëåêôñüíéá. ÓõãêåêñéìÝíá, óôçí Hamiltonian (1.2) ðñïóåããßæïõìå ôéò çëåêôñïíéêÝò
óõíôåôáãìÝíåò ìå ôéò ìÝóåò ôéìÝò ôïõò. ¸ôóé Ý÷ïõìå

Hnucl = −
M∑

A=1

1
2MA

∇2
A +

〈
−1

2

N∑
i=1

∇2
i −

N∑
i=1

M∑
A=1

ZA

riA
+

N∑
i=1

N∑
j>i

1
rij

〉

+
M∑

A=1

M∑
B>A

ZAZB

RAB

= −
M∑

A=1

1
2MA

∇2
A + Eelec({RA}) +

M∑
A=1

M∑
B>A

ZAZB

RAB

= −
M∑

A=1

1
2MA

∇2
A + Etot({RA}) (1.7)

Ïé ëýóåéò ôçò ðõñçíéêÞò åîßóùóçò Schrödinger,

Hnucl|Φnucl〉 = E |Φnucl〉 (1.8)

äßíïõí ôéò äïíÞóåéò, ðåñéóôñïöÝò êáé ìåôáöïñÝò ôïõ ìïñßïõ,

|Φnucl〉 = |Φnucl({RA})〉 (1.9)

åíþ E åßíáé ç ðñïóÝããéóç ôçò Born-Oppenheimer ãéá ôçí ïëéêÞ åíÝñãåéá êáé ðåñéëáìâÜíåé
ôçí çëåêôñïíéêÞ, äïíçôéêÞ, ðåñéóôñïöéêÞ êáé ìåôáöïñéêÞ åíÝñãåéá.

¸ëåã÷ïò ãéá áðïêëßóåéò áðü ôçí ðñïóÝããéóç Born-Oppenheimer ãßíåôáé åîåôÜæïíôáò ôçí
åðßäñáóç ôïõ üñïõ

H (1)|Φelec〉|Φnucl〉 = −1
2

∑
A

{
2(∇A|Φelec〉)(∇A|Φnucl〉) + (∇2

A|Φelec〉)|Φnucl〉
}

(1.10)

ï ïðïßïò åßíáé ï üñïò ðïõ áìåëïýìå êáôÜ ôïí ðëÞñç öïñìáëéóìü.

1.2 ÁíôéóõììåôñéêÝò êõìáôïóõíáñôÞóåéò

Ç çëåêôñïíéêÞ Hamiltonian (1.5) ðåñéëáìâÜíåé ìüíï ÷ùñéêÝò óõíôåôáãìÝíåò. Ãéá íá åßíáé
ðëÞñçò ç ðåñéãñáöÞ åíüò çëåêôñïíßïõ ðñÝðåé íá óõìðåñéëçöèåß êáé ôï spin óôçí êõìáôïóõíÜñ-
ôçóç. ¸ôóé, åêôüò ôùí ôñéþí ÷ùñéêþí óõíôåôáãìÝíùí r ÷ñçóéìïðïéåßôáé êáé ìéá óõíôåôáãìÝíç
ω ãéá ôï spin. Ïé êõìáôïóõíáñôÞóåéò ãßíïíôáé ôåëéêÜ óõíáñôÞóåéò ôçò óõãêåíôñùôéêÞ ìåôá-
âëçôÞò x = {r, ω}, äçëáäÞ Φ(x1,x2, . . . ,xN). ÅðåéäÞ üìùò ç Hamiltonian åßíáé áíåîÜñôçôç
ôïõ spin, ãéá íá åßíáé ÷ñÞóéìç ç ðáñáðÜíù ðñïóèÞêç êÜíïõìå ÷ñÞóç ôçò áñ÷Þò Pauli Þ áñ÷Þò
ôçò áíôéóõììåôñéêüôçôáò, óýìöùíá ìå ôçí ïðïßá ç ïëéêÞ êõìáôïóõíÜñôçóç (óõìðåñéëáìâá-
íïìÝíïõ ôïõ spin) ðñÝðåé íá åßíáé áíôéóõììåôñéêÞ ùò ðñïò ôçí åíáëëáãÞ äýï ïðïéïíäÞðïôå
çëåêôñïíßùí, äçëáäÞ ùò ðñïò ôçí åíáëëáãÞ ôçò óõíôåôáãìÝíçò x

Φ(x1, . . . ,xi, . . . ,xj , . . . ,xN ) = −Φ(x1, . . . ,xj , . . . ,xi, . . . ,xN )

ÓõíÝðåéá ôçò áñ÷Þò Pauli åßíáé ç áðáãïñåõôéêÞ áñ÷Þ ôïõ Pauli óýìöùíá ìå ôçí ïðïßá äýï
çëåêôñüíéá äåí ìðïñïýí íá âñßóêïíôáé óôçí ßäéá êáôÜóôáóç.

Ç êáôáóêåõÞ áíôéóõììåôñéêþí ðïëõçëåêôñïíéáêþí êõìáôïóõíáñôÞóåùí âáóßæåôáé óôçí
Ýííïéá ôïõ ôñï÷éáêïý. Ùò ôñï÷éáêü (orbital) ïñßæåôáé ç êõìáôïóõíÜñôçóç ôïõ åíüò çëåêôñïíßïõ.
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Óôá üóá áêïëïõèïýí ãßíåôáé ÷ñÞóç ìïñéáêþí ôñï÷éáêþí (molecular orbital) ãéá ôçí ðåñéãñáöÞ
çëåêôñïíßùí ìÝóá óå ìüñéá. Ãéá ôçí ðëÞñç ðåñéãñáöÞ ôïõ çëåêôñïíßïõ ðñÝðåé íá ìïñéáêü
ôñï÷éáêü, χ(x), íá óõìðåñéëáìâÜíåé ôï ÷ùñéêü ôñï÷éáêü (spatial orbital), ψ(r), êáé ìéá
óõíÜñôçóç spin α(ω), β(ω), ãéá spin up êáé spin down áíôßóôïé÷á. Ôï ìïñéáêü ôñï÷éáêü χ(x),
äçëáäÞ, åßíáé Ýíá spin-ôñï÷éáêü (spin orbital). Áðü êÜèå ÷ùñéêü ôñï÷éáêü ψ(r) ìðïñåß íá
êáôáóêåõáóôïýí äýï spin-ôñï÷éáêÜ, Ýíá ìå spin up êáé Ýíá ìå spin down:

χ(x) =


ψ(r)α(ω)

Þ
ψ(r)β(ω)

¸íáò áðëüò ôñüðïò êáôáóêåõÞò ðïëõçëåêôñïíéáêÞò êõìáôïóõíÜñôçóçò åßíáé ðïëëáðëá-
óéÜæïíôáò ôá spin-ôñï÷éáêÜ, äçëáäÞ ó÷çìáôßæïíôáò Ýíá ãéíüìåíï Hartree (Hartree product)

ΨHP (x1,x2, . . . ,xN ) = χi(x1)χj(x2) . . . χk(xN ) (1.11)

Ôá ãéíüìåíá Hartree áðïôåëïýí éäéïóõíáñôÞóåéò åíüò ðñïâëÞìáôïò áíåîÜñôçôùí óùìáôéäßùí
(çëåêôñïíßùí), üìùò äåí ëáìâÜíïõí õðüøç ôçí áñ÷Þ áíôéóõììåôñßáò.

Ï ôñüðïò ðïõ êáôáóêåõÜæïíôáé áíôéóõììåôñéêÝò êõìáôïóõíáñôÞóåéò åßíáé ìå ôéò ïñßæïõóåò
Slater. Ãéá óýóôçìá N çëåêôñïíßùí ç êáíïíéêïðïéçìÝíç ïñßæïõóá Slater åßíáé:

Ψ(x1,x2, . . . ,xN) = (N !)1/2

∣∣∣∣∣∣∣∣∣
χi(x1) χj(x1) · · · χk(x1)
χi(x2) χj(x2) · · · χk(x2)
...

...
...

χi(xN ) χj(xN ) · · · χk(xN )

∣∣∣∣∣∣∣∣∣ (1.12)

óôï áíÜðôõãìá ôçò ïðïßáò ïé üñïé åßíáé ãéíüìåíá Hartree. ¼ôáí äýï çëåêôñüíéá êáôáëáì-
âÜíïõí ôï ßäéï spin-ôñï÷éáêü (äçëáäÞ üôáí äýï óôÞëåò åßíáé ßóåò) ç ïñßæïõóá ìçäåíßæåôáé.
Åðßóçò, ç åíáëëáãÞ äýï óôçëþí áëëÜæåé ôï ðñüóçìï ôçò ïñßæïõóáò. ¸ôóé, ç ïñßæïõóá Slater
ðëçñïß ôéò áðáéôÞóåéò ôçò áñ÷Þò áíôéóõììåôñßáò êáé ôçí áðáãïñåõôéêÞ áñ÷Þ ôïõ Pauli.

Ç óýíôïìç ãñáöÞ êáíïíéêïðïéçìÝíùí ïñéæïõóþí Slater åßíáé

Ψ(x1,x2, . . . ,x2) = |χi(x1)χj(x2) . . . χk(xN )〉
= |χiχj . . . χk〉 (1.13)

üðïõ óôçí ôåëåõôáßá ç äéÜôáîç ôùí óõíôåôáãìÝíùí èåùñåßôáé ðÜíôá ßäéá. ¸ôóé

| . . . χm . . . χn . . . 〉 = −| . . . χn . . . χm . . . 〉 (1.14)

Ìåôáâáßíïíôáò áðü ôá ãéíüìåíá Hartree óôéò ïñßæïõóåò Slater åìöáíßæïíôáé öáéíüìåíá
áíôáëëáãÞò (exchange), ôá ïðïßá êáëïýíôáé Ýôóé åðåéäÞ ðçãÜæïõí áðü ôçí áðáßôçóç ôï |Ψ|2
íá ðáñáìÝíåé áíáëëïßùôï ìå ôçí áíôáëëáãÞ èÝóåùí êáé spin ìåôáîý äýï çëåêôñïíßùí. Ðéï
óõãêåêñéìÝíá, ç ïñßæïõóá Slater ðåñéëáìâÜíåé óõó÷åôéóìü áíôáëëáãÞò (exchange correlation),
ðïõ óçìáßíåé üôé ç êßíçóç äýï çëåêôñïíßùí ìå ðáñÜëëçëá spins åßíáé óõó÷åôéóìÝíç. Ï
óõó÷åôéóìüò áíôáëëáãÞò åìöáíßæåôáé õðü ôç ìïñöÞ óôáõñùôþí üñùí êáôÜ ôïí õðïëïãéóìþí
ôçò ðõêíüôçôáò ðéèáíüôçôáò ãéá çëåêôñüíéá ìå ßäéï spin. ÅðåéäÞ üìùò ç êßíçóç çëåêôñïíßùí
ìå áíôßèåôá spins åßíáé áóõó÷Ýôéóôç, Ý÷åé åðéêñáôÞóåé íá ëÝãåôáé üôé êõìáôïóõíÜñôçóç ìéáò
ïñßæïõóáò åßíáé áóõó÷Ýôéóôç êõìáôïóõíÜñôçóç. Ç ðõêíüôçôá ðéèáíüôçôáò äýï çëåêôñïíßùí
ìå ßäéï spin åìöáíßæåé êïéëüôçôá êáèþò ìåéþíåôáé ç áðüóôáóç ôùí äýï çëåêôñïíßùí, êáé
öôÜíåé óôï ìçäÝí üôáí ìçäåíéóôåß ç áðüóôáóç. ¸ôóé ëÝìå üôé õðÜñ÷åé ìéá ïðÞ Fermi (Fermi
hole) ãýñù áðü Ýíá çëåêôñüíéï.
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1.3 Èåùñßá Ìåôáâïëþí

Ìéá ðïëý óçìáíôéêÞ ìÝèïäïò ðñïóÝããéóçò ôçò åíÝñãåéáò êáé ôùí êõìáôïóõíáñôÞóåùí
åíüò óõóôÞìáôïò âáóßæåôáé óôç èåùñßá ìåôáâïëþí (variation theory).

¸óôù Ýíá óýóôçìá ðïõ ðåñéãñÜöåôáé áðü ôçí HamiltonianH ìå åíÝñãåéá ôçò èåìåëéþäïõò
êáôÜóôáóçò E0. Áí ψäïê ìéá äïêéìáóôéêÞ êõìáôïóõíÜñôçóç ôüôå ï ëüãïò Rayleigh (Rayleigh
ratio) ïñßæåôáé ùò

E =
∫
ψ∗äïêH ψäïêdτ∫
ψ∗äïêψäïêdτ

(1.15)

ôüôå óýìöùíá ìå ôï èåþñçìá ìåôáâïëþí èá åßíáé

E ≥ E0 (1.16)

ìå ôçí éóüôçôá íá éó÷ýåé üôáí ç äïêéìáóôéêÞ êõìáôïóõíÜñôçóç ôáõôßæåôáé ìå ôçí ðñáãìáôéêÞ
êõìáôïóõíÜñôçóçò èåìåëéþäïõò êáôÜóôáóçò ôïõ óõóôÞìáôïò. Ìå Üëëá ëüãéá, äïóìÝíçò ìéáò
êõìáôïóõíÜñôçóçò ç áíáìåíüìåíç (ìÝóç) ôéìÞ ôçò Hamiltonian áðïôåëåß Üíù üñéï ôçò áêñéâÞò
åíÝñãåéáò èåìåëéþäïõò êáôÜóôáóçò.

Ãéá ôçí áðüäåéîç ôïõ èåùñÞìáôïò áíáðôýóóïõìå ôçí äïêéìáóôéêÞ êõìáôïóõíÜñôçóç óôéò
ðñáãìáôéêÝò (áëëÜ Üãíùóôåò) éäéïóõíáñôÞóåéò ôçò Hamiltonian (ïé ïðïßåò ó÷çìáôßæïõí ðëÞñç
âÜóç)

ψäïê =
∑

n

cnψn üðïõ H ψn = Enψn (1.17)

ôüôå Ý÷ïõìå ãéá ôï ïëïêëÞñùìá

I =
∫
ψ∗äïê(H − E0)ψäïêdτ =

∑
n,m

c∗ncm

∫
ψ∗n(H − E0)ψmdτ

=
∑
n,m

c∗ncm(Em − E0)
∫
ψ∗nψmdτ

=
∑

n

c∗ncn(En − E0) ≥ 0

üðïõ ç ôåëåõôáßá áíéóüôçôá ðñïêýðôåé áðü ôï üôé En − E0 ≥ 0 êáé |cn|2 ≥ 0. Óõíåðþò ôï
ïëïêëÞñùìá I ≥ 0, Üñá E ≥ E0.

Ç èåùñßá ìåôáâïëþí ÷ñçóéìïðïéåßôáé óôç ðáñáãùãÞ ôùí åîéóþóåùí Hartree-Fock.

1.4 Ç ðñïóÝããéóç Hartree-Fock

Ç ðñïóÝããéóç Hartree-Fock åßíáé êåíôñéêÞò óçìáóßáò óôçí ðñïóðÜèåéá åðßëõóçò ðñïâëç-
ìÜôùí ðïëëþí óùìÜôùí, üðùò áõôÜ ðïõ áíôéìåôùðßæïíôáé óôç ìïñéáêÞ öõóéêÞ (êâáíôéêÞ
÷çìåßá). Ç óðïõäáéüôçôá ôçò ìåèüäïõ ãßíåôáé áêüìá ìåãáëýôåñç áöïý áðïôåëåß ôï ðñþôï
âÞìá Üëëùí ìåèüäùí õøçëüôåñçò áêñßâåéáò (post Hartree-Fock).

Ï ðáñÜãïíôáò ðïõ ðåñéðëÝêåé êÜèå õðïëïãéóìü çëåêôñïíéêÞò äïìÞò åßíáé ç ðáñïõóßá ôïõ
üñïõ áëëçëåðßäñáóçò çëåêôñïíßïõ-çëåêôñïíßïõ rij óôçí çëåêôñïíéêÞ Hamiltonian (1.5). Óôçí
ðñïóÝããéóç Hartree-Fock ï üñïò áõôüò áíôéìåôùðßæåôáé êáôÜ ìÝóï ôñüðï, äçëáäÞ áíôß ôçò Ýíá
ðñïò Ýíá áëëçëåðßäñáóçò ìåôáîý ôùí çëåêôñïíßùí, ÷ñçóéìïðïéåßôáé ç ìÝóç áëëçëåðßäñáóç
ðïõ äñá óå êÜèå çëåêôñüíéï áðü üëá ôá Üëëá çëåêôñüíéá. Áõôü öáßíåôáé óôéò åîéóþóåéò
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Hartree-Fock (ðïõ üðùò èá äïýìå ðñïêýðôïõí áðü ôç èåùñßá ìåôáâïëþí)

f(i)χ(xi) = εχ(xi) (1.18)

üðïõ ï ôåëåóôÞò Fock, f(i), åßíáé Ýíáò ìïíïçëåêôñïíéáêüò ôåëåóôÞò ðïõ äßíåôáé áðü

f(i) = −1
2
∇2

i −
M∑

A=1

ZA

riA
+ uHF (i) (1.19)

êáé uHF (i) ôï ìÝóï äõíáìéêü ðïõ äñá óôï i-éïóôü çëåêôñüíéï ëüãù ôçò ðáñïõóßáò ôùí Üëëùí
çëåêôñïíßùí.

Óôçí ôåëéêÞ ôïõ ìïñöÞ, ï ôåëåóôÞò Fock ãßíåôáé

f(i) = h(i) +
∑

b

[Jb(i)−Kb(i)] (1.20)

üðïõ ç core-Hamiltonian, h(i), êáé ôï äõíáìéêü Hartree-Fock, uHF (i), åßíáé

h(i) = −1
2
∇2

i −
M∑

A=1

ZA

riA
(1.21)

uHF (i) =
∑

b

[Jb(i)−Kb(i)] (1.22)

åíþ ï ôåëåóôÞò Coulomb (Coulomb operator), Jb(i), êáé ôåëåóôÞò áíôáëëáãÞò (exchange
operator), Kb(i), äßíïíôáé áðü

Jb(1)χa(1) =
[∫

χ∗b(2)r−1
12 χb(2)dx2

]
χa(1) (1.23)

Kb(1)χa(1) =
[∫

χ∗b(2)r−1
12 χa(2)dx2

]
χb(1) (1.24)

Ï ôåëåóôÞò Coulomb ëáìâÜíåé õðüøç ôçí Coulombic Üðùóç ôùí çëåêôñïíßùí. Óôï
äõíáìéêü Hartree-Fock åìöáíßæåôáé õðü ôç ìïñöÞ áèñïßóìáôïò. Óôï Üèñïéóìá

ucoul
a (1) =

∑
b6=a

∫
|χb(2)|2r−1

12 dx2 (1.25)

èåùñïýìå üôé ôï çëåêôñüíéï 2 êáôáëáìâÜíåé ôï χb. Ôï çëåêôñéêü äõíáìéêü r−1
12 , ðïõ

åöáñìüæåôáé óôï çëåêôñüíéï 1 áðü ôç óôéãìéáßá èÝóç ôïõ çëåêôñïíßïõ 2, áíôéêáèßóôáôáé ìå
äõíáìéêü åíüò-çëåêôñïíßïõ ðïõ ëáìâÜíåôáé áðü ôç ìÝóç áëëçëåðßäñáóç r−1

12 ôùí çëåêôñïíßùí
1 êáé 2, ðÜíù óå üëåò ôéò ÷ùñéêÝò êáé spin óõíôåôáãìÝíåò x2 ôïõ çëåêôñïíßïõ 2, êáé ìå
óõíôåëåóôÞ âÜñïõò ôçí ðéèáíüôçôá dx2|χb(2)|2 üôé ôï çëåêôñüíéï 2 êáôáëáìâÜíåé ôï óôïé÷åßï
dx2 óôç èÝóç x2. Áèñïßæïíôáò óå üëá ôá b 6= a ôï áðïôÝëåóìá äßíåé ôï ïëéêü ìÝóï äõíáìéêü
ðïõ äñá óôï çëåêôñüíéï ðïõ êáôáëáìâÜíåé ôï χa, ðïõ ðñïÝñ÷åôáé áðü ôá N − 1 çëåêôñüíéá
ðïõ êáôáëáìâÜíïõí ôá Üëëá spin-ôñï÷éáêÜ.

Ï üñïò áíôáëëáãÞò äåí Ý÷åé êëáóóéêü áíÜëïãï áëëÜ åßíáé áðïôÝëåóìá ôçò óõó÷Ýôéóçò
ôùí spin. Åí áíôéèÝóåé ìå ôïí ôåëåóôÞ Coulomb ðïõ åßíáé ôïðéêüò, ï ôåëåóôÞò áíôáëëáãÞò
åßíáé ìç ôïðéêüò, áöïý ôï áðïôÝëåóìá ôçò äñÜóçò ôïõ Kb(x1) óôï χa(x1) åîáñôÜôáé áðü ôçí
ôéìÞ ôïõ χa óå üëï ôï ÷þñï êáé ü÷é ìüíï óôï x1.

ÊÜèå spin-ôñï÷éáêü ðñïêýðôåé áðü ôçí åðßëõóç ôùí åîéóþóåùí Hartree-Fock, ìå ôïí
áíôßóôïé÷ï ôåëåóôÞ Fock, f(i). ¼ìùò, ï f(i) åîáñôÜôáé áðü ôá spin-ôñï÷éáêÜ üëùí ôùí
çëåêôñïíßùí ìå áðïôÝëåóìá íá áðáéôåßôáé ç ãíþóç ôçò ëýóçò åê ôùí ðñïôÝñùí. ÐñïâëÞìáôá



1.4 Ç ðñïóÝããéóç Hartree-Fock 9

áõôïý ôïõ ôýðïõ åðéëýïíôáé ìå ôç ìÝèïäï ôïõ áõôïóõíåðïýò ðåäßïõ (self-consistent field,
SCF). Óôéò áõôïóõíåðåßò äéáäéêáóßåò åðéëÝãåôáé äïêéìáóôéêü óýíïëï spin-ôñï÷éáêþí ôá ïðïßá
÷ñçóéìïðïéïýíôáé ãéá ôïí ó÷çìáôéóìü ôïõ ôåëåóôÞ Fock, åí óõíå÷åßá åðéëýïíôáé ïé åîéóþóåéò
Hartree-Fock áð’ üðïõ ðñïêýðôåé íÝï óýíïëï spin-ôñï÷éáêþí, áðü ôá ïðïßá ó÷çìáôßæåôáé íÝïò
ôåëåóôÞò Fock, ê.ï.ê. Ç äéáäéêáóßá áõôÞ áêïëïõèåßôáé ìÝ÷ñé íá éêáíïðïéçèïýí ôá êñéôÞñéá
óýãêëéóçò.

Ï ôåëåóôÞò Fock åîáñôÜôáé áðü N spin-ôñï÷éáêÜ. Áðü ôç óôéãìÞ ðïõ êáèïñéóôåß, ï
ôåëåóôÞò Fock åßíáé Ýíáò êáëÜ ïñéóìÝíï Åñìçôéáíüò ôåëåóôÞò êáé ùò ôÝôïéïò Ý÷åé Üðåéñá
éäéïäéáíýóìáôá. ÐñáêôéêÜ åðéëýåôáé ôï ðñüâëçìá ãéá ðåðåñáóìÝíï ðëÞèïòM spin-ôñï÷éáêþí.
Áðü áõôÜ, ôá N åíåñãåéáêÜ ÷áìçëüôåñá ïíïìÜæïíôáé êáôåéëçììÝíá ôñï÷éáêÜ (occupied
orbitals), êáé ôá õðüëïéðá M − N ïíïìÜæïíôáé åéêïíéêÜ ôñï÷éáêÜ (virtual orbitals). Ç
ïñßæïõóá Slater ðïõ ó÷çìáôßæåôáé áðü ôá êáôåéëçììÝíá ôñï÷éáêÜ åßíáé ç Hartree-Fock
êõìáôïóõíÜñôçóç èåìåëéþäçò êáôÜóôáóçò êáé óõìâïëßæåôáé åäþ ìå Ψ0.

1.4.1 Åîéóþóåéò Hartree-Fock

Ëüãù ôçò óðïõäáéüôçôáò ôçò ðñïóÝããéóçò Hartree-Fock êñßíáìå óêüðéìï íá ðáñáèÝóïõìå
ôá âáóéêÜ âÞìáôá ðïõ åíÝ÷åé ç åîáãùãÞ ôùí ïëïêëçñïäéáöïñéêþí åîéóþóåùí Hartree-Fock.
ÅêôåíÞò áðüäåéîç õðÜñ÷åé óå áñêåôÜ âéâëßá ìïñéáêÞò öõóéêÞò, ç êáëýôåñç ðáñïõóßáóç
üìùò ãßíåôáé (ðñïóùðéêÞ ðñïôßìçóç ôïõ óõããñáöÝá ôïõ ðáñüíôïò) óôï âéâëßï ôùí Szabo êáé
Ostlund [20], óåëßäåò 115-122.

ÄïóìÝíçò ôçò ïñßæïõóáò |Ψ0〉 = |χ1χ2 . . . χaχb . . . χN 〉 ç åíÝñãåéá E0 = 〈Ψ0|H |Ψ0〉 åßíáé
óõíáñôçóéáêü ôùí spin-ôñï÷éáêþí χa. Ïé åîéóþóåéò Hartree-Fock ðñïêýðôïõí åëá÷éóôïðïéþ-
íôáò ôçí åíÝñãåéá E0({χa}) ùò ðñïò ôá spin-ôñï÷éáêÜ êáé õðü ôïí äåóìü ôá spin-ôñï÷éáêÜ
íá åßíáé ïñèïêáíïíéêÜ1 ∫

χ∗a(1)χb(1)dx1 = [a|b] = δab (1.26)

äçëáäÞ ïé äåóìïß åßíáé ôçò ìïñöÞò

[a|b]− δab = 0 (1.27)

ÐïëëáðëáóéÜæïíôáò ôçí ðñïçãïýìåíç ìå ðïëëáðëáóéáóôÝò Lagrange εba ó÷çìáôßæïõìå ôï
óõíáñôçóéáêü L ({χa}) ôùí spin-ôñï÷éáêþí

L ({χa}) = E0({χa})−
N∑

a=1

N∑
b=1

εba([a|b]− δab) (1.28)

üðïõ E0 ç áíáìåíüìåíç ôéìÞ ôçò áðëÞò ïñßæïõóáò |Ψ0〉

E0({χa}) =
N∑

a=1

[χa|h|χa] +
1
2

N∑
a=1

N∑
b=1

{[χaχa|χbχb]− [χaχb|χbχa]} (1.29)

Ç åëá÷éóôïðïßçóç ôçò åíÝñãåéáò E0 õðü ôïõò äåóìïýò áõôïýò åðéôõã÷Üíåôáé ìå ôçí
åëá÷éóôïðïßçóç ôïõ óõíáñôçóéáêïý L , ìåôáâÜëëïíôáò ôá spin-ôñï÷éáêÜ êáôÜ Ýíá ìéêñü
ðïóü,

χa → χa + δχa (1.30)

1Ïé ïñéóìïß ôùí óõìâïëéóìþí ôùí ïëïêëçñùìÜôùí åíüò êáé äýï çëåêôñïíßùí äßíïíôáé óôïí ó÷åôéêü ðßíáêá
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êáé èÝôïíôáò ôç ìåôáâïëÞ ôïõ L ßóç ìå ìçäÝí

δL = δE0 −
N∑

a=1

N∑
b=1

εbaδ[a|b] = 0 (1.31)

ÌåôÜ áðü áñêåôÝò ðñÜîåéò (èõìßæïõìå üôé ç ìåôáâïëÞ óõìðåñéöÝñåôáé ùò äéáöüñéóç
δ[χa|χb] = [δχa|χb] + [χa|δχb]) ðñïêýðôåé üôé[

h(1) +
N∑

b=1

[Jb(1)−Kb(1)]

]
χa(1) =

N∑
b=1

εbaχb(1) (1.32)

ç ïðïßá, êÜíïíôáò ÷ñÞóç ôïõ ôåëåóôÞ Fock, ãßíåôáé

f |χa〉 =
N∑

b=1

εba|χb〉 (1.33)

Ç ìïñöÞ áõôÞ äåí áðïôåëåß ôçí êáíïíéêÞ ìïñöÞ åîßóùóçò éäéïôéìþí (1.18). Áõôü ðñïÝñ÷åôáé
áðü ôï ãåãïíüò üôé ôï óýíïëï ôùí spin-ôñï÷éáêþí äåí åßíáé ìïíáäéêü. Åßíáé äõíáôüí íá
Ýíá íÝï óýíïëï spin-ôñï÷éáêþí, ôï êáèÝíá ãñáììéêüò óõíäõáóìüò ôùí ðáëéþí, íá äßíåé ôçí
ßäéá åíÝñãåéá E0. Ìå êáôÜëëçëï ìïíáäéáßï (unitary) ìåôáó÷çìáôéóìü ôùí spin-ôñï÷éáêþí,
χ′a =

∑
b χbUba, ðñïêýðôïõí ïé êáíïíéêÝò åîéóþóåéò Hartree-Fock (canonical Hartree-Fock

equations)

f |χa〉 = εa|χa〉 (1.34)

ëýóåéò ôçò ïðïßáò åßíáé ôá êáíïíéêÜ spin-ôñï÷éáêÜ (canonical spin-orbitals).

Ðßíáêáò 1.1: Óçìåéïãñáößá ïëïêëçñùìÜôùí åíüò êáé äýï çëåêôñïíßùí ãéá spin (χ) êáé ÷ùñéêÜ
(ψ) ôñï÷éáêÜ. Óôç âéâëéïãñáößá ï óõìâïëéóìüò ìå [ ] óõíáíôÜôáé ùò óõìâïëéóìüò ôùí ÷çìéêþí, åí
áíôéèÝóåé ìå 〈 〉 ðïõ êáëåßôáé óõìâïëéóìüò ôùí öõóéêþí.

SPIN ÔÑÏ×ÉÁÊÁ

[i|h|j] = 〈i|h|j〉 =
∫
dx1χ

∗
i (x1)χj(x1)

〈ij|kl〉 = 〈χiχj |χkχl〉 =
∫
dx1dx2χ

∗
i (x1)χ∗j (x2)r−1

12 χk(x1)χl(x2) = [ik|jl]
[ij|kl] = [χiχj |χkχl] =

∫
dx1dx2χ

∗
i (x1)χj(x1)r−1

12 χ
∗
k(x2)χl(x2) = 〈ik|jl〉

〈ij||kl〉 = 〈ij|kl〉 − 〈ij|lk〉 =
∫
dx1dx2χ

∗
i (x1)χ∗j (x2)r−1

12 (1−P12)χk(x1)χl(x2)

×ÙÑÉÊÁ ÔÑÏ×ÉÁÊÁ

(i|h|j) = hij = (ψi|h|ψj) =
∫
dr1ψ

∗
i (r1)ψj(r1)

(ij|kl) = (ψiψj |ψkψl) =
∫
dr1dr2ψ

∗
i (r1)ψj(r2)r−1

12 ψ
∗
k(r1)ψl(r2)

Jij = (ii|jj) ïëïêëçñþìáôá Coulomb
Kij = (ij|ji) ïëïêëçñþìáôá áíôáëëáãÞò

1.4.2 Åîéóþóåéò Roothaan

Ôï åðüìåíï âÞìá åßíáé ï õðïëïãéóìüò ôùí êõìáôïóõíáñôÞóåùí Hartree-Fock, ãéá ôï ïðïßï
üìùò ðñÝðåé íá åßíáé êáèïñéóìÝíç ç ãåíéêÞ ìïñöÞ ôùí spin-ôñï÷éáêþí. Óå óõóôÞìáôá ìå
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Üñôéï ðëÞèïò çëåêôñïíßùí óõíçèßæåôáé íá ðñáãìáôïðïéïýíôáé õðïëïãéóìïß óå êáôáóôÜóåéò ìå
êëåéóôïýò öëïéïýò. ¸ôóé, äßíåôáé ç äõíáôüôçôá íá åðéëåãïýí spin-ôñï÷éáêÜ ôá ïðïßá Ý÷ïõí
(áíÜ æåýãç) ßäéï ÷ùñéêü ôñï÷éáêü êáé äéáöïñåôéêü spin ìÝñïò. Ôñï÷éáêÜ áõôïý ôïõ ôýðïõ
ïíïìÜæïíôáé ðåñéïñéóìÝíá spin-ôñï÷éáêÜ (restricted spin orbitals) êáé åßíáé ôçò ìïñöÞò

χi(x) =
{
ψj(r)α(ω)
ψj(r)β(ω)

(1.35)

êáé ïé ðåñéïñéóìÝíåò Hartree-Fock (RHF, restricted Hartree-Fock) èåìåëéþäåéò êáôáóôÜóåéò
êëåéóôïý öëïéïý ôüôå åßíáé

|Ψ0〉 = |χ1χ2 . . . χN−1χN 〉 = |ψ1ψ1 . . . ψaψa . . . ψN/2ψN/2〉 (1.36)

üðïõ ç óçìåéïãñáößá ìå ôçí ðáýëá åðéôñÝðåé áíáöïñÜ óå spin-ôñï÷éáêÜ ÷ñçóéìïðïéþíôáò
ìüíï ôï ÷ùñéêü ôïõò ìÝñïò. ×ùñéêÜ ôñï÷éáêÜ ÷ùñßò ðáýëá Ý÷ïõí spin α åíþ ìå ðáýëá Ý÷ïõí
spin β . ¸ôóé, ç åîßóùóç Hartree-Fock f(x1)χa(x1) = εiχa(x1) ìðïñåß íá ìåôáôñáðåß óå
÷ùñéêÞ åîßóùóç éäéïôéìþí óôçí ïðïßá ôá ÷ùñéêÜ ìïñéáêÜ ôñï÷éáêÜ {ψa|a = 1, 2, . . . , N/2}
Ý÷ïõí äéðëÞ êáôÜëçøç.

Ç äéáäéêáóßá åßíáé ó÷åôéêÜ áðëÞ êáé ðåñéëáìâÜíåé ôïí ðïëëáðëáóéáóìü ôçò åîßóùóçò
Hartree-Fock ìå α∗(ω1), ïëïêëÞñùóç ôçò ðÜíù óôá spin, ÷ñÞóç ôçò ïñèïêáíïíéêüôçôáò2 ôùí
spin, åðáíÜëçøç ãéá ôá β spin, êáé Üèñïéóç ôùí äýï áðïôåëåóìÜôùí.

¸÷ïíôáò åîáëåßøåé ôï spin, ïé åîéóþóåéò Hartree-Fock êëåéóôïý öëïéïý (closed shell
Hartree-Fock) ãßíïíôáé

f(r1)ψ(r1) = εiψ(r1) (1.37)

ìå ôïí ôåëåóôÞ Fock êëåéóôïý öëïéïý íá åßíáé

f(i) = h(i) +
N/2∑

a

[2Ja(i)−Ka(i)] (1.38)

üðïõ ïé êëåéóôïý öëïéïý ôåëåóôÝò Coulomb êáé áíôáëëáãÞò åßíáé

Jb(1)ψa(1) =
[∫

ψ∗b (2)r−1
12 ψb(2)dr2

]
ψa(1) (1.39)

Kb(1)ψa(1) =
[∫

ψ∗b (2)r−1
12 ψa(2)dr2

]
ψb(1) (1.40)

Ïé åîéóþóåéò áõôÝò åßíáé áíÜëïãåò áõôþí ôùí spin-ôñï÷éáêþí ìå ôç äéáöïñÜ ôïõ ðá-
ñÜãïíôá 2 ðïõ åìöáíßæåôáé óôïí ôåëåóôÞ Coulomb åíþ ç Üèñïéóç ãßíåôáé ðÜíù óôá N/2
êáôåéëçììÝíá ÷ùñéêÜ ôñï÷éáêÜ {ψa}.

Ç ïëïêëçñïäéáöïñéêÞ åîßóùóç (1.37) ìðïñåß íá åðéëõèåß áñéèìçôéêÜ ìüíï ãéá Üôïìá, ëüãù
ôçò óöáéñéêÞò óõììåôñßáò ôùí spin-ôñï÷éáêþí ôïõò. Ç óõìâïëÞ ôùí Roothaan êáé Hall
Þôáí óôï íá äåßîïõí üôé áíáðôýóóïíôáò ôá ìïñéáêÜ ôñï÷éáêÜ óå êáôÜëëçëç ÷ùñéêÞ âÜóç
ç ïëïêëçñïäéáöïñéêÞ åîßóùóç ìðïñåß íá ìåôáôñáðåß óå óýíïëï áëãåâñéêþí åîéóþóåùí ðïõ
åðéëýïíôáé ìå óõíÞèåéò ìåèüäïõò ðéíÜêùí.

¸óôù Ýíá óýíïëï K ãíùóôþí óõíáñôÞóåùí âÜóçò {φµ(r)|µ = 1, 2, . . . ,K} óôéò ïðïßåò
2Ïé äýï spin óõíáñôÞóåéò åßíáé ðëÞñåéò êáé ïñèïêáíïíéêÝò:

∫
α∗(ω)α(ω)dω =

∫
β∗(ω)β(ω)dω = 1, êáé∫

α∗(ω)β(ω)dω =
∫

β∗(ω)α(ω)dω = 0
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áíáðôýóóïõìå ôá Üãíùóôá ìïñéáêÜ ôñï÷éáêÜ

ψi =
K∑
µ

Cµiφµ i = 1, 2, . . . ,K (1.41)

Ïé óõíáñôÞóåéò âÜóçò φµ óõíÞèùò åßíáé áôïìéêÜ ôñï÷éáêÜ êáé ôï áíÜðôõãìá êáëåßôáé
ãñáììéêüò óõíäõáóìüò áôïìéêþí ôñï÷éáêþí (Linear Combination of Atomic Orbitals, LCAO).
ÐñáêôéêÜ äåí åßíáé äõíáôüí íá ÷ñçóéìïðïéçèåß ðëÞñåò óýíïëï {φµ} ïðüôå ïé õðïëïãéóìïß
ðñáãìáôïðïéïýíôáé óå ðåðåñáóìÝíï óýíïëï K óõíáñôÞóåùí âÜóçò. ¼óï ðëçñÝóôåñï åßíáé ôï
óýíïëï âÜóçò, ôüóï ðéï áêñéâÝò åßíáé ôï áíÜðôõãìá ôïõ ìïñéáêïý ôñï÷éáêïý. Ôï ðñüâëçìá
ôïõ õðïëïãéóìïý ôùí ìïñéáêþí ôñï÷éáêþí áíÜãåôáé óôïí õðïëïãéóìþí ôùí óõíôåëåóôþí ôïõ
áíáðôýãìáôïò. Áíôéêáèéóôþíôáò ôï áíÜðôõãìá óôçí åîßóùóç Hartree-Fock Ý÷ïõìå

f(1)
K∑
ν

Cνiφν(1) = εi

K∑
ν

Cνiφν(1) (1.42)

ç ïðïßá, ðïëëáðëáóéÜæïíôáò ìå φ∗µ(1) êáé ïëïêëçñþíïíôáò, ãßíåôáé

K∑
ν

Cνi

∫
dr1φ

∗
µ(1)f(1)φν(1) = εi

K∑
ν

Cνi

∫
dr1φ

∗
µ(1)φν(1) (1.43)

Ç ìïñöÞ ôùí åîéóþóåùí áðëïðïéåßôáé ïñßæïíôáò ôïí ðßíáêá åðéêÜëõøçò (overlap matrix)
S êáé ôïí ðßíáêá Fock (Fock matrix) F ìå óôïé÷åßá ðßíáêá

Sµν =
∫
dr1φ

∗
µ(1)φν(1) (1.44)

êáé

Fµν =
∫
dr1φ

∗
µ(1)f(1)φν(1) (1.45)

Ïé ðßíáêåò åðéêÜëõøçò êáé Fock åßíáé K × K Åñìçôéáíïß ðßíáêåò êáé ùò ôÝôïéïé
äéáãùíïðïéïýíôáé áðü Ýíáí ìïíáäéáßï ðßíáêá. Ïé éäéïôéìÝò ôïõ ðßíáêá åðéêÜëõøçò åßíáé
èåôéêÝò, óõíåðþò åßíáé èåôéêÜ ïñéóìÝíïò ðßíáêáò.

ÊÜíïíôáò ÷ñÞóç ôùí ðéíÜêùí S êáé F êáôáëÞãïõìå óôéò åîéóþóåéò Roothaan

FC = SCε (1.46)

üðïõ C ï K ×K ôåôñáãùíéêüò ðßíáêáò ôùí óõíôåëåóôþí ôïõ áíáðôýãìáôïò Cµi

C =


C11 C12 · · · C1K

C21 C22 · · · C2K
...

...
...

CK1 CK2 · · · CKK

 (1.47)

êáé ε ï äéáãþíéïò ðßíáêåò ôùí éäéïôéìþí åíÝñãåéáò ôùí ôñï÷éáêþí

ε =


ε1

ε2 0

0
. . .

εK

 (1.48)
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Ïé åîéóþóåéò (1.46) Ý÷ïõí ìç ôåôñéììÝíç ëýóç ìüíï üôáí ðëçñïýôáé ç ÷áñáêôçñéóôéêÞ
åîßóùóç

det|F− εaS| = 0 (1.49)

Ç åîßóùóç áõôÞ äåí åðéëýåôáé áðåõèåßáò åðåéäÞ ôá óôïé÷åßá ðßíáêá Fµν óõìðåñéëáìâÜíïõí
ïëïêëçñþìáôá Coulomb êáé áíôáëëáãÞò ôá ïðïßá åîáñôþíôáé áðü ôéò ÷ùñéêÝò êõìáôïóõíáñ-
ôÞóåéò. ¸ôóé, ãßíåôáé áíáãêáßá ç ÷ñÞóç áõôïóõíåðïýò ìåèüäïõ åðßëõóçò, üðïõ óå êÜèå êýêëï
ðñïêýðôåé Ýíá íÝï óýíïëï óõíôåëåóôþí Cµi Ýùò üôïõ éêáíïðïéçèïýí ôá êñéôÞñéá óýãêëéóçò.

1.4.3 Åîéóþóåéò Pople-Nesbet

Ïé åîéóþóåéò Roothaan äßíïõí ãéá ëýóåéò êõìáôïóõíáñôÞóåéò êëåéóôïý öëïéïý ôçò ìïñöÞò

|ΨRHF 〉 = |ψ1ψ1 . . . 〉 (1.50)

ÊõìáôïóõíáñôÞóåéò áõôÞò ôçò ìïñöÞò äåí ìðïñïýí íá áðïôåëïýí ëýóåéò êÜèå ôýðïõ ìïñßïõ
êáèþò äåí Ý÷ïõí üëá ôá ìüñéá êëåéóôïýò öëïéïýò, ïýôå üëåò ïé êáôáóôÜóåéò åßíáé êëåéóôïý
öëïéïý. Åðßóçò, ç ðåñéïñéóìÝíç Hartree-Fock (RHF) ðåñéãñáöÞ áðïôõã÷Üíåé óå ìåãÜëá ìÞêç
äåóìþí ãéá ìüñéá üðùò ôï H2 ðïõ äéá÷ùñßæïíôáé óå åßäç áíïé÷ôïý öëïéïý. Ãåíéêåýïíôáò ôá
ðñïçãïýìåíá áðïôåëÝóìáôá åßíáé äõíáôüí íá ðñïêýøïõí ëýóåéò ôçò ìïñöÞò:

|ΨUHF 〉 = |ψα
1ψ

β
1 . . . 〉 (1.51)

ïé ïðïßåò åßíáé ìç ðåñéïñéóìÝíåò (unrestricted) ùò ðñïò ôï ÷ùñéêü ìÝñïò ôùí ôñï÷éáêþí.
×ñçóéìïðïéþíôáò ìç ðåñéïñéóìÝíá spin-ôñï÷éáêÜ ðñïêýðôïõí ïé ÷ùñéêÝò åîéóþóåéò éäéïôéìþí
ôçò ìç ðåñéïñéóìÝíçò Hartree-Fock (UHF, unrestricted Hartree-Fock) èåùñßáò, ìå ðáñüìïéï
ôñüðï üðùò óôçí RHF ðåñßðôùóç.

Ìç ðåñéïñéóìÝíá spin-ôñï÷éáêÜ åßíáé ôçò ìïñöÞò

χi(x) =

{
ψα

j (r)α(ω)
ψβ

j (r)β(ω)
(1.52)

äçëáäÞ çëåêôñüíéá ìå spin α ðåñéãñÜöïíôáé áðü Ýíá óýíïëï ÷ùñéêþí ôñï÷éáêþí {ψα
j |j =

1, 2, . . . ,K} êáé çëåêôñüíéá ìå spin β ðåñéãñÜöïíôáé áðü äéáöïñåôéêü óýíïëï ÷ùñéêþí

ôñï÷éáêþí {ψβ
j |j = 1, 2, . . . ,K}.

Ç äéáäéêáóßá ðïõ áêïëïõèåßôáé åßíáé ßäéá ìå áõôÞ óôçí RHF ðåñßðôùóç, ìå ôç äéáöïñÜ
üôé áêïëïõèåßôáé ôüóï ãéá ôá spin α üóï êáé ôá spin β . ¸ôóé ðñïêýðôïõí ïé ìç ðåñéïñéóìÝíåò
åîéóþóåéò Hartree-Fock

fα(r1)ψα
j (r1) = εαj ψ

α
j (r1)

fβ(r1)ψ
β
j (r1) = εβj ψ

β
j (r1) (1.53)

Ïé ìç ðåñéïñéóìÝíïé ÷ùñéêïß ôåëåóôÝò Fock ðïõ áíôéóôïé÷ïýí óôá α êáé β çëåêôñüíéá
ðñïêýðôåé üôé åßíáé

fα(i) = h(i) +
Nα∑
a

[Jα
a (i)−Kα

a (i)] +
Nβ∑
a

Jβ
a (i) (1.54)

fβ(i) = h(i) +
Nβ∑
a

[
Jβ

a (i)−Kβ
a (i)

]
+

Nα∑
a

Jα
a (i) (1.55)
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üðïõ ïé ìç ðåñéïñéóìÝíïé ôåëåóôÝò Coulomb êáé áíôáëëáãÞò åßíáé

Jα
b (1)ψα

a (1) =
[∫

ψα
b
∗(2)r−1

12 ψ
α
b (2)dr2

]
ψα

a (1) (1.56)

Kα
b (1)ψa(1) =

[∫
ψα

b
∗(2)r−1

12 ψ
α
a (2)dr2

]
ψα

b (1) (1.57)

Ôá çëåêôñüíéá ìå spin α âëÝðïõí äõíáìéêü Coulomb Jα
a êáé äõíáìéêü áíôáëëáãÞò K

α
a ðïõ

ðñïÝñ÷ïíôáé áðü ôá Nα çëåêôñüíéá ìå spin α, óõí Ýíá äõíáìéêü Coulomb Jβ
a ðïõ ðñïÝñ÷åôáé

áðü ôá Nβ = N −Nα çëåêôñüíéá ìå spin β .
Áðü ôéò ðáñáðÜíù ðñïêýðôåé åýêïëá üôé ç ïëéêÞ ìç ðåñéïñéóìÝíç çëåêôñïíéêÞ åíÝñãåéá

ãñÜöåôáé

E0 =
Nα∑
a

hα
aa +

Nβ∑
a

hβ
aa +

1
2

Nα∑
a

Nα∑
b

[Jαα
ab −Kαα

ab ] +
1
2

Nβ∑
a

Nβ∑
b

[
Jββ

ab −Kββ
ab

]
+

Nα∑
a

Nβ∑
b

Jαβ
ab

(1.58)

üðïõ ç êéíçôéêÞ åíÝñãåéá êáé ïé ðõñçíéêÝò Ýëîåéò åíüò çëåêôñïíßïõ ðïõ êáôáëáìâÜíåé Ýíá ìç
ðåñéïñéóìÝíï ôñï÷éáêü ψα

i Þ ψ
β
i åßíáé

hα
ii = (ψα

i |h|ψα
i ) Þ hβ

ii = (ψβ
i |h|ψ

β
i ) (1.59)

ç áëëçëåðßäñáóç Coulomb ìåôáîý åíüò çëåêôñïíßïõ óôï ψα
i êáé åíüò óôï ψ

β
i åßíáé

Jαβ
ij = Jαβ

ji = (ψα
i |J

β
j |ψ

α
i ) = (ψβ

j |J
α
i |ψ

β
j ) = (ψα

i ψ
α
i |ψ

β
j ψ

β
j ) (1.60)

ç áëëçëåðßäñáóç Coulomb ìåôáîý çëåêôñïíßùí ìå ßäéï spin åßíáé

Jαα
ij = (ψα

i |Jα
j |ψα

i ) = (ψα
j |Jα

i |ψα
j ) = (ψα

i ψ
α
i |ψα

j ψ
α
j ) (1.61)

Jββ
ij = (ψβ

i |J
β
j |ψ

β
i ) = (ψβ

j |J
β
i |ψ

β
j ) = (ψβ

i ψ
β
i |ψ

β
j ψ

β
j ) (1.62)

êáé ç áëëçëåðßäñáóç áíôáëëáãÞò ìåôáîý çëåêôñïíßùí ìå ðáñÜëëçëá spin åßíáé

Kαα
ij = (ψα

i |Kα
j |ψα

i ) = (ψα
j |Kα

i |ψα
j ) = (ψα

i ψ
α
i |ψα

j ψ
α
j ) (1.63)

Kββ
ij = (ψβ

i |K
β
j |ψ

β
i ) = (ψβ

j |K
β
i |ψ

β
j ) = (ψβ

i ψ
β
j |ψ

β
j ψ

β
i ) (1.64)

Óôçí Ýêöñáóç ôçò ïëéêÞò çëåêôñïíéêÞò åíÝñãåéáò ïé ðáñÜãïíôåò 1
2 ðïõ åìöáíßæïíôáé áíáéñïýí

ôç äéðëÞ Üèñïéóç óôá ôñï÷éáêÜ.
¼ðùò êáé óôçí ðåñßðôùóç ôùí ðåñéïñéóìÝíùí åîéóþóåùí Hartree-Fock, Ýôóé êáé ãéá ôçí

åðßëõóç ôùí ìç ðåñéïñéóìÝíùí åîéóþóåùí Hartree-Fock, ãéá ôçí åðßëõóÞ ôïõò áðáéôåßôáé
ç ÷ñÞóç óõíüëïõ âÜóçò Ýôóé þóôå íá ìåôáôñáðïýí ïé ïëïêëçñïäéáöïñéêÝò åîéóþóåéò óå
åîéóþóåéò ðéíÜêùí. Áíáðôýóóïíôáò óå óýíïëï âÜóçò ôçò ÷ùñéêÝò êõìáôïóõíáñôÞóåéò ψα

i êáé

ψβ
i ðñïêýðôïõí ôåëéêÜ äýï åîéóþóåéò ðéíÜêùí ãíùóôÝò ùò åîéóþóåéò Pople-Nesbet

FαCα = SCαεα (1.65)

FβCβ = SCβεβ (1.66)

ïé ïðïßåò åßíáé óõæåõãìÝíåò, áöïý ïé ðßíáêåò Fα êáé Fβ åîáñôþíôáé êáé áðü ôïõò äýï ðßíáêåò
Cα, Cβ (áöïý ï fα åîáñôÜôáé áðü ôá Jα

a êáé J
β
a ) êáé ðñÝðåé íá åðéëõèïýí ôáõôü÷ñïíá.
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1.5 Óýíïëá âÜóçò

Ç ìåôÜâáóç áðü ôéò ïëïêëçñïäéáöïñéêÝò åîéóþóåéò Hartree-Fock óôéò åîéóþóåéò Roothaan
êáé Pople-Nesbet Ýãéíå ìå ôçí ÷ñÞóç êáôÜëëçëùí óõíáñôÞóåùí âÜóçò óôéò ïðïßåò áíáðôýó-
óïíôáé ôá ÷ùñéêÜ ìïñéáêÜ ôñï÷éáêÜ (1.41). Ãéá íá åßíáé ç áíáðáñÜóôáóç ôùí ìïñéáêþí
ôñï÷éáêþí áêñéâÞò ðñÝðåé ç âÜóç íá åßíáé Üðåéñç. Óôçí ðåñßðôùóç áõôÞ, ç åíÝñãåéá ðïõ
äßíåé Ýíáò õðïëïãéóìüò Hartree-Fock ïíïìÜæåôáé üñéï Hartree-Fock (Hartree-Fock limit). Ôï
üñéï Hartree-Fock äåí áðïôåëåß ôçí áêñéâÞ åíÝñãåéá ôïõ óõóôÞìáôïò áöïý ç ìÝèïäïò äåí
ëáìâÜíåé õðüøç ôçí çëåêôñïíéáêÞ óõó÷Ýôéóç. Ãéá íá åßíáé õðïëïãéóôéêÜ åöéêôüò ï õðïëï-
ãéóìüò ç ÷ñÞóç ðåðåñáóìÝíçò âÜóçò åßíáé åðéâåâëçìÝíç. ¼ìùò, ëüãù ôçò ìç ðëçñüôçôáò
ôùí ðåðåñáóìÝíùí âÜóåùí ï õðïëïãéóìüò äåí åßíáé áêñéâÞò êáé ôï óöÜëìá ðïõ åéóÜãåôáé
êáëåßôáé óöÜëìá ðåñéêïðÞò óõíüëïõ âÜóçò (basis set truncation error). Ç äéáöïñÜ ôïõ ïñßïõ
Hartree-Fock áðü ôçí åíÝñãåéá ðïõ äßíåé Ýíáò Hartree-Fock õðïëïãéóìüò áðïôåëåß ìÝôñï ôïõ
óöÜëìáôïò ðåñéêïðÞò óõíüëïõ âÜóçò.

Áðü ìáèçìáôéêÞò Üðïøçò ðïëëÜ åßäç óõíáñôÞóåùí ìðïñïýí íá áðïôåëÝóïõí óõíáñôÞóåéò
âÜóçò φµ. Óôçí ðñÜîç ìüíï äýï åßäç ÷ñçóéìïðïéïýíôáé, ïé óõíáñôÞóåéò ôýðïõ Slater (Slater
type orbital, STO) êáé ïé óõíáñôÞóåéò ôýðïõ Gaussian (Gaussian type orbital, GTO). Ç ãåíéêÞ
ìïñöÞ ôùí STOs óå óöáéñéêÝò óõíôåôáãìÝíåò åßíáé

φSTO
n,l,m(ζ, r) = φSTO

n,l,m(ζ, r, θ, φ) = Nrn−1e−ζrY m
l (θ, φ) (1.67)

üðïõ Y m
l óöáéñéêÝò áñìïíéêÝò êáé N ï óõíôåëåóôÞò êáíïíéêïðïßçóçò ôïõ STO ðïõ äßíåôáé

áðü

N = NSTO
n (ζ) =

(2ζ)n+1/2√
(2n)!

(1.68)

Ç ãåíéêÞ ìïñöÞ ôùí GTO óå óöáéñéêÝò óõíôåôáãìÝíåò åßíáé

φGTO
n,l,m(α, r) = φGTO

n,l,m(α, r, θ, φ) = Nrn−1e−αr2
Y m

l (θ, φ) (1.69)

åíþ ç êáñôåóéáíÞ ìïñöÞ ôïõò, üðùò ðñïôÜèçêå áðü ôïí Boys3 êáé ðïõ ÷ñçóéìïðïéåßôáé óôïõò
õðïëïãéóìïýò åßíáé

φGTO
n,k,l,m(α, r) = Nxkylzme−ar2

(1.70)

óôçí ïðïßá ïé áêÝñáéïé k, l,m äåí åßíáé êâáíôéêïß áñéèìïß êáé üðïõ ï óõíôåëåóôÞò êáíïíé-
êïðïßçóçò, N , ôïõ GTO ðïõ äßíåôáé áðü

N = NGTO
k,l,m (α) = Nk(α)Nl(α)Nm(α) (1.71)

ìå

Nn(a) =
(

2α
π

)1/4

(4α)n/2[(2n− 1)!!]−1/2 (1.72)

N =
(

2α
π

)3/4
√

(4α)k+l+m

(2k − 1)!!(2l − 1)!!(2m− 1)!!
(1.73)

Ç ãùíéáêÞ åîÜñôçóç ôùí GTOs äçëáäÞ ìðïñåß íá ðñïêýøåé åßôå ÷ñçóéìïðïéþíôáò óöáéñéêÝò
áñìïíéêÝò åßôå éóïäýíáìá ìå ôçí ÷ñÞóç áêÝñáéùí äõíÜìåùí êáñôåóéáíþí óõíôåôáãìÝíùí.

3S.F. Boys, ‘‘Electronic wave functions I. A general method of calculation for the stationary states of any
molecular system’’, Proc. R. Soc. (London) A200, 542 (1950); âëÝðå åðßóçò M. Dupuis, J. Rys, H.F. King, ‘‘Evaluation
of molecular integrals over Gaussian basis functions’’, J. Chem. Phys. 65 111 (1976)
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Óôç ìïñöÞ ðïõ äßíïíôáé åäþ ôï êÝíôñï åßíáé óôçí áñ÷Þ ôùí áîüíùí åíþ ãéá ôç ìåôáöïñÜ
ôïõ óôç èÝóç rc áñêåß íá ìåôáó÷çìáôéóôïýí ïé óõíôåôáãìÝíåò áíÜëïãá, ð.÷. x → (x − xc),
r → (r− rc) ê.ï.ê. Ôï üíïìá ôùí GTOs ðñïÝñ÷åôáé áðü ôï áêôéíéêü ôïõò ìÝñïò e−αr2

ðïõ Ý÷åé
ôç ìïñöÞ óõíÜñôçóçò Gaussian.

Ïé êáñôåóéáíÝò GTO ìå m + k + l = 0 êáëïýíôáé Gaussian ôýðïõ-s, ìå m + k + l = 1
êáëïýíôáé Gaussian ôýðïõ-p, ìå m+ k + l = 2 êáëïýíôáé Gaussian ôýðïõ-d ê.ï.ê. Åê ðñþôçò
üøçò öáßíåôáé íá õðÜñ÷åé ðñüâëçìá áöïý ãéá ðáñÜäåéãìá óýìöùíá ìå ôá ðáñáðÜíù õðÜñ÷ïõí
6 ôýðïõ-d GTOs áíôß ãéá 5. Ç ðÝìðôç óõíÜñôçóç Ý÷åé óöáéñéêÞ óõììåôñßá êáé óõíÞèùò
ðáñáëåßðåôáé ÷ùñßò ðñüâëçìá áöïý äåí Ý÷ïõìå õðïèÝóåé üôé ïé âÜóåéò åßíáé ïñèïãþíéåò.

Ôá STOs ÷ñçóéìïðïéÞèçêáí áñ÷éêÜ ùò óýíïëá âÜóçò åðåéäÞ ðáñïõóéÜæïõí ìåãÜëç ïìïéü-
ôçôá ìå ôá áôïìéêÜ ôñï÷éáêÜ ôùí õäñïãïíïåéäþí áôüìùí. ¼ìùò, ôá ïëïêëçñùìÜôùí äýï
çëåêôñïíßùí ìå áõôÝò ôçò óõíáñôÞóåéò öÝñïõí õøçëü õðïëïãéóôéêü êüóôïò. Ãéá ôïí ëüãï áõôü
óôçí ðñÜîç ÷ñçóéìïðïéïýíôáé GTOs. ÅðåéäÞ ôá ïëïêëçñþìáôá äýï çëåêôñïíßùí óôç ãåíéêÞ
ôïõò ìïñöÞ åßíáé ïëïêëçñþìáôá ôåóóÜñùí êÝíôñùí ÷ñçóéìïðïéþíôáò GTOs áõôÜ áíÜãïíôáé
óå ïëïêëçñþìáôá äýï êÝíôñùí (ôï ãéíüìåíï äýï GTO ìå êÝíôñá Á êáé Â åßíáé GTO ìå êÝíôñï
C åíäéÜìåóï ôùí A êáé B). Ôï õðïëïãéóôéêü üöåëïò åßíáé 4-5 ôÜîåéò ìåãÝèïõò. Ç ìïñöÞ ôùí
GTOs ðáñïõóéÜæåé äýï óçìáíôéêÝò äéáöïñÝò áðü áõôÞ ôùí STOs, óõãêåêñéìÝíá ãéá ìåãÜëåò
ôéìÝò ôïõ r ç óõíÜñôçóç Gaussian e−αr2

öèßíåé ðïëý ðéï ãñÞãïñá áðü ôçí óõíÜñôçóç Slater
e−ζr . Óôï r = 0 ç óõíÜñôçóç Slater Ý÷åé ðåðåñáóìÝíç êëßóç (üðùò öáßíåôáé óôï ó÷Þìá 1.1) åí
áíôéèÝóåé ìå ôçí óõíÜñôçóç Gaussian ôçò ïðïßáò ç êëßóç åßíáé ìçäÝí

d

dr
e−ζr

∣∣∣∣
r=0

6= 0 (1.74)

d

dr
e−αr2

∣∣∣∣
r=0

= 0 (1.75)

Ó÷Þìá 1.1: Ç 1s óõíÜñôçóç Slater (ìå ζ = 1.0) ðñïóåããßæåôáé äéáäï÷éêÜ áðü óõíáñôÞóåéò STO-1G,
STO-2G êáé STO-3G üðùò ðñïêýðôïõí ìå ôçí ìÝèïäï åëá÷ßóôùí ôåôñáãþíùí.

Ôï ðñüâëçìá áõôü äéïñèþíåôáé ìåñéêþò ðñïóåããßæïíôáò ìéá STO ìå ðïëëÝò GTO åêöñÜ-
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æïíôáò ìéá STO ùò ãñáììéêü óõíäõáóìü áðü GTOs

φCGF
µ (r) =

L∑
p=1

dpµgp(αpµ, r) (1.76)

üðïõ ï ãñáììéêüò óõíäõáóìüò êáëåßôáé óõìðõêíùìÝíç óõíÜñôçóç Gaussian (contracted Gaus-
sian function) êáé ç áíÜðôõîç ãßíåôáé ðÜíù óå ðñùôáñ÷éêÝò óõíáñôÞóåéò Gaussian (primitive
Gaussian functions). Åäþ áêïëïõèåßôáé ï óõìâïëéóìüò gp ≡ φGTO

p ãéá ôéò ðñùôáñ÷éêÝò óõ-
íáñôÞóåéò Gaussian. L åßíáé ôï ìÝãåèïò ôçò óõìðýêíùóçò (contraction length), dpµ åßíáé ïé
óõíôåëåóôÝò óõìðýêíùóçò (contraction coefficients) êáé αpµ åßíáé ïé åêèÝôåò óõìðýêíùóçò
(contraction exponents).

Ç áíÜðôõîç ìéáò STO ðÜíù óå N óõíáñôÞóåéò GTO óõìâïëßæåôáé ìå STO-NG, ãéá
ðáñÜäåéãìá, üôáí ç áíÜðôõîç ãßíåôáé óå ôñåéò GTO ç âÜóç êáëåßôáé STO-3G. Ãéá ôïí êáèïñéóìü
ôïõ áíáðôýãìáôïò ðñÝðåé íá õðïëïãéóôïýí ïé óõíôåëåóôÝò êáé åêèÝôåò óõìðýêíùóçò. Ï
êáèïñéóìüò áñêåß íá ãßíåé ìéá öïñÜ ãéá ìéá STO ìå ζ = 1.0 ïðüôå ãéá äéáöïñåôéêü ζ áñêåß
ìéá áëëáãÞ êëßìáêáò ôçò ìïñöÞò α = α(ζ = 1.0)× ζ2. Ï ôñüðïò ðïõ ãßíåôáé áõôü åßíáé åßôå
ìå ôç ìÝèïäï åëá÷ßóôùí ôåôñáãþíùí, åëá÷éóôïðïéþíôáò ôï ïëïêëÞñùìá

I =
∫
dr[φSF (ζ = 1.0, r)− φCGF (ζ = 1.0, STO-LG, r)]2 (1.77)

åßôå ìåãéóôïðïéþíôáò ôï ïëïêëÞñùìá åðéêÜëõøçò

S =
∫
drφSF (ζ = 1.0, r)φCGF (ζ = 1.0, STO-LG, r) (1.78)

üðïõ ìå φSF óõìâïëßæïõìå ôçí φSTO ÷ùñßò ôçí óöáéñéêÞ áñìïíéêÞ.
Ìåãéóôïðïéþíôáò ôï ïëïêëÞñùìá åðéêÜëõøçò ãéá ôçí ðåñßðôùóç ôçò 1s STO ðñïêýðôïõí

ïé óõíáñôÞóåéò ðïõ áðåéêïíßæïíôáò ôï ó÷Þìá (1.1)

φCGF
1s (ζ = 1.0, STO-1G) = g1s(0.270950) (1.79)

φCGF
1s (ζ = 1.0, STO-2G) = 0.679814g1s(0.151623) + 0.430129g1s(0.851819) (1.80)

φCGF
1s (ζ = 1.0, STO-3G) = 0.444635g1s(0.109818) + 0.535328g1s(0.405771)

+0.154329g1s(2.22766) (1.81)

Ôï ìüíï ðïõ ìÝíåé åßíáé íá ãßíåé áëëáãÞ êëßìáêáò óôïõò åêèÝôåò ãéá êÜèå ðåñßðôùóç, ãéá
ðáñÜäåéãìá, ç óõíÜñôçóç âÜóçò 1s ôïõ õäñïãüíïõ Ý÷åé ζ = 1.24, óõíåðþò ç STO-3G ãñÜöåôáé

φCGF
1s (ζ = 1.24, STO-3G) = 0.444635g1s(0.168856) + 0.535328g1s(0.623913)

+0.154329g1s(3.42525) (1.82)

Ãéá ìç óõìðõêíùìÝíá óýíïëá âÜóçò ÷ñçóéìïðïéïýíôáé ðáñåíèÝóåéò, åíþ ãéá óõìðõêíùìÝíá
óýíïëá âÜóçò ÷ñçóéìïðïéïýíôáé áãêýëåò. ¸ôóé, ãéá ðáñÜäåéãìá, óôçí STO-3G, ï óõìâïëéóìüò
(4s)/[2s] äçëþíåé üôé ôÝóóåñéò ðñùôáñ÷éêÝò GTO ôýðïõ-s Ý÷ïõí ÷ñçóéìïðïéçèåß ãéá ôçí
êáôáóêåõÞ äýï óõíáñôÞóåùí âÜóçò ôïõ áôïìéêïý õäñïãüíïõ. ¼ðùò êáé óå Üëëá óýíïëá
âÜóçò ç ðéï äéÜ÷õôç (diffuse) ðñùôáñ÷éêÞ (áõôÞ äçëáäÞ ìå ôïí ìéêñüôåñï åêèÝôç α) ðáñáìÝíåé
ðñùôáñ÷éêÞ êáé ïé õðüëïéðåò åìöáíßæïíôáé óå ìéá ìüíï óõìðõêíùìÝíç Gaussian. Ìå ôïí
ôñüðïò áõôü, óôï (4s)/[2s] ôñåéò áðü ôéò ðñùôáñ÷éêÝò ÷ñçóéìïðïéïýíôáé ãéá ôïí ó÷çìáôéóìü
ìéáò óõìðõêíùìÝíçò Gaussian.

Ç áðëïýóôåñç âÜóç ðïõ ìðïñåß íá ÷ñçóéìïðïéçèåß åßíáé Ýíá óýíïëï åëÜ÷éóôçò âÜóçò
(minimum basis set) óôï ïðïßï êÜèå êáôåéëçììÝíï ôñï÷éáêü áíáðáñéóôÜíåôáé ìå ìßá ìüíï
óõíÜñôçóç âÜóçò. ¸ôóé, ãéá ðáñÜäåéãìá, ãéá ôï Üôïìï ôïõ Üíèñáêá ôï óýíïëï åëÜ÷éóôçò
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âÜóçò èá åßíáé {1s, 2s, 2px, 2py, 2pz} (5 óõíáñôÞóåéò) êáé óõìâïëßæåôáé ìå (2s, 1p) åðåéäÞ
ôï óýíïëï ðåñéÝ÷åé äýï ôýðïõ-s STOs êáé Ýíá óýíïëï ôýðïõ-p STOs. Ãéá ôï ìüñéï HF ôï
óýíïëï åëÜ÷éóôçò âÜóçò åßíáé {H : 1s, F : 1s, 2s, 2px, 2py, 2pz} êáé óõìâïëßæåôáé ìå
(2s1p/1s).

ÓçìáíôéêÞ âåëôßùóç áðïôåëåß ç ÷ñÞóç äýï óõíáñôÞóåùí âÜóçò ãéá êÜèå êáôåéëçììÝíï
ìïñéáêü ôñï÷éáêü. Ìéá ôÝôïéá âÜóç êáëåßôáé óýíïëï âÜóçò äéðëïý æÞôá (double-zeta basis
set, DZ) êáé ï üñïò ðñïÝñ÷åôáé áðü ôçí ýðáñîç äýï åêèåôþí ζ1 êáé ζ2 áöïý ÷ñçóéìïðïéïýíôáé
äýï STOs ãéá êÜèå óõíÜñôçóç âÜóçò. ¸ôóé, ãéá ðáñÜäåéãìá, ãéá ôï ìüñéï HF ôï óýíïëï
åëÜ÷éóôçò âÜóçò åßíáé {H : 1s, 1s′, F : 1s, 1s′, 2s, 2s′, 2px, 2p′x, 2py, 2p′y, 2pz, 2p′z} êáé
óõìâïëßæåôáé ìå (4s2p/2s). Óôá óýíïëá âÜóçò ôñéðëïý æÞôá (triple-zeta basis set, TZ) ãéá
êÜèå ìïñéáêü ôñï÷éáêü ÷ñçóéìïðïéïýíôáé ôñåéò óõíáñôÞóåéò âÜóçò.

¸íáò óõìâéâáóìüò ìåôáîý ôùí óõíüëùí åëÜ÷éóôçò âÜóçò êáé ôùí õøçëüôåñùí áðáéôÞóåùí
DZ êáé TZ óõíüëùí âÜóçò åßíáé ôá óýíïëá âÜóçò äéá÷ùñéóìÝíçò óôïéâÜäáò óèÝíïõò (split
valence basis set, SV). Ïé åóùôåñéêïß öëïéïß óõíåéóöÝñïõí ëßãï óôéò ÷çìéêÝò éäéüôçôåò
ôùí ìïñßùí, Ýôóé, óôá SV óýíïëá âÜóçò ôá ôñï÷éáêÜ óèÝíïõò áíáðáñéóôÜíïíôáé áðü äýï
óõíáñôÞóåéò âÜóçò åíþ ôá åóùôåñéêÜ ôñï÷éáêÜ áíáðáñéóôÜíïíôáé ìå ìéá óõíÜñôçóç âÜóçò.
Ôá SV óýíïëá âÜóçò óõìâïëßæïíôáé ìå l−mnG üðïõ ïé áêÝñáéïé l,m, n äßíïõí ôï ðëÞèïò ôùí
ðñùôáñ÷éêþí GTO ôùí åóùôåñéêþí ôñï÷éáêþí êáé ôùí ôñï÷éáêþí óèÝíïõò. Ãéá ðáñÜäåéãìá,
óôï óýíïëï âÜóçò 3-21G ôá åóùôåñéêÜ ôñï÷éáêÜ áíáðáñéóôÜíïíôáé ìå ìéá óõìðõêíùìÝíçò
GTO áðïôåëïýìåíç áðü 3 ðñùôáñ÷éêÝò GTOs. Ç ÷ñÞóç ðïëëþí GTOs ãéá ôçí âÜóç ôùí
åóùôåñéêþí ôñï÷éáêþí ãßíåôáé ãéá íá Ý÷åé ôï äõíáôüí óùóôüôåñç óõìðåñéöïñÜ óôï r = 0,
üðïõ ïé GTO ðáñïõóéÜæïõí êýñôùóç (crusp). ÊÜèå ôñï÷éáêü óèÝíïõò áíáðáñéóôÜíåôáé ìå äýï
GTOs, ç ìßá åßíáé óõìðõêíùìÝíç áðïôåëïýìåíç áðü 2 ðñùôáñ÷éêÝò GTOs êáé ç Üëëç ìéá
(óõíÞèùò diffuse) ðñùôáñ÷éêÞ GTO.

Ìéá áêüìá âåëôßùóç ðïõ ìðïñåß íá ãßíåé óôá óýíïëá âÜóçò åßíáé ç ðñïóèÞêç óõíáñôÞóåùí
ðüëùóçò (polarization functions). Ç óðïõäáéüôçôá ôçò ðñïóèÞêçò áõôÞò ìðïñåß íá ãßíåé
êáôáíïçôÞ ìå Ýíá áðëü ðáñÜäåéãìá. Ç áêñéâÞò êõìáôïóõíÜñôçóç åíüò áðïìïíùìÝíïõ
áôüìïõ õäñïãüíïõ åßíáé Ýíá ôñï÷éáêü 1s. ¼ôáí ôï Üôïìï õäñïãüíïõ âñåèåß åíôüò ïìïãåíïýò
çëåêôñéêïý ðåäßïõ ç ðõêíüôçôá öïñôßïõ áíáêáôáíÝìåôáé êáé ãßíåôáé áóýììåôñç. Ç áðëïýóôåñç
ëýóç ôïõ ðñïâëÞìáôïò áõôïý åßíáé ìéá áíÜìéîç 1s êáé ôýðïõ-p ôñï÷éáêþí. Ðáñüìïéá åðßäñáóç
óôï Üôïìï õäñïãüíïõ áóêïýí ôá ãåéôïíéêÜ ôïõ, üôáí áõôü âñßóêåôáé óå Ýíá ìüñéï. ¸ôóé,
åéóÜãïíôáò óõíáñôÞóåéò ðüëùóçò äéåõêïëýíåôáé ç ðåñéãñáöÞ ôïõ öáéíïìÝíïõ. Óôï óýíïëï
âÜóçò 6-31G* Ý÷åé ãßíåé ðñïóèÞêç ìéáò óõíÜñôçóçò ðüëùóçò ôýðïõ-d óôá âáñéÜ Üôïìá åíþ
óôï 6-31G** ôï Üôïìï H Ý÷åé êáé áõôü óõíÜñôçóç ðüëùóçò, ôýðïõ-p.
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The underlying physical laws necessary for the
mathematical theory of a large part of physics and the
whole of chemistry are thus completely known, and the

difficulty is only that the exact application of these
laws leads to equations much too complicated

to be soluble.

---Paul Adrien Maurice Dirac - 1929 (1902-1984)

Ç ðñïóÝããéóç Hartree-Fock êáôáöÝñíåé íá äþóåé áîéïóçìåßùôá áðïôåëÝóìáôá óå Ýíá ìå-
ãÜëï åýñïò ðñïâëçìÜôùí. Ùóôüóï, Ý÷åé áñêåôïýò ðåñéïñéóìïýò êáé êÜðïéåò öïñÝò áðïôõã÷Üíåé
áêüìá êáé óôçí óùóôÞ ðïéïôéêÞ ðåñéãñáöÞ ôùí éäéïôÞôùí ôùí óõóôçìÜôùí. ¢ëëåò öïñÝò
äßíåé ðïéïôéêþò óùóôÜ áðïôåëÝóìáôá áëëÜ áíáêñéâÞ, üðùò åßíáé ïé õðåñåðéöÜíåéåò åíÝñãåéáò
(PES, potential energy surfaces) óõóôçìÜôùí óå öÜóç äéá÷ùñéóìïý (dissociation). Ôï óçìá-
íôéêüôåñï ìåéïíÝêôçìá ôçò ðñïóÝããéóçò Hartree-Fock åßíáé üôé áðïôåëåß ðñïóÝããéóç ìÝóïõ
ðåäßïõ, äçëáäÞ äåí ëáìâÜíåé õðüøç ôéò óôéãìéáßåò çëåêôñïóôáôéêÝò áëëçëåðéäñÜóåéò ìåôáîý
ôùí çëåêôñïíßùí áëëÜ ôéò ÷åéñßæåôáé ìå ìÝóï ôñüðï. Áíáöåñüìáóôå óôçí áíåðÜñêåéá áõôÞ
ôçò Hartree-Fock ëÝãïíôáò üôé äåí ëáìâÜíåé õðüøç ôçí çëåêôñïíéáêÞ óõó÷Ýôéóç (electron
correlation). Óôï êåöÜëáéï áõôü ðáñïõóéÜæïíôáé ìÝèïäïé ðïõ ëáìâÜíïõí õðüøç ôïõò ìå ôïí
Ýíá Þ Üëëï ôñüðï ôçí çëåêôñïíéáêÞ óõó÷Ýôéóç.

2.1 Áëëçëåðßäñáóç äéáìïñöþóåùí

Ç åíÝñãåéá óõó÷åôéóìïý (Ecorr) ïñßæåôáé ùò ç äéáöïñÜ ìåôáîý ôçò áêñéâïýò ìç ó÷åôéêéóôé-
êÞò åíÝñãåéáò ôïõ óõóôÞìáôïò (E0) áðü ôçí åíÝñãåéá Hartree-Fock (E0), óôï üñéï ôïõ ðëÞñïõò
óõíüëïõ âÜóçò

Ecorr = E0 − E0 (2.1)

ÅðåéäÞ ç åíÝñãåéá Hartree-Fock áðïôåëåß Üíù üñéï ôçò ðñáãìáôéêÞò åíÝñãåéáò, ç åíÝñãåéá óõ-
ó÷åôéóìïý åßíáé áñíçôéêÞ. Ç ðéï áðëÞ (åííïéïëïãéêÜ, ü÷é õðïëïãéóôéêÜ) ìÝèïäïò õðïëïãéóìïý
ôçò åíÝñãåéáò óõó÷åôéóìïý åßíáé ç áëëçëåðßäñáóç äéáìïñöþóåùí (configuration interaction).
Ç ìÝèïäïò áõôÞ, óôï üñéï ôçò ðëÞñïõò âÜóçò äßíåé ôçí áêñéâÞ åíÝñãåéá ôüóï ãéá ôç èåìåëéþäç
êáôÜóôáóç üóï êáé ãéá ôéò äéåãåñìÝíåò ôùí õðü ìåëÝôç óõóôçìÜôùí.

¸óôù |Ψ0〉 ç Hartree-Fock ïñßæïõóá Slater ðïõ ó÷çìáôßæïõí ôá N êáôåéëçììÝíá spin-
ôñï÷éáêÜ (èåùñïýìå ôçí RHF ðåñßðôùóç)

|Ψ0〉 = |χ1χ2 . . . χaχb . . . χN 〉 (2.2)

ç ïðïßá, üðùò Ý÷ïõìå áíáöÝñåé êáé áëëïý, áðïôåëåßôáé áðü ôá N êáôåéëçììÝíá (åíåñãåéáêÜ
÷áìçëüôåñá) spin-ôñï÷éáêÜ. Ìéá ïñßæïõóá ðïõ äéáöÝñåé áðü ôçí |Ψ0〉 êáôÜ N spin-ôñï÷éáêÜ
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êáëåßôáé N-ðëá äéåãåñìÝíç ïñßæïõóá (N-tuply excited determinant). ÓõãêåêñéìÝíá, äéåãåß-
ñïíôáò Ýíá áðü ôá çëåêôñüíéá áõôþí ôùí spin-ôñï÷éáêþí óå êÜðïéï åéêïíéêü spin-ôñï÷éáêü
ðñïêýðôåé ìéá áðëÜ äéåãåñìÝíç ïñßæïõóá (singly excited determinant)

|Ψ0〉 = |χ1χ2 . . . χrχb . . . χN 〉 (2.3)

äéåãåßñïíôáò äýï çëåêôñüíéá óå åéêïíéêÜ ôñï÷éáêÜ ðñïêýðôåé äéðëÜ äéåãåñìÝíç ïñßæïõóá

|Ψ0〉 = |χ1χ2 . . . χrχs . . . χN 〉 (2.4)

ê.ï.ê.
Oé ãñáììéêïß óõíäõáóìïß áõôþí ôùí ïñéæïõóþí, ðïõ áðïôåëïýí éäéïóõíáñôÞóåéò ôçò

Hamiltonian, êáëïýíôáé óõíáñôÞóåéò-êáôÜóôáóçò äéáìïñöþóåùí (configuration state func-
tions, CSF) Þ ðéï óõãêåêñéìÝíá, ìéá óõíÜñôçóç-êáôÜóôáóçò äéáìïñöþóåùí åßíáé éäéïóõíÜñ-
ôçóç ïðïéïõäÞðïôå ôåëåóôÞ ìåôáôßèåôáé ìå ôçí Hamiltonian. Ïé CSFs ðáñÝ÷ïõí áêñéâÝóôåñç
áíáðáñÜóôáóç ôçò êõìáôïóõíÜñôçóçò èåìåëéþäïõò êáôÜóôáóçò (áëëÜ êáé äéåãåñìÝíùí êá-
ôáóôÜóåùí).

Ïé áêñéâåßò èåìåëéþäåéò (|Φ0〉) êáé äéåãåñìÝíåò êáôáóôÜóåéò ìðïñïýí íá åêöñáóôïýí ùò
ãñáììéêüò óõíäõáóìüò üëùí ôùí äõíáôþí ïñéæïõóþí Slater N-çëåêôñïíßùí, ðïõ ðñïêýðôïõí
áðü ðëÞñåò óýíïëï spin-ôñï÷éáêþí1

|Φ0〉 = c0|Ψ0〉+
∑
ar

cra|Ψr
a〉+

∑
a<b
r<s

crs
ab|Ψrs

ab〉

+
∑

a<b<c
r<s<t

crst
abc|Ψrst

abc〉+
∑

a<b<c<d
r<s<t<u

crstu
abcd|Ψrstu

abcd〉+ . . . (2.5)

üðïõ ïé ðåñéïñéóìïß óôïõò äåßêôåò Üèñïéóçò åîáóöáëßæïõí üôé êÜèå äéÝãåñóç óõìðåñéëáìâÜ-
íåôáé ìüíï ìéá öïñÜ óôï Üèñïéóìá.

ÐñáêôéêÜ äåí åßíáé äõíáôüí íá ãßíåé õðïëïãéóìüò ìå ìéá Üðåéñç âÜóç ïñéæïõóþí N-
çëåêôñïíßùí êáé ìå êÜèå ïñßæïõóá íá ó÷çìáôßæåôáé áðü Üðåéñï óýíïëï spin-ôñï÷éáêþí.
¼ìùò, ðïëëÝò ïñßæïõóåò ìðïñïýí íá ðáñáëåéöèïýí ìå êñéôÞñéá óõììåôñßáò áëëÜ êáé ìå âÜóç
ôï spin ôùí êõìáôïóõíáñôÞóåùí (äåí áíáìåéãíýïíôáé êõìáôïóõíáñôÞóåéò äéáöïñåôéêïý spin,
ìå Üëëá ëüãéá äåí óõìðåñéëáìâÜíïíôáé êõìáôïóõíáñôÞóåéò ìå äéáöïñåôéêü ðëÞèïò α êáé β
çëåêôñïíßùí). Ìéá åêôßìçóç ôïõ ðëÞèïõò ôùí ïñéæïõóþí ðïõ åìöáíßæïíôáé ìðïñåß íá ãßíåé
ùò åîÞò: èåùñïýìå 2K spin-ôñï÷éáêÜ åê ôùí ïðïßùí ôá N åßíáé êáôåéëçììÝíá óôçí |Ψ0〉 êáé
2K − N ìç êáôåéëçììÝíá. Ìðïñïýìå íá åðéëÝîïõìå n spin-ôñï÷éáêÜ áðü ôá êáôåéëçììÝíá
óôçí |Ψ0〉 ìå

(
N
n

)
ôñüðïõò êáé n spin-ôñï÷éáêÜ áðü ôá 2K − N åéêïíéêÜ spin-ôñï÷éáêÜ ìå(

2K−N
n

)
ôñüðïõò. ¸ôóé, ôï ðëÞèïò ôùí n-ðëÜ äéåãåñìÝíùí ïñéæïõóþí åßíáé

(
N
n

)(
2K−N

n

)
. Ãéá

óýóôçìá 10 çëåêôñïíßùí êáé 20 óõíáñôÞóåéò âÜóçò ôï ðëÞèïò áõôü åßíáé ôçò ôÜîçò ôïõ 109

ïñßæïõóåò.
Ãéá Ýíá óõãêåêñéìÝíï ìïíïçëåêôñïíéáêü óýíïëï âÜóçò åÜí óõìðåñéëçöèïýí üëåò ïé ïñß-

æïõóåò (ôçò êáôÜëëçëçò óõììåôñßáò) ôüôå ï õðïëïãéóìüò ïíïìÜæåôáé ðëÞñçò áëëçëåðßäñáóç
äéáìïñöþóåùí (full CI). ¼ôáí ÷ñçóéìïðïéåßôáé Ýíá õðïóýíïëï ôùí äõíáôþí ïñéæïõóþí ï
õðïëïãéóìüò êáëåßôáé ðåñéïñéóìÝíç áëëçëåðßäñáóç äéáìïñöþóåùí (limited CI, truncated
CI). Ç äéáöïñÜ ôçò åíÝñãåéáò Hartree-Fock, E0, áðü ôçí ÷áìçëüôåñç åíÝñãåéá CI, (E0), Ý÷ïíôáò
÷ñçóéìïðïéÞóåé ôï ßäéï óýíïëï âÜóçò, êáëåßôáé åíÝñãåéá óõó÷åôéóìïý óõíüëïõ âÜóçò (basis
set correlation energy), êáé áðïôåëåß ôçí áêñéâÞ åíÝñãåéá óõó÷åôéóìïý óôïí õðü÷ùñï ðïõ
ïñßæåé ç âÜóç. ¼óï ç âÜóç ìåãáëþíåé êáé ãßíåôáé ðëçñÝóôåñç, ôüóï ç åíÝñãåéá óõó÷åôéóìïý
óõíüëïõ âÜóçò ðëçóéÜæåé ôçí áêñéâÞ åíÝñãåéá óõó÷åôéóìïý. ÏðïéáäÞðïôå Üëëç ìÝèïäïò
ìðïñåß íá áîéïëïãçèåß óõãêñßíïíôáò ôá áðïôåëÝóìáôÜ ôçò ìå áõôÜ ôçò ðëÞñïõò CI óôï ßäéï

1Áðüäåéîç äßíåôáé óôï P.O. Löwdin, Adv. Chem. Phys., 2, 207 (1959)
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óýíïëï âÜóçò.
Ï õðïëïãéóìüò ôçò åíÝñãåéáò ãßíåôáé, üðùò êáé óôçí ðåñßðôùóç ôçò ðñïóÝããéóçò Hartree-

Fock, ìå ôç ìÝèïäï ôùí ìåôáâïëþí åëá÷éóôïðïéþíôáò ôïí ëüãï Rayleigh. Ùò äïêéìáóôéêÞ
êõìáôïóõíÜñôçóç ÷ñçóéìïðïéåßôáé ôï áíÜðôõãìá (2.5) óå üëåò ôéò ïñßæïõóåò. Ç áíáðáñÜóôáóç
ôçò Hamiltonian óôç âÜóç ôùí ïñéæïõóþí êáëåßôáé ðßíáêáò ðëÞñïõò áëëçëåðßäñáóçò äéá-
ìïñöþóåùí (full CI matrix). Ôï óýíïëï ôùí åîéóþóåùí óôéò ïðïßåò êáôáëÞãïõìå, õðü ìïñöÞ
ðéíÜêùí ãñÜöåôáé

HC = EC (2.6)

üðïõ C ï ðßíáêáò ôùí óõíôåëåóôþí ôïõ áíáðôýãìáôïò êáé E ï äéáãþíéïò ðßíáêáò ôùí
éäéïôéìþí åíÝñãåéáò. Ï ðßíáêáò åðéêÜëõøçò S äåí åìöáíßæåôáé áöïý ïé ïñßæïõóåò Slater
ó÷çìáôßæïõí ïñèïêáíïíéêÞ âÜóç (Sij = δij). Äéáãùíïðïéþíôáò ôïí ðßíáêá H ðñïêýðôïõí ïé
éäéïóõíáñôÞóåéò êáé ïé áíôßóôïé÷åò éäéïôéìÝò ôïõò.

Óôï óçìåßï áõôü áîßæåé íá áíáöÝñïõìå Ýíá óçìáíôéêü èåþñçìá:

Èåþñçìá 2.1 Èåþñçìá Brillouin. Ïé áðëÜ äéåãåñìÝíåò ïñßæïõóåò |Ψr
a〉 äåí áëëçëåðé-

äñïýí Üìåóá ìå ôçí ïñßæïõóá áíáöïñÜò Hartree-Fock |Ψ0〉, äçëáäÞ ôï óôïé÷åßï ðßíáêá
〈Ψ0|H |Ψr

a〉 = 0.

Ãéá íá åîåôÜóïõìå ôç äïìÞ ôïõ ðëÞñç CI ðßíáêá ãñÜöïõìå ôï áíÜðôõãìá (2.5) óôç
óõìâïëéêÞ ìïñöÞ

|Φ0〉 = c0|Ψ0〉+ cS |S〉+ cD|D〉+ cT |T 〉+ cQ|Q〉+ · · · (2.7)

üðïõ |S〉 áíáðáñéóôÜ üñïõò áðëþí äéåãÝñóåùí, |D〉 üñïõò äéðëþí äéåãÝñóåùí ê.ï.ê. Ìå ôïí
óõìâïëéóìü áõôü ï ðëÞñçò CI ðßíáêáò ãñÜöåôáé

〈Ψ0|H |Ψ0〉 0 〈Ψ0|H |D〉 0 0 . . .
〈S|H |S〉 〈S|H |D〉 〈S|H |T 〉 0 . . .

〈D|H |D〉 〈D|H |T 〉 〈D|H |Q〉 . . .
〈T |H |T 〉 〈T |H |Q〉 . . .

〈Q|H |Q〉 . . .
...


(2.8)

üðïõ ãéá ðáñÜäåéãìá 〈D|H |Q〉 ↔ 〈Ψrs
ab|H |Ψtuvw

cdef 〉. Ðáñáôçñïýìå üôé äåí õðÜñ÷åé óýæåõîç
ìåôáîý ôçò HF èåìåëéþäç êáôÜóôáóçò êáé ôùí áðëþí äéåãÝñóåùí, üðùò áíáìÝíåôáé áðü
ôï èåþñçìá Brillouin. Åðßóçò, ôá óôïé÷åßá ðßíáêá ôçò Hamiltonian ìåôáîý ïñéæïõóþí ðïõ
äéáöÝñïõí ðÜíù áðü 2 spin-ôñï÷éáêÜ, åßíáé ìçäÝí. ¸ôóé äåí õðÜñ÷åé óýæåõîç ìåôáîý ôçò
HF èåìåëéþäç êáôÜóôáóçò êáé ôñéðëÜ Þ ôåôñáðëÜ äéåãåñìÝíùí êáôáóôÜóåùí. Óçìåéþíïõìå
ùóôüóï üôé áí êáé äåí õðÜñ÷åé Üìåóç áíÜìéîç ôùí áðëÜ äéåãåñìÝíùí êáôáóôÜóåùí ìå ôçí
|Ψ0〉, õðÜñ÷åé Ýììåóç áíÜìéîÞ ôïõò áöïý êáé ïé äýï áëëçëåðéäñïýí ìå ôéò äéðëÜ äéåãåñìÝíåò.
¸ôóé, ïé áðëÜ äéåãåñìÝíåò êáôáóôÜóåéò Ý÷ïõí ìç ìçäåíéêÞ (áí êáé ðïëý ìéêñÞ) åðéññïÞ óôçí
|Ψ0〉.

Ç ðåñéïñéóìÝíç CI ìÝèïäïò óôçí ïðïßá ãßíåôáé ÷ñÞóç ìüíï áðëÜ êáé äéðëÜ äéåãåñìÝíùí
ïñéæïõóþí êáëåßôáé SDCI, åíþ üôáí ÷ñçóéìïðïéïýíôáé ìüíï äéðëÜ äéåãåñìÝíåò ïñßæïõóåò ç
ôå÷íéêÞ êáëåßôáé DCI. Ðïëý éó÷õñÞ ôå÷íéêÞ áëëÜ ìå óçìáíôéêü õðïëïãéóôéêü êüóôïò åßíáé ç
SDTQCI óôçí ïðïßá óõìðåñéëáìâÜíïíôáé ïñßæïõóåò áðëþí, äéðëþí, ôñéðëþí êáé ôåôñáðëþí
äéåãÝñóåùí. ÅðåéäÞ ïé ôåôñáðëÝò äéåãÝñóåéò ìðïñåß íá åßíáé óçìáíôéêÝò óôïí õðïëïãéóìü ôçò
åíÝñãåéáò óõó÷Ýôéóçò, ÷ñçóéìïðïéåßôáé ìéá áðëÞ ó÷Ýóç ãéá ôïí õðïëïãéóìü ôçò óõìâïëÞò ôïõò,
ãíùóôÞ ùò äéüñèùóç Davidson (Davidson correction):

∆EQ = (1− c20)(EDCI − ESCF ) (2.9)
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üðïõ EDCI ç åíÝñãåéá èåìåëéþäïõò êáôÜóôáóçò üðùò ðñïêýðôåé áðü DCI õðïëïãéóìü êáé c0
ï óõíôåëåóôÞò ôçò HF êõìáôïóõíÜñôçóçò óôï áíÜðôõãìá ôçò DCI êõìáôïóõíÜñôçóçò (2.5).

Åßíáé óçìáíôéêü íá áíáöåñèïýìå óå Ýíá ðñüâëçìá ðïõ åíÝ÷ïõí ïé ðåñéïñéóìÝíåò CI
ìÝèïäïé. Óôç ÷çìåßá åßíáé ðïëý ÷ñÞóéìç ç ãíþóç ôçò ó÷åôéêÞò åíÝñãåéáò ìïñßùí äéáöïñåôéêïý
ìåãÝèïõò. Ãéá ôïí õðïëïãéóìü ôçò åíÝñãåéáò ∆E ìéá áíôßäñáóçò

A+B → C

èá ðñÝðåé ç ìÝèïäïò ðïõ èá ÷ñçóéìïðïéçèåß íá äßíåé ßäéáò ðïéüôçôáò áðïôåëÝóìáôá ãéá
ìüñéá ìå äéáöïñåôéêü ðëÞèïò çëåêôñïíßùí. Ãéá íá åîçãÞóïõìå ôé óçìáßíåé «ßäéáò ðïéüôçôáò»
èåùñïýìå äýï ßäéá ìç áëëçëåðéäñþíôá ìüñéá. Ìéá ìÝèïäïò åßíáé óõíåðÞò ùò ðñïò ôï ìÝãåèïò
(size consistent) áí ôï áðïôÝëåóìá ðïõ èá äþóåé ãéá ôï ìç áëëçëåðéäñþí äéìåñÝò åßíáé ôï
äéðëÜóéï áõôïý ðïõ èá äþóåé ãéá ôï ìïíïìåñÝò. Ãåíéêüôåñá, ìéá ìÝèïäïò åßíáé size consistent
üôáí ç åíÝñãåéá ôïõ óõóôÞìáôïò ðïëëþí óùìÜôùí, áêüìá êáé ðáñïõóßá áëëçëåðéäñÜóåùí,
åßíáé áíÜëïãç ôïõ ðëÞèïõò, N , ôùí óùìÜôùí óôï üñéï N → ∞. Ç Hartree-Fock åßíáé
ç áðëïýóôåñç size consistent ìÝèïäïò. Ç ðëÞñçò CI åßíáé êáé áõôÞ size consistent áëëÜ ç
ðåñéïñéóìÝíç CI äåí åßíáé. Ç áíåðÜñêåéá áõôÞ ôùí ðåñéïñéóìÝíùí CI ìåèüäùí ìðïñåß íá ãßíåé
êáôáíïçôÞ èåùñþíôáò ôï áðëü ðáñÜäåéãìá äýï ìç áëëçëåðéäñþíôùí ìïñßùí H2. Ç åíÝñãåéá
ðïõ äßíåé ç DCI óôï óýóôçìá ôùí äýï ìïñßùí äåí åßíáé ôï Üèñïéóìá ôùí åíåñãåéþí ðïõ äßíåé
ãéá ôï êÜèå ìüñéï ìüíï ôïõ. Ãéá ôï êÜèå ìïíïìåñÝò ç DCI êõìáôïóõíÜñôçóç ðåñéëáìâÜíåé (åî’
ïñéóìïý) äéðëÝò äéåãÝñóåéò. Ðåñéïñßæïíôáò ôçí êõìáôïóõíÜñôçóç ôïõ äéìåñïýò ìüíï óå äéðëÝò
äéåãÝñóåéò áðïêëåßïõìå ôçí äõíáôüôçôá êáé ôá äýï ìïíïìåñÞ íá åßíáé ôáõôü÷ñïíá äéðëÜ
äéåãåñìÝíá, áöïý áõôü áíáðáñéóôÜíåôáé ìå ôçí ýðáñîç ôåôñáðëþí äéåãÝñóåùí óôï äéìåñÝò.

Êáèþò ìåãáëþíåé ôï õðü ìåëÝôç óýóôçìá ôï ðñüâëçìá ãßíåôáé üëï êáé ðéï Ýíôïíï.
Ç åíÝñãåéá óõó÷Ýôéóçò áíÜ ðëÞèïò ìïñßùí ðïõ åðéóôñÝöåé ìéá ðåñéïñéóìÝíç CI ìÝèïäïò
ìçäåíßæåôáé ãéá ìáêñïóêïðéêÜ óõóôÞìáôá, äçëáäÞ, áí NEcorr(truncCI) åßíáé ç åíÝñãåéá
óõó÷Ýôéóçò ðïõ åðéóôñÝöåé ìéá ðåñéïñéóìÝíç CI ìÝèïäïò ãéá Ýíá óýóôçìá N ìïñßùí, ôüôå

lim
N→∞

NEcorr(truncCI)
N

= 0 (2.10)

êáé êáôÜ óõíÝðåéá, ôÝôïéåò ìÝèïäïé åßíáé áêáôÜëëçëåò ãéá óõóôÞìáôá üðùò êñýóôáëëïé.
Ç ðëÞñçò CI ìÝèïäïò åßíáé ðñáêôéêÜ åöáñìüóéìç óå óõóôÞìáôá ìå ëéãüôåñá ôùí ìåñéêþí
äåêÜäùí çëåêôñïíßùí. Ç óðïõäáéüôçôÜ ôçò Ýãêåéôáé óôï üôé áðïôåëåß óçìåßï áíáöïñÜò
ãéá ôçí åýñåóç õðïëïãéóôéêÜ ëéãüôåñï áðáéôçôéêþí ìåèüäùí ðïõ õðïëïãßæïõí ôçí åíÝñãåéá
óõó÷Ýôéóçò.

2.2 Multiconfiguration ìÝèïäïé

Óôçí áëëçëåðßäñáóç äéáìïñöþóåùí ç ïñßæïõóá áíáöïñÜò ðïõ ÷ñçóéìïðïéåßôáé ó÷çìáôß-
æåôáé áðü ôá Hartree-Fock spin-ôñï÷éáêÜ. Ôá ôñï÷éáêÜ áõôÜ äåí åßíáé áðáñáßôçôá ç êáëýôåñç
åðéëïãÞ ãéá Ýíáí CI õðïëïãéóìü. Ãéá ðáñÜäåéãìá, ÷ñçóéìïðïéþíôáò öõóéêÜ ôñï÷éáêÜ (natural
orbitals)2 âåëôéþíåôáé óçìáíôéêÜ ç óýãêëéóç ôïõ CI áíáðôýãìáôïò.

Èåùñïýìå ìéá êõìáôïóõíÜñôçóç ðïëëáðëþí ïñéæïõóþí ðïõ óõìðåñéëáìâÜíåé ëßãåò ìüíï
äéáìïñöþóåéò. Ôá ôñï÷éáêÜ ðïõ èá äþóïõí ôá êáëýôåñá áðïôåëÝóìáôá äåí ìðïñåß íá åßíáé
ãíùóôÜ ðñéí áðü ôïí õðïëïãéóìü. Óôçí multiconfiguration self-consistent field (MCSCF) ìÝ-
èïäï åêôüò ôùí óõíôåëåóôþí ôïõ áíáðôýãìáôïò (2.5) âåëôéóôïðïéïýíôáé êáé ïé óõíôåëåóôÝò ôïõ
áíáðôýãìáôïò ôùí spin-ôñï÷éáêþí. Ìå ôïí ôñüðï áõôü ðñïêýðôåé ç MCSCF êõìáôïóõíÜñôçóç

2Ôá öõóéêÜ ôñï÷éáêÜ ðñïêýðôïõí áðü ôá Hartree-Fock ôñï÷éáêÜ ìå êáôÜëëçëï ìïíáäéáßï ìåôáó÷çìáôéóìü, âë.
P.O. Löwdin, Phys. Rev. 97, 1474 (1955); [20] óåë. 252-255
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ðïõ åßíáé Ýíá ìç ðëÞñåò CI áíÜðôõãìá

|ΨMCSCF 〉 =
∑

I

cI |ΨI〉 (2.11)

üðïõ êáé ïé óõíôåëåóôÝò cI ôïõ áíáðôýãìáôïò êáé ôá ôñï÷éáêÜ ðïõ ðåñéÝ÷ïíôáé óôéò |ΨI〉
åßíáé âåëôéóôïðïéçìÝíá. Õðïëïãéóìïß áõôïý ôïõ ôýðïõ åßíáé õðïëïãéóôéêÜ ðïëý áðáéôçôéêïß,
áëëÜ åßíáé ðïëý óçìáíôéêïß ãéá äéåãåñìÝíåò êáôáóôÜóåéò.

Ìéá MCSCF ìÝèïäïò åßíáé ç complete active-space self-consistent field (CASSCF) ìÝèïäïò.
Óôç ìÝèïäï áõôÞ, ôá ôñï÷éáêÜ (ôá ïðïßá âåëôéóôïðïéïýíôáé êáé áõôÜ óôïí õðïëïãéóìü)
÷ùñßæïíôáé óå ôñåéò êáôçãïñßåò:

• Ôá áíåíåñãÜ êáôåéëçììÝíá ôñï÷éáêÜ (inactive occupied orbitals) ðïõ åßíáé ôá åíåñ-
ãåéáêÜ ÷áìçëüôåñá spin-ôñï÷éáêÜ êáé ôá ïðïßá Ý÷ïõí äéðëÞ êáôÜëçøç óå üëåò ôéò
ïñßæïõóåò.

• Ôá áíåíåñãÜ åéêïíéêÜ ôñï÷éáêÜ (inactive virtual orbitals) ðïõ åßíáé spin-ôñï÷éáêÜ ðïëý
õøçëÞò åíÝñãåéáò êáé ôá ïðïßá åßíáé ìç êáôåéëçììÝíá óå üëåò ôéò ïñßæïõóåò.

• Ôá åíåñãÜ ôñï÷éáêÜ (active orbitals) ðïõ åßíáé åíåñãåéáêÜ åíäéÜìåóá ôùí áíåíåñãþí
êáé åéêïíéêþí spin-ôñï÷éáêþí.

Ôá åíåñãÜ çëåêôñüíéá åßíáé áõôÜ ðïõ äåí âñßóêïíôáé óôá äéðëÜ êáôåéëçììÝíá áíåíåñãÜ
ôñï÷éáêÜ. Ôá CSF ðïõ ðåñéëáìâÜíïíôáé óôïí CASSCF õðïëïãéóìü åßíáé äéáìïñöþóåéò ðïõ
ðñïêýðôïõí áðü üëïõò ôïõò äõíáôïýò ôñüðïõò êáôáíïìÞò ôùí åíåñãþí çëåêôñïíßùí óôá
åíåñãÜ ôñï÷éáêÜ. ÊáèïñéóôéêÞ óçìáóßá óôçí ðïéüôçôá ôïõ õðïëïãéóìïý åßíáé ç óùóôÞ åðéëïãÞ
ôùí åíåñãþí ôñï÷éáêþí (óôç ïõóßá åðéëïãÞ ôïõ active space). ¸íáò ôñüðïò ãéá íá ãßíåé áõôü
åßíáé âÜóç ðïéïôéêÞò áíÜëõóçò ìå ôç èåùñßá ìïñéáêþí ôñï÷éáêþí åðéëÝãïíôáò çëåêôñüíéá
óèÝíïõò.

2.3 Èåùñßá äéáôáñá÷þí Møller-Plesset

Ç áëëçëåðßäñáóç äéáìïñöþóåùí ðáñÝ÷åé Ýíáí ðïëý óõóôçìáôéêü ôñüðï õðïëïãéóìïý ôçò
åíÝñãåéáò óõó÷åôéóìïý. ¸íá óçìáíôéêü ðñïôÝñçìá ôçò ìåèüäïõ åßíáé üôé âáóßæåôáé óôç èåùñßá
ìåôáâïëþí êáé óõíåðþò ç åíÝñãåéá ðïõ ðñïêýðôåé áðïôåëåß Üíù öñÜãìá ôçò ðñáãìáôéêÞò
åíÝñãåéáò ôïõ óõóôÞìáôïò. Ãéá ìåãÜëá óõóôÞìáôá ç ðëÞñçò CI äåí åßíáé äõíáôüí íá åöáñìï-
óôåß ëüãù ôïõ õøçëïý õðïëïãéóôéêïý êüóôïõò, åíþ ïé ðåñéïñéóìÝíåò CI ìÝèïäïé äåí åßíáé size
consistent. Ìéá åíáëëáêôéêÞ ìÝèïäïò õðïëïãéóìïý ôçò åíÝñãåéáò óõó÷åôéóìïý åßíáé åöáñìüæï-
íôáò ôç èåùñßá äéáôáñá÷þí Rayleigh-Schrödinger (Rayleigh-Schrödinger perturbation theory,
RSPT). ÓõãêåêñéìÝíá, ç ìÝèïäïò åßíáé ãíùóôÞ ùò èåùñßá äéáôáñá÷þí Møller-Plesset (Møller-
Plesset pertrubation theory, MPPT). Óôçí MPPT ôï áíÜðôõãìá-äéáôáñá÷Þò ôçò åíÝñãåéáò
óõó÷åôéóìïý ðñïêýðôåé áðü ôçí RSPT åðéëÝãïíôáò ãéá ìçäåíéêÞò ôÜîçò Hamiltonian H0 ôçí
Hartree-Fock Hamiltonian êáé ùò äéáôáñá÷Þ V ôçí äéáöïñÜ ôçò Hartree-Fock Hamiltonian
áðü ôçí çëåêôñïíéêÞ Hamiltonian, H − H0. H MPPT åßíáé size consistent óå êÜèå ôçò
ôÜîç (äçë. óå ïðïéïíäÞðïôå üñï äéáêüøïõìå ôï áíÜðôõãìá) áëëÜ äåí âáóßæåôáé óôç ìÝèïäï
ìåôáâïëþí êáé óõíåðþò ïé ôéìÝò åíÝñãåéáò ðïõ äßíåé äåí áðïôåëïýí áíáãêáóôéêÜ Üíù üñéï
ôçò ðñáãìáôéêÞò åíÝñãåéáò. Áêïëïõèåß ìéá óýíôïìç ðáñïõóßáóç ôçò RSPT êáôáëÞãïíôáò óôéò
ãåíéêÝò åêöñÜóåéò ãéá ôïõò üñïõò ôïõ áíáðôýãìáôïò ôçò åíÝñãåéáò êáé åí óõíå÷åßá áíÜðôõîç
ôçò MPPT.

¸óôù H ç Hamiltonian åíüò óõóôÞìáôïò ç ïðïßá ìðïñåß íá åêöñáóôåß ùò Üèñïéóìá ìéáò

Hamiltonian H0 ìå ãíùóôÜ éäéïäéáíýóìáôá |Ψ(0)
i 〉 êáé éäéïôéìÝò E

(0)
i , óõí ìéá ìéêñÞ ðïóüôçôá

V ðïõ êáëåßôáé äéáôáñá÷Þ

H |Φi〉 = (H0 + V )|Φi〉 = Ei|Φi〉 (2.12)
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üðïõ

H0|Ψ(0)
i 〉 = E

(0)
i |Ψ(0)

i 〉 Þ H0|i〉 = E
(0)
i |i〉 (2.13)

Áêïëïõèåßôáé ìéá äéáäéêáóßá ìå ôçí ïðïßá âåëôéþíïíôáé ïé éäéïôéìÝò êáé ôá éäéïäéáíýóìáôá
ôçò H0 þóôå íá ðëçóéÜæïõí üëï êáé ðåñéóóüôåñï áõôÜ ôçò H . Ãéá ôïí óêïðü áõôü åéóÜãåôáé
ìéá ðáñÜìåôñïò ôÜîçò (order parameter) λ ìå ôçí âïÞèåéá ôçò ïðïßáò ðáñáêïëïõèïýíôáé ïé
üñïé ßäéáò ôÜîçò

H = H0 + λV (2.14)

Áíáðôýóóïíôáò ôéò áêñéâåßò éäéïôéìÝò êáé éäéïäéáíýóìáôá óå óåéñÜ Taylor ùò ðñïò λ
Ý÷ïõìå

Ei = E
(0)
i + λE

(1)
i + λ2E

(2)
i + . . . (2.15a)

|Φi〉 = |i〉+ λ|Ψ(1)
i 〉+ λ2|Ψ(2)

i 〉+ . . . (2.15b)

üðïõ E
(n)
i ç n-éïóôÞ ôÜîçò äéüñèùóç óôçí åíÝñãåéá. Óôü÷ïò åßíáé íá âñåèåß Ýêöñáóç ôùí

åíåñãåéþí n-éïóôÞò ôÜîçò óõíáñôÞóåé ôùí åíåñãåéþí ìçäåíéêÞò ôÜîçò êáé ôùí óôïé÷åßùí
ðßíáêá ôçò äéáôáñá÷Þò V ìåôáîý ôùí áäéáôÜñá÷ôùí êõìáôïóõíáñôÞóåùí, 〈i|V |j〉.

ÅðéëÝãïõìå ôçí êáíïíéêïðïßçóç ôùí |Φi〉 Ýôóé þóôå 〈i|Φi〉 = 1. Ôüôå åßíáé

〈i|Φi〉 = 〈i|i〉+ λ〈i|Ψ(1)
i 〉+ λ2〈i|Ψ(2)

i 〉+ · · · = 1 (2.16)

ç ïðïßá éó÷ýåé ãéá êÜèå λ, óõíåðþò ïé óõíôåëåóôÝò ôùí λn åßíáé ìçäÝí

〈i|Ψ(n)
i 〉 = 0 n = 1, 2, 3, . . . (2.17)

Áíôéêáèéóôþíôáò ôéò (2.15) óôçí (2.12), Ý÷ïõìå

(H0 + V )
(
|i〉+ λ|Ψ(1)

i 〉+ λ2|Ψ(2)
i 〉+ . . .

)
=
(
E

(0)
i + λE

(1)
i + λ2E

(2)
i + . . .

)(
|i〉+ λ|Ψ(1)

i 〉+ . . .
)

êáé åîéóþíïíôáò ôïõò óõíôåëåóôÝò ôùí λn ôçò áõôÞò ôÜîçò, ðñïêýðôïõí ïé åîÞò

H0|i〉 = E
(0)
i |i〉 (2.18a)

H0|Ψ(1)
i 〉+ V |i〉 = E

(0)
i |Ψ(1)

i 〉+ E
(1)
i |i〉 (2.18b)

H0|Ψ(2)
i 〉+ V |Ψ(1)

i 〉 = E
(0)
i |Ψ(2)

i 〉+ E
(1)
i |Ψ(1)

i 〉+ E
(2)
i |i〉 (2.18c)

H0|Ψ(3)
i 〉+ V |Ψ(2)

i 〉 = E
(0)
i |Ψ(3)

i 〉+ E
(1)
i |Ψ(2)

i 〉

+E(2)
i |Ψ(1)

i 〉+ E
(3)
i |i〉 (2.18d)

ÐïëëáðëáóéÜæïíôáò ìå 〈i| êáé ÷ñçóéìïðïéþíôáò ôçí ó÷Ýóç ïñèïêáíïíéêüôçôáò (2.17), ðñïêý-
ðôåé

E
(0)
i = 〈i|H |i〉 (2.19a)

E
(1)
i = 〈i|V |i〉 (2.19b)

E
(2)
i = 〈i|V |Ψ(1)

i 〉 (2.19c)

E
(3)
i = 〈i|V |Ψ(2)

i 〉 (2.19d)
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ÁðïìÝíåé íá åðéëõèïýí ïé (2.18) ãéá ôá |Ψ(n)
i 〉 êáé ôïí õðïëïãéóìü ôçò n-éïóôÞò ôÜîçò

åíÝñãåéáò áðü ôéò (2.19). Áíáðôýóóïõìå ôéò |Ψ(n)
i 〉 óôéò {|n〉} (Þ áëëéþò, ðñïâÜëëïõìå ôéò

|Ψ(n)
i 〉 óôéò {|n〉})

|Ψ(1)
i 〉 =

∑
n

′
|n〉〈n|Ψ(1)

i 〉 (2.20)

êáé ðïëëáðëáóéÜæïõìå ôçí (2.18b) ìå 〈n|

(E(0)
i − E(0)

n )〈n|Ψ(1)
i 〉 = 〈n|V |i〉 (2.21)

×ñçóéìïðïéþíôáò ôï áíÜðôõãìá (2.20) óôçí (2.19c) êáé ôçí ðáñáðÜíù åîßóùóç ðñïêýðôåé ç
ó÷Ýóç ðïõ äßíåé ôçí äåýôåñçò ôÜîçò åíÝñãåéá. Ìå ôïí ßäéï ôñüðï ðñïêýðôïõí êáé ïé ôñßôçò
ôÜîçò åíÝñãåéåò

E
(2)
i =

∑
n

′ 〈i|V |n〉〈n|V |i〉
E

(0)
i − E

(0)
n

=
∑

n

′ |〈i|V |n〉|2

E
(0)
i − E

(0)
n

(2.22a)

E
(3)
i =

∑
nm

′ 〈i|V |n〉〈n|V |m〉〈m|V |i〉
(E(0)

i − E
(0)
n )(E(0)

i − E
(0)
m )

− E
(1)
i

∑
n

′ |〈i|V |n〉|2

(E(0)
i − E

(0)
n )2

(2.22b)

üðïõ ï ôüíïò äçëþíåé üôé ç Üèñïéóç äåí ðåñéëáìâÜíåé ôïõò üñïõò i = n Þ i = m.
Ç MPPT áðïôåëåß åöáñìïãÞ ôùí ðáñáðÜíù üôáí ç Hamiltonian åßíáé ç çëåêôñïíéêÞ

Hamiltonian (1.5) êáé ç äéáôáñá÷Þ åßíáé ç äéáöïñÜ ôçò Hartree-Fock Hamiltonian áðü ôçí
çëåêôñïíéêÞ Hamiltonian

H = H0 + V (2.23)

üðïõ H0 ç Hartree-Fock Hamiltonian

H0 =
∑

i

f(i) =
∑

i

[h(i) + uHF (i)] (2.24)

êáé

V =
∑

i

∑
j>i

r−1
ij − V HF =

∑
i

∑
j>i

r−1
ij −

∑
i

uHF (i) (2.25)

åíþ ç êõìáôïóõíÜñôçóç Hartree-Fock |Ψ0〉 åßíáé éäéïóõíÜñôçóç ôçò H0

H0|Ψ0〉 = E
(0)
0 |Ψ0〉 (2.26)

üðïõ

E
(0)
0 =

∑
a

εa (2.27)

ç åíÝñãåéá äéáôáñá÷Þò ìçäåíéêÞò ôÜîçò êáé εa ïé åíÝñãåéåò ôùí spin-ôñï÷éáêþí.
Ãéá ôïí õðïëïãéóìü ôçò åíÝñãåéáò äéáôáñá÷Þò ðñþôçò ôÜîçò ðáñáôçñïýìå üôé ôï r−1

ij

åßíáé ôåëåóôÞò äýï çëåêôñïíßùí åíþ ôï äõíáìéêü Hartree-Fock uHF (i) åßíáé ôåëåóôÞò åíüò
çëåêôñïíßïõ êáé ÷ñçóéìïðïéïýìå ôïõò êáíüíåò3 ãéá ôá óôïé÷åßá ðéíÜêùí ôÝôïéùí ôåëåóôþí,

3Ðïëý êáëÞ áíÜðôõîç êáé óýíïøç ôùí êáíüíùí õðïëïãéóìïý óôïé÷åßùí ðßíáêá ôåëåóôþí åíüò êáé äýï
çëåêôñïíßùí õðÜñ÷åé óôï âéâëßï ôùí Szabo êáé Ostlund [20], óåë. 68-81
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ïðüôå

E
(1)
0 = 〈Ψ0|V |Ψ0〉

= 〈Ψ0|
∑

i

∑
j>i

r−1
ij |Ψ0〉 − 〈Ψ0|

∑
i

uHF (i)|Ψ0〉

=
1
2

∑
ab

〈ab||ab〉 −
∑

a

〈a|uHF |a〉

= −1
2

∑
ab

〈ab||ab〉 (2.28)

¸ôóé, ç åíÝñãåéá Hartree-Fock åßíáé ôï Üèñïéóìá ôçò ìçäåíéêÞò êáé ðñþôçò ôÜîçò åíÝñãåéåò

E0 = E
(0)
0 + E

(1)
0 =

∑
a

εa −
1
2

∑
ab

〈ab||ab〉 (2.29)

óõíåðþò ç ðñþôç äéüñèùóç óôçí åíÝñãåéá Hartree-Fock ãßíåôáé óôç äåýôåñç ôÜîç ôçò
èåùñßáò äéáôáñá÷þí.

Ãéá ôïí õðïëïãéóìü ôçò äåýôåñçò ôÜîçò åíÝñãåéáò áðü ôç ãåíéêÞ ó÷Ýóç (2.22a) ôçò
RSPT áñêåß íá áíáãíùñßóïõìå ôçí ìïñöÞ ôçò |n〉. ×ñçóéìïðïéþíôáò ôï èåþñçìá Brillouin
(〈Ψ0|H |Ψr

a〉 = 0) êáé üôé ôñéðëÜ äéåãåñìÝíåò êáôáóôÜóåéò äåí áíáìéãíýïíôáé ìå ôçí èåìå-
ëéþäç (åðåéäÞ ç äéáôáñá÷Þ åßíáé ôýðïõ äýï-çëåêôñïíßùí), ìÝíïõí ïé äéðëÝò äéåãÝñóåéò ôçò
ìïñöÞò |Ψrs

ab〉, êáé ìåôÜ áðü ëßãåò ðñÜîåéò ðñïêýðôåé

E
(2)
0 =

∑
a<b
r<s

|〈Ψ0|
∑

i

∑
j>i

r−1
ij |Ψ

rs
ab〉|2

εa + εb − εc − εd
=
∑
a<b
r<s

|〈ab||rs〉|2

εa + εb − εc − εd
(2.30)

ÓçìáíôéêÜ ðåñéóóüôåñåò ðñÜîåéò åíÝ÷åé ï õðïëïãéóìüò ôçò Ýêöñáóçò ãéá ôçí ôñßôçò ôÜîçò
åíÝñãåéá, ç ïðïßá åßíáé

E
(3)
0 =

1
8

∑
abcdrs

〈ab||rs〉〈cd||ab〉〈rs||cd〉
(εa + εb − εr − εs)(εc + εd − εr − εs)

+
1
8

∑
abrstu

〈ab||rs〉〈rs||tu〉〈tu||ab〉
(εa + εb − εr − εs)(εa + εb − εt − εu)

+
∑

abcrst

〈ab||rs〉〈cs||tb〉〈rt||ac〉
(εa + εb − εr − εs)(εa + εc − εr − εt)

(2.31)

Ç èåùñßá äéáôáñá÷þí Møller-Plesset äßíåé ðïëý êáëÜ ìÞêç äåóìþí åéäéêÜ üôáí áðü ôï
óýóôçìá áðïõóéÜæïõí ïé ðïëëáðëïß äåóìïß. Ç áêñßâåéá ôçò ìåèüäïõ öèßíåé üôáí åìöáíßæïíôáé
ìáêñïß äåóìïß óôá óõóôÞìáôá. Ìéá óõíÞèçò ôáêôéêÞ åßíáé ç âåëôéóôïðïßçóç ãåùìåôñßáò ìå
äåõôÝñáò ôÜîçò èåùñßáò äéáôáñá÷þí (MP2) êáé õðïëïãéóìüò ôçò åíÝñãåéáò, óôç ãåùìåôñßá
áõôÞ, óå êÜðïéá ìåãáëýôåñç ôÜîç üðùò MP4 Þ ìå Üëëç ìÝèïäï õøçëïý åðéðÝäïõ. Ìéá
ðñüóöáôç åñãáóßá4 ðïõ åîåôÜæåé ôçí óýãêëéóç ôçò MPPT äåß÷íåé üôé ç óõìðåñéöïñÜ õøçëÞò
ôÜîçò MPPT Ý÷åé åîÜñôçóç ôüóï áðü ôï õðü ìåëÝôç óýóôçìá üóï êáé áðü ôçí ÷ñçóéìïðïéïýìåíç
ìïíïçëåêôñïíéáêÞ âÜóç. Ðñïôåßíåôáé ç ÷ñÞóç ôçò MPPT ãéá ôéò ðñþôåò ëßãåò ôÜîåéò, êáé
ìåôÜ íá åðéëÝãåôáé Üëëç ìÝèïäïò.

Óôá ó÷Þìáôá (2.1) êáé (2.2) ðáñáèÝôïõìå õðïëïãéóìïýò ãéá ôï ìüñéï ôïõ H2 óå äéÜöïñá

4M. Leininger et al., ‘‘Is Møller-Plesset perturbation theory a convergent ab initio method?’’, J. Chem. Phys. 112,
9213 (2000)
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Ó÷Þìá 2.1: Óýãêñéóç PES áðï ôéò ab initio ìåèüäïõò, RHF, UHF, MPn êáé (full) CI. Ç ìïíïçëåêôñïíéáêÞ
âÜóç ðïõ ÷ñçóéìïðïéÞèçêå åßíáé ç cc-pVQZ. Ïé õðïëïãéóìïß Ýãéíáí ìå ôï ðñüãñáììá GAUSSIAN-03.

Ó÷Þìá 2.2: Óýãêñéóç ôùí PES, êïíôÜ óôï åëÜ÷éóôï, ôùí ab initio ìåèüäùí, RHF, UHF, MPn
êáé (full) CI. Ïé ìÝèïäïé äéáôáñá÷þí äßíïõí ðïëý êáëÜ ìÞêç äåóìþí êáé åíÝñãåéåò äéá÷ùñéóìïý. Ç
ìïíïçëåêôñïíéáêÞ âÜóç ðïõ ÷ñçóéìïðïéÞèçêå åßíáé ç cc-pVQZ. Ïé õðïëïãéóìïß Ýãéíáí ìå ôï ðñüãñáììá
GAUSSIAN-03.
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åðßðåäá èåùñßáò. Ç êáìðýëç ðïõ áíôéóôïé÷åß óôçí CI äßíåôáé ùò óçìåßï áíáöïñÜ ãéá ôçí
áêñéâÞ åíÝñãåéá. Ç âÜóç ðïõ Ý÷åé ÷ñçóéìïðïéçèåß (cc-pVQZ) åßíáé ðïëý ìåãÜëç, äßíïíôáò
áðïôåëÝóìáôá ðïõ óôçí ðåñßðôùóç ôç Hartree-Fock ðëçóéÜæïõí ôï üñéï Hartree-Fock, åíþ
óôçí CI ôçí ðñáãìáôéêÞ åíÝñãåéá ôï óõóôÞìáôïò. Ôá óçìåßá ðïõ áîßæåé íá ðñïóÝîåé êáíåßò åßíáé
ç áðïôõ÷ßá ôçò RHF óôï üñéï äéá÷ùñéóìïý, äçëáäÞ óôéò ìåãÜëåò åíäïáôïìéêÝò áðïóôÜóåéò,
êáé ç - áöýóéêç - óõìðåñéöïñÜ ôçò MPPT óôçí ßäéá ðåñéï÷Þ áðïóôÜóåùí. Ç UHF äåí åìöáíßæåé
ôï ðñüâëçìá ôçò RHF óôéò ìåãÜëåò áðïóôÜóåéò áëëÜ äßíåé ëÜèïò ìïñöÞ óôéò PES. ÓçìáíôéêÞ
åßíáé ç åðéôõ÷ßá ôçò MPPT óôçí ðñüâëåøç ôçò èÝóçò éóïññïðßáò (ç ðåéñáìáôéêÞ ôéìÞ ãéá
ôï ìÞêïò äåóìïý óôï ìïñéáêü õäñïãüíï åßíáé 0.77 Å áëëÜ êáé ôçò åíÝñãåéáò äéá÷ùñéóìïý
(dissociation energy, De).

2.4 Èåùñßá óõíáñôçóéáêïý ðõêíüôçôáò

Ïé ìÝèïäïé ôùí ðñïçãïýìåíùí ðáñáãñÜöùí âáóßæïíôáé óôçí ðñïóÝããéóç Hartree-Fock,
ìå ôçí Ýííïéá üôé ðñþôá åðéëýïíôáé ïé åîéóþóåéò Hartree-Fock áðü ôéò ïðïßåò ðñïêýðôïõí
ôá spin-ôñï÷éáêÜ ôá ïðïßá óôç óõíÝ÷åéá ÷ñçóéìïðïéïýíôáé ãéá ôçí êáôáóêåõÞ ôùí CSFs.
Ç âáóéêÞ ðïóüôçôá äçëáäÞ ðïõ ÷åéñßæïíôáé ïé ìÝèïäïé áõôïß åßíáé ç ðïëõçëåêôñïíéáêÞ
êõìáôïóõíÜñôçóç Ψ(r1, r2, . . . , rN ) ðïõ áðïôåëåß ëýóç ôçò åîßóùóçò Schrödinger ìå ôçí
Hamiltonian ôçò (1.5)−1

2

N∑
i=1

∇2
i −

N∑
i=1

M∑
A=1

ZA

riA
+

N∑
i=1

N∑
j>i

1
rij

Ψ({r}) = EΨ({r}) (2.32)

üðïõ rij ç áðüóôáóç ìåôáîý ôùí çëåêôñïíßùí i êáé j , riA ç áðüóôáóç ìåôáîý ôïõ çëåêôñïíßïõ
i êáé ôïõ ðõñÞíá A êáé ZA ï áôïìéêüò áñéèìüò ôùí ðõñÞíùí. Óôá üóá áêïëïõèïýí èá
÷ñçóéìïðïéÞóïõìå ðáñáðëÞóéá óçìåéïãñáößá ìå ôéò áñ÷éêÝò åñãáóßåò5 ôùí Kohn, Hohenberg
êáé Sham. Óçìåéþíïõìå üôé ç êõìáôïóõíÜñôçóç åßíáé óõíÜñôçóç ôùí 3N óõíôåôáãìÝíùí
èÝóçò (óôçí áíÜðôõîç áõôÞ äåí êÜíïõìå ñçôÞ áíáöïñÜ óôá spin).

Ôï 1964 ïé Hohenberg êáé Kohn Ýèåóáí ôá èåìÝëéá ôçò èåùñßáò óõíáñôçóéáêïý ðõêíüôçôáò
(density functional theory, DFT). Óôç èåùñßá áõôÞ âáóéêÞ ðïóüôçôá äåí åßíáé ç êõìáôïóõ-
íÜñôçóç ðïõ Ý÷åé 3N ìåôáâëçôÝò, áëëÜ ç çëåêôñïíéáêÞ ðõêíüôçôá n(r) ðïõ åßíáé óõíÜñôçóç
ôñéþí ìåôáâëçôþí èÝóçò

n(r) = N

∫
Ψ∗(r, r2, . . . , rN )Ψ(r, r2, . . . , rN )dr2 . . . drN (2.33)

üðïõ, üðùò üëåò ïé öõóéêÝò éäéüôçôåò ôùí çëåêôñïíßùí, ç çëåêôñïíéáêÞ ðõêíüôçôá êáé ç
ïëéêÞ åíÝñãåéá Ý÷ïõí ðáñáìåôñéêÞ åîÜñôçóç áðü ôéò èÝóåéò ôùí ðõñÞíùí

n(r) = n(r;R1,R2, . . . ,RM ) (2.34)

E = E(R1,R2, . . . ,RM ) (2.35)

Êáèþò áõîÜíåé ôï ðëÞèïò ôùí çëåêôñïíßùí ôùí óõóôçìÜôùí ç ðïëõðëïêüôçôá ôçò
êõìáôïóõíÜñôçóçò áõîÜíåé6, åíþ áíôéèÝôùò ç çëåêôñïíéáêÞ ðõêíüôçôá ðáñáìÝíåé óõíÜñôçóç
ôùí ôñéþí óõíôåôáãìÝíùí ôïõ ÷þñïõ áíåîÜñôçôá ôïõ ìåãÝèïõò ôïõ óõóôÞìáôïò. Ï Kohn
ðåñéÝãñáøå áõôÞ ôçí áýîçóç ôçò ðïëõðëïêüôçôáò ôçò êõìáôïóõíÜñôçóçò êÜíïíôáò ëüãï ãéá

5P. Hohenberg and W. Kohn ‘‘Inhomogeneous Electron Gas’’, Phys. Rev. B136, 864 (1964);
W. Kohn and L.J. Sham ‘‘Self-Consistent Equations Including Exchange and Correlation Effects’’, Phys. Rev. A140,
1133 (1965).

6Èõìßæïõìå üôé ãéá íá åðéóôñÝøåé éêáíïðïéçôéêÜ áðïôåëÝóìáôá ìéá ðåñéïñéóìÝíç CI ìÝèïäïò èá ðñÝðåé ç
êõìáôïóõíÜñôçóç íá ðåñéëáìâÜíåé ïñßæïõóåò ðïõ áíôéóôïé÷ïýí óå üëï êáé ìåãáëýôåñçò ôÜîçò äéåãÝñóåéò.
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åêèåôéêü ôïß÷ï (exponential wall)7.
Ïé Hohenberg êáé Kohn êáôÜöåñáí íá äåßîïõí üôé õðÜñ÷åé Ýíá ðñïò Ýíá áíôéóôïé÷ßá ôùí

êõìáôïóõíáñôÞóåùí ôçò èåìåëéþäïõò êáôÜóôáóçò Ψ0 ìå ôçí çëåêôñïíéáêÞ ðõêíüôçôá ôçò
èåìåëéþäïõò êáôÜóôáóçò n0. Ç åðéôõ÷ßá ôçò DFT Ýãêåéôáé óôï üôé ç áêñßâåéá ôùí áðïôåëå-
óìÜôùí ôçò åßíáé åöÜìéëëç (Þ êáëýôåñç) ðïëëþí post-Hartree-Fock ìåèüäùí, ðåñéëáìâÜíåé
ôçí çëåêôñïíéáêÞ óõó÷Ýôéóç, åßíáé åõêïëüôåñá õëïðïéÞóéìç åíþ åßíáé ðñáêôéêÜ åöáñìüóéìç
óå óõóôÞìáôá 100 êáé ðåñéóóüôåñùí áôüìùí.

Óôï óçìåßï áõôü èåùñïýìå óêüðéìï íá ãßíåé áíáöïñÜ óôçí Ýííïéá ôïõ óõíáñôçóéáêïý ðïõ
èá ÷ñçóéìïðïéçèåß ðáñáêÜôù êáèþò êáé óôç óçìåéïãñáößá ðïõ èá ôçñçèåß. Ìéá óõíÜñôçóç
åßíáé Ýíáò êáíüíáò ìå ôïí ïðïßï ðáñÜãåôáé Ýíáò áñéèìüò áðü Ýíá óýíïëï ìåôáâëçôþí. ¸íá
óõíáñôçóéáêü åßíáé Ýíáò êáíüíáò ìå ôïí ïðïßï ðáñÜãåôáé Ýíáò áñéèìüò áðü ìéá óõíÜñôçóç, ðïõ
ìå ôçí óåéñÜ ôçò åîáñôÜôáé áðü ìåôáâëçôÝò. ¸ôóé, ìéá êõìáôïóõíÜñôçóç êáé ç çëåêôñïíéáêÞ
ðõêíüôçôá åßíáé óõíáñôÞóåéò, åíþ ç åíÝñãåéá, ç ïðïßá åîáñôÜôáé áðü ôçí êõìáôïóõíÜñôçóç
Þ ôçí çëåêôñïíéáêÞ ðõêíüôçôá, åßíáé óõíáñôçóéáêü. Ìéá óõíÜñôçóç ðïõ åîáñôÜôáé áðü
Ýíá óýíïëï ìåôáâëçôþí ôçí óõìâïëßæïõìå ìå ðáñåíèÝóåéò, f(x), åíþ Ýíá óõíáñôçóéáêü ðïõ
åîáñôÜôáé áðü ìéá óõíÜñôçóç ôï óõìâïëßæïõìå ìå áãêýëåò, F [f ]. ¸ôóé, ç åíÝñãåéá, E[n],
áðïôåëåß óõíáñôçóéáêü ôçò çëåêôñïíéáêÞò ðõêíüôçôáò, ìå ôçí Ýííïéá üôé óå äåäïìÝíç n(x)
áíôéóôïé÷åß ìéá óõãêåêñéìÝíç åíÝñãåéá.

2.4.1 ÈåùñÞìáôá Hohenberg-Kohn

Ç Ýííïéá ôçò åíÝñãåéáò ùò óõíáñôçóéáêü ôçò çëåêôñïíéáêÞò ðõêíüôçôáò ðñïûðÞñ÷å ôçò
DFT óå ðñïóåããßóåéò üðùò ç èåùñßá Thomas-Fermi (1927) êáé ç ìÝèïäïò Hartree-Fock-Slater
Þ ìÝèïäïò ×á (1950). ÖïñìáëéóôéêÞ áðüäåéîç üôé ç åíÝñãåéá áðïôåëåß óõíáñôçóéáêü ôçò
çëåêôñïíéáêÞò ðõêíüôçôáò äüèçêå áðü ôïõò Hohenberg êáé Kohn ôï 1964 ìå ôï ðñþôï
èåþñçìá Hohenberg-Kohn.

Èåùñïýìå Ýíá óýóôçìá çëåêôñïíßùí åãêëåéóìÝíá óå Ýíá êïõôß êéíïýìåíá õðü ôçí
åðßäñáóç åíüò åîùôåñéêïý äõíáìéêïý v(r) êáé ôçò áìïéâáßáò ÜðùóÞò ôïõò. Ç Hamiltonian èá
Ý÷åé ôç ìïñöÞ8

H = T + V + U (2.36)

üðïõ

T ≡ −1
2

∫
∇2n(r)dr (2.37)

V ≡
∫
v(r)n(r)dr (2.38)

U ≡ 1
2

∫
n(r)n(r′)
|r− r′|

drdr′ (2.39)

7Ôï ðëÞèïò M ôùí ðáñáìÝôñùí ðïõ áðáéôïýíôáé ãéá Ýíáí õðïëïãéóìü ôçò åíÝñãåéáò óå êÜðïéá áêñßâåéá ãéá
óýóôçìá N çëåêôñïíßùí åßíáé ðñïóåããéóôéêÜ M = p3N , üðïõ ôï p åêôéìÜôáé 3< p< 10. Óõíåðþò ãéá óýóôçìá
N = 100 çëåêôñïíßùí ç ðéï áéóéüäïîç åêôßìçóç äßíåé M = 10150 ðáñáìÝôñïõò, âë.
W. Kohn ‘‘Nobel Lecture: Electronic structure of matter - wave functions and density functions’’, Rev. Mod. Phys.
71, 1253 (1998);
H.M. James and A.S. Coolidge ‘‘The Ground State of the Hydrogen Molecule’’, J. Chem. Phys. 1, 825 (1933)

8Ç áíáìåíüìåíç ôéìÞ spin-free ôåëåóôþí åíüò-çëåêôñïíßïõ O1 êáé äýï-çëåêôñïíßùí O2 óõíáñôÞóåé ôçò
ðõêíüôçôáò n åßíáé

〈O1〉 =

∫
[O1(r1)n(r′1, r1)]r′1=r1dr1

〈O2〉 =

∫
[O2(r1, r2)n(r′1r

′
2, r1r2)]r′1=r1,r′2=r2dr1dr2

Ãéá ôçí áðüäåéîç âë. [20], óåë. 14-33.
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äçëáäÞ T åßíáé ç êéíçôéêÞ åíÝñãåéá ôïõ óõóôÞìáôïò, U ç äõíáìéêÞ åíÝñãåéá áëëçëåðßäñáóçò
çëåêôñïíßïõ-çëåêôñïíßïõ êáé V ç äõíáìéêÞ åíÝñãåéá áëëçëåðßäñáóçò ôùí çëåêôñïíßùí ìå
ôï åîùôåñéêü äõíáìéêü v(r). Ôüôå,

Èåþñçìá 2.2 Ðñþôï èåþñçìá Hohenberg-Kohn. Ç çëåêôñïíéáêÞ ðõêíüôçôá ôçò èåìå-
ëéþäïõò êáôÜóôáóçò n(r) åíüò óõóôÞìáôïò áëëçëåðéäñþíôùí çëåêôñïíßùí óå Ýíá åîùôå-
ñéêü äõíáìéêü v(r) êáèïñßæåé ðëÞñùò ôï äõíáìéêü áõôü (ìÝ÷ñé ìéá ðñïóèåôéêÞ óôáèåñÜ).

Ãéá ôçí áðüäåéîç èåùñïýìå üôé ç èåìåëéþäçò êáôÜóôáóç äåí åßíáé åêöõëéóìÝíç. ¸óôù
n(r) ç çëåêôñïíéáêÞ ðõêíüôçôá ôçò ìç åêöõëéóìÝíçò èåìåëéþäïõò êáôÜóôáóçò ìÝóá óå
äõíáìéêü v1(r), ðïõ áíôéóôïé÷åß óôçí èåìåëéþäç êáôÜóôáóç Ψ1 êáé ôçí åíÝñãåéá E1. Ôüôå,

E1 = (Ψ1,H1Ψ1)

=
∫
v1(r)n(r)dr + (Ψ1, (T + U)Ψ1) (2.40)

üðïõ H1 åßíáé ç Hamiltonian ðïõ áíôéóôïé÷åß óôï äõíáìéêü v1.
¸óôù üôé õðÜñ÷åé Ýíá Üëëï åîùôåñéêü äõíáìéêü, v2(r) 6= v1(r) + óôáèåñÜ, ìå èåìåëéþäç

êáôÜóôáóç Ψ2 6= eiθΨ1, ðïõ äßíåé ôçí ßäéá ðõêíüôçôá n(r). Ôüôå,

E2 =
∫
v2(r)n(r)dr + (Ψ2, (T + U)Ψ2) (2.41)

ÅðåéäÞ Ý÷ïõìå õðïèÝóåé üôé ç Ψ1 äåí åßíáé åêöõëéóìÝíç, ç èåùñßá ìåôáâïëþí ìáò äßíåé

E1 < (Ψ2,H1Ψ2)

=
∫
v1(r)n(r)dr + (Ψ2, (T + U)Ψ2)

= E2 +
∫

[v1(r)− v2(r)]n(r)dr (2.42)

Ïìïßùò

E2 < (Ψ1,H2Ψ1)

= E1 +
∫

[v2(r)− v1(r)]n(r)dr (2.43)

ÐñïóèÝôïíôáò ôéò (2.42) êáé (2.43) ðñïêýðôåé,

E1 + E2< E1 + E2 (2.44)

ðïõ åßíáé Üôïðï. ÊáôáëÞãïõìå Ýôóé, ìå ôçí åéò Üôïðïí áðáãùãÞ, üôé ç õðüèåóç ôçò ýðáñîçò
åíüò äåýôåñïõ äõíáìéêïý v2(r) äéáöïñåôéêü ôïõ v1(r) + óôáèåñÜ ðïõ íá äßíåé ôçí ßäéá ðõêíü-
ôçôá n(r), åßíáé ëÜèïò. �

Ôï èåþñçìá áðïäåéêíýåôáé êáé ãéá ôçí ðåñßðôùóç åêöõëéóìÝíçò èåìåëéþäïõò êáôÜóôáóçò
åíþ éó÷ýåé êáé óôçí åéäéêÞ ðåñßðôùóç ôùí ìç áëëçëåðéäñþíôùí çëåêôñïíßùí.

Óýìöùíá ëïéðüí ìå ôï ðñþôï èåþñçìá HK, ç ðõêíüôçôá n(r) êáèïñßæåé ðëÞñùò ôï
åîùôåñéêü äõíáìéêü v(r), ðïõ ìå ôçí óåéñÜ ôïõ êáèïñßæåé ôçí Hamiltonian ôïõ óõ-
óôÞìáôïò. ¸ôóé, ç n(r) êáèïñßæåé Ýììåóá üëåò ôéò éäéüôçôåò ðïõ ìðïñïýí íá ðñïêý-
øïõí áðü ôçí ãíþóç ôçò Hamiltonian üðùò åßíáé ïé ðïëõçëåêôñïíéáêÝò éäéïêáôáóôÜóåéò
Ψ(0)(r1, r2, . . . ),Ψ(1)(r1, r2, . . . ), . . . Ìå Üëëá ëüãéá, ôüóï ç åíÝñãåéá üóï êáé ïé êõìáôïóõ-
íáñôÞóåéò åßíáé óõíáñôçóéáêÜ ôçò ðõêíüôçôáò n(r).
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Ìðïñïýìå íá ãñÜøïõìå ôçí (2.36) óôç ìïñöÞ

Ev[n(r)] = T [n(r)] + V [n(r)] + U [n(r)]

=
∫
n(r)v(r) + FHK [n(r)] (2.45)

üðïõ

FHK [n(r)] = T [n(r)] + U [n(r)] (2.46)

Ôï FHK [n(r)] åßíáé Ýíá Üãíùóôï áëëÜ ðáãêüóìéï óõíáñôçóéáêü (universal functional), äç-
ëáäÞ ðïõ åßíáé áíåîÜñôçôï áðü ôï ðëÞèïò ôùí óùìáôéäßùí êáé áðü ôï åîùôåñéêü äõíáìéêü
êáé åßíáé êåíôñéêÞò óçìáóßáò óôçí DFT.

Ôï äåýôåñï èåþñçìá Hohenberg-Kohn ðáñÝ÷åé ôçí áñ÷Þ ìåôáâïëþí ãéá ôçí åíÝñãåéá êáô’
áíáëïãßá ìå ôçí áñ÷Þ ìåôáâïëþí ãéá ôéò êõìáôïóõíáñôÞóåéò (1.16).

Èåþñçìá 2.3 Äåýôåñï èåþñçìá Hohenberg-Kohn. Ãéá ìéá äïêéìáóôéêÞ ðõêíüôçôá
n(r), ôÝôïéá þóôå n(r) > 0 êáé

∫
n(r)dr = N ,

E0 6 Ev[n] (2.47)

üðïõ Ev[n] åßíáé ôï óõíáñôçóéáêü ôçò åíÝñãåéáò êáé E0 ç åíÝñãåéá ôçò èåìåëéþäïõò
êáôÜóôáóçò.

Èåùñïýìå ôéò çëåêôñïíéáêÝò ðõêíüôçôåò ðïõ õðüêåéíôáé óôïí ðåñéïñéóìü

N [n] =
∫
n(r)dr = N (2.48)

üðïõ N ôï ðëÞèïò ôùí çëåêôñïíßùí.
Ç åíÝñãåéá ôïõ óõóôÞìáôïò åßíáé óõíáñôçóéáêü ôçò êõìáôïóõíÜñôçóçò Ψ′

Ev[Ψ′] = (Ψ′, VΨ′) + (Ψ′, (T + U)Ψ′) (2.49)

êáé åëá÷éóôïðïéåßôáé ãéá ôçí êõìáôïóõíÜñôçóç ôçò èåìåëéþäïõò êáôÜóôáóçò Ψ. ¸óôù üôé Ψ′

åßíáé ç èåìåëéþäçò êáôÜóôáóç ãéá Ýíá äéáöïñåôéêü åîùôåñéêü äõíáìéêü v′(r), ôüôå áðü ôçí
(2.49) Ý÷ïõìå

Ev[Ψ′] =
∫
v(r)n′(r)dr + F [n′]

> Ev[Ψ] =
∫
v(r)n(r)dr + F [n] (2.50)

üðïõ ÷ñçóéìïðïéÞóáìå üôé

F [n(r)] = (Ψ, (T + U)Ψ) (2.51)

Óõíåðþò, áðü ôçí ðáñáðÜíù êáé ôçí (2.45) Ý÷ïõìå

Ev[n′(r)] > Ev[n(r)] (2.52)

äçëáäÞ ç Ev[n(r)] áðïôåëåß åëÜ÷éóôï ùò ðñïò üëåò ôéò Üëëåò ðõêíüôçôåò n′(r) ðïõ ó÷åôßæï-
íôáé ìå êÜðïéï Üëëï åîùôåñéêü äõíáìéêü v′(r). �
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Ç áñ÷Þ ìåôáâïëþí (2.52) áðáéôåß üôé ç ðõêíüôçôá ôçò èåìåëéþäïõò êáôÜóôáóçò éêáíïðïéåß
ôçí óôáôéêÞ áñ÷Þ

δ

{
Ev[n]− µ

[∫
n(r)dr−N

]}
= 0 (2.53)

üðïõ µ ðïëëáðëáóéáóôÞò Lagrange ðïõ Ý÷åé åéóá÷èåß ãéá ôçí äéáôÞñçóç ôïõ ðëÞèïõò ôùí
óùìáôéäßùí, äçëáäÞ ãéá ôçí éêáíïðïßçóç ôçò óõíèÞêçò (2.48), êáé áðïôåëåß ôï ÷çìéêü äõíáìéêü
(chemical potential). ×ñçóéìïðïéþíôáò ôçí (2.45) ðñïêýðôåé ç åîßóùóç Euler-Lagrange

µ =
δEv[n]
δn(r)

= v(r) +
δFHK [n]
δn(r)

(2.54)

Ç åîßóùóç (2.54) åßíáé ç âáóéêÞ åîßóùóç ôçò èåùñßáò óõíáñôçóéáêïý ðõêíüôçôáò.

2.4.2 ÌÝèïäïò Kohn-Sham

Ôï ðñþôï èåþñçìá Hohenberg-Kohn åããõÜôáé ôçí ýðáñîç ôïõ óõíáñôçóéáêïý FHK [n]
÷ùñßò üìùò íá ðáñÝ÷åé ôç ìïñöÞ ôïõ. Ç êýñéá äõóêïëßá ãéá ôçí åýñåóç ôçò ìïñöÞò ôïõ
FHK [n] åßíáé ï üñïò ôçò êéíçôéêÞò åíÝñãåéáò T [n]. Ïé Kohn êáé Sham åéóÞãáãáí ôñï÷éáêÜ
óôï ðñüâëçìá ìå ôÝôïéï ôñüðï ðïõ ç êéíçôéêÞ åíÝñãåéá íá ìðïñåß íá õðïëïãéóôåß ìå êáëÞ
áêñßâåéá, áöÞíïíôáò Ýíá õðüëïéðï ï ÷åéñéóìüò ôïõ ïðïßïõ ãßíåôáé îå÷ùñéóôÜ. Ç éäÝá áõôÞ
Ý÷åé ôéò âÜóåéò ôçò óôçí åðéôõ÷ßá ôùí èåùñéþí Hartree êáé Hartree-Fock óôïí õðïëïãéóìü ôçò
åíÝñãåéáò, áëëÜ êáé óôçí áðëüôçôá ôïõ ìïíôÝëïõ Thomas-Fermi.

ÅêöñÜæïíôáò ñçôÜ ôçí åíÝñãåéá áëëçëåðßäñáóçò çëåêôñïíßïõ-çëåêôñïíßïõ ùò Üèñïéóìá
äýï üñùí, ôïí êëáóóéêü J [n] êáé ôïí ìç êëáóóéêüK[n], Ý÷ïõìå Vee[n] = J [n]+K[n]. Åðßóçò,
ç êéíçôéêÞ åíÝñãåéá áåñßïõ ìç áëëçëåðéäñþíôùí çëåêôñïíßùí óõìâïëßæåôáé ìå Ts[n] (s, áðü
ôï single-particle). Ç åîßóùóç (2.45) ãñÜöåôáé

Ev[n] = Ts[n] + J [n] + (T [n]− Ts[n]) + (Vee[n]− J [n]) + V [n]

= Ts[n] + J [n] + Exc[n] +
∫
v(r)n(r)dr (2.55)

üðïõ

Exc[n] ≡ (T [n]− Ts[n]) + (Vee[n]− J [n]) (2.56)

åßíáé ç åíÝñãåéá áíôáëëáãÞò-óõó÷åôéóìïý (exchange-correlation energy) ðïõ ðåñéÝ÷åé ôçí
äéáöïñÜ ìåôáîý ôçò êéíçôéêÞò åíÝñãåéáò T ìå ôçí êéíçôéêÞ åíÝñãåéá Ts êáèþò åðßóçò êáé ôï
ìç êëáóóéêü ìÝñïò ôïõ äõíáìéêïý Vee[n]. ¸ôóé, ôï óõíáñôçóéáêü F [n] ãñÜöåôáé:

F [n] = Ts[n] + J [n] + Exc[n] (2.57)

Ç åîßóùóç Euler-Lagrange (2.54) ôþñá ãñÜöåôáé

µ = veff (r) +
δTs[n]
δn(r)

(2.58)

üðïõ ôï Kohn-Sham åíåñãü äõíáìéêü (Kohn-Sham effective potential) veff (r) åßíáé

veff (r) = v(r) +
δJ [n]
δn(r)

+
δExc[n]
δn(r)

= v(r) +
∫

n(r′)
|r− r′|

dr′ + vxc(r) (2.59)
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êáé üðïõ ôï äõíáìéêü áíôáëëáãÞò-óõó÷Ýôéóçò (exchange-correlation potential) vxc(r) åßíáé

vxc(r) =
δExc[n]
δn(r)

(2.60)

Ç åîßóùóç (2.58) åßíáé áðëÜ Üëëç ìïñöÞ ôçò åîßóùóçò (2.54). Êáèþò äåí åßíáé ãíùóôÞ ç
ìïñöÞ ôçò åîÜñôçóçò ôçò T [n] áðü ôçí ðõêíüôçôá, ïé Kohn êáé Sham áêïëïýèçóáí Ýììåóï
ôñüðï åðßëõóÞò ôçò (2.58).

Ç åîßóùóç (2.54) åßíáé áêñéâþò ç åîßóùóç ðïõ ðñïêýðôåé áðü ôçí DFT üôáí áõôÞ
åöáñìïóôåß óå óýóôçìá ìç-áëëçëåðéäñþíôùí çëåêôñïíßùí ðïõ êéíïýíôáé õðü ôçí åðßäñáóç
åîùôåñéêïý äõíáìéêïý vs(r) = veff (r). Ãéá äåäïìÝíï veff (r) ç ðõêíüôçôá n[r] ðïõ éêáíïðïéåß
ôçí (2.54) ðñïêýðôåé áðü ôçí åðßëõóç N ìïíïóùìáôéäéáêþí åîéóþóåùí[

−1
2
∇2 + veff (r)

]
ψi = εiψi (2.61)

êáé èÝôïíôáò

n(r) =
N∑
i

∑
s

|ψi(r, s)|2 (2.62)

Ç óõíèÞêç ïñèïêáíïíéêüôçôáò ôùí ôñï÷éáêþí åßíáé∫
ψ∗i (x)ψj(x)dx = δij (2.63)

Ç äéåñåýíçóç ãéá ôï åëÜ÷éóôï ôïõ E[n] ìðïñåß íá ãßíåé éóïäýíáìá óôïí ÷þñï ôùí
ôñï÷éáêþí {ψi} áíôß óôïí ÷þñï ôùí ðõêíïôÞôùí n. Ôï óõíáñôçóéáêü E[n] ðïõ äßíåôáé áðü
ôçí (2.55) ìðïñåß íá ãñáöåß óõíáñôÞóåé ôùí ôñï÷éáêþí ùò åîÞò

Ev[n] =
N∑
i

∑
s

∫
ψ∗i (x)(−1

2
∇2)ψi(x)dr + J [n] + Exc[n] +

∫
v(r)n(r)dr (2.64)

ÐñïêåéìÝíïõ íá óõìðåñéëÜâïõìå ôïí äåóìü (2.63) ïñßæïõìå ôï óõíáñôçóéáêü ôùí N ôñï÷éáêþí

Ω[{ψi}] = E[n]−
N∑
i

N∑
j

εij

∫
ψ∗i (x)ψj(x)dx (2.65)

üðïõ εij ïé ðïëëáðëáóéáóôÝò Lagrange ôïõ äåóìïý (2.63). Åëá÷éóôïðïßçóç ôïõ E[n] ãßíåôáé
üôáí

δΩ[{ψi}] = 0 (2.66)

ôï ïðïßï ìå ôçí âïÞèåéá ôùí (2.64) êáé (2.59) äßíåé

heffψi =
[
−1

2
∇2 + veff

]
ψi =

N∑
j

εijψj (2.67)

Ï ôåëåóôÞò heff åßíáé Åñìçôéáíüò êáé óõíåðþò äéáãùíïðïéåßôáé ìå Ýíáí êáôÜëëçëï ìïíáäéáßï
ìåôáó÷çìáôéóìü êáé ïé åîéóþóåéò Ýñ÷ïíôáé óå êáíïíéêÞ ìïñöÞ (canonical form) (2.68a). Ïé
åîéóþóåé ðïõ áêïëïõèïýí åßíáé ïé Kohn-Sham åîéóþóåéò (Kohn-Sham orbital equations, KS)
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[
−1

2
∇2 + veff

]
ψi = εiψi (2.68a)

veff (r) = v(r) +
∫

n(r′)
|r− r′|

dr′ + vxc(r) (2.68b)

n(r) =
N∑
i

∑
s

|ψi(r, s)|2 (2.68c)

Óôéò åîéóþóåéò KS ôï åíåñãü äõíáìéêü veff åîáñôÜôáé áðü ôçí ðõêíüôçôá n(r) ìÝóù ôçò
(2.60), óõíåðþò ðñÝðåé íá ëõèïýí ìå áõôïóõíåðÞ ôñüðï. Ç äéáäéêáóßá åðßëõóçò îåêéíÜåé ìå
ìéá áñ÷éêÞ åêôßìçóç n(r), êáôáóêåõÜæåôáé ôï veff (r) áðü ôçí (2.60), êáé õðïëïãßæåôáé íÝá
ðõêíüôçôá n(r) áðü ôéò (2.68a) êáé (2.68c).

Ç åíÝñãåéá ìðïñåß íá õðïëïãéóôåß åßôå áðü ôçí (2.55), åßôå áðü ôçí ó÷Ýóç

E =
N∑
i

εi −
1
2

∫
n(r)n(r′)
|r− r′|

drdr′ + Exc[n]−
∫
vxc(r)n(r)dr (2.69)

üðïõ

N∑
i

εi =
N∑
i

〈
ψi

∣∣∣∣−1
2
∇2 + veff

∣∣∣∣ψi

〉
= Ts[n] +

∫
veff (r)n(r)dr (2.70)

¼ðùò óôç èåùñßá Hartree-Fock, ç ïëéêÞ åíÝñãåéá äåí éóïýôáé ìå ôï Üèñïéóìá ôùí åíåñãåéþí
ôùí ôñï÷éáêþí.

Ïé ôñåéò èåùñßåò, Hartree, Hartree-Fock, êáé Kohn-Sham ðåñéÝ÷ïõí ìïíïçëåêôñïíéáêÝò
åîéóþóåéò ãéá ôçí ðåñéãñáöÞ ðïëõçëåêôñïíéáêþí óõóôçìÜôùí. Ïé åîéóþóåéò KS Ý÷ïõí ôçí
ìïñöÞ ôùí åîéóþóåùí Hartree, ìå ôçí äéáöïñÜ üôé ðåñéÝ÷ïõí Ýíá ðéï ãåíéêü äõíáìéêü veff (r).
Ôï õðïëïãéóôéêü êüóôïò ãéá ôçí åðßëõóç ôùí åîéóþóåùí Kohn-Sham åßíáé óõãêñßóéìï ìå
áõôü ãéá ôéò åîéóþóåéò Hartree, åíþ åßíáé ëéãüôåñï áðü áõôü ãéá ôéò åîéóþóåéò Hartree-Fock.
Ç óðïõäáéüôåñç äéáöïñÜ ìåôáîý ôçò Hartree-Fock êáé ôçò èåùñßáò Kohn-Sham åßíáé üôé ç KS
åßíáé áêñéâÞò èåùñßá ðïõ ðåñéëáìâÜíåé ðëÞñùò ôá öáéíüìåíá áíôáëëáãÞò-óõó÷Ýôéóçò ôùí
çëåêôñïíßùí. Ç Hartree-Fock åßíáé ðñïóåããéóôéêÞ ðåñéãñáöÞ êáé áðïõóéÜæåé ç ðåñéãñáöÞ
öáéíïìÝíùí óõó÷Ýôéóçò, ç åíóùìÜôùóç ôùí ïðïßùí áðáéôïýí ðñï÷ùñçìÝíåò ôå÷íéêÝò üðùò
áõôÝò ðïõ ðåñéãñÜöïõìå óôçí áñ÷Þ áõôïý ôïõ êåöáëáßïõ. Ïé åîéóþóåéò KS âåëôéþíïíôáé
ìå êÜèå äéáäï÷éêÞ ðñïóÝããéóç ãéá ôï óõíáñôçóéáêü áíôáëëáãÞò-óõó÷Ýôéóçò Exc[n] êáé èá
Ýäéíáí áêñéâÞ ôéìÝò ãéá ôá n êáé E , áí ôï Exc[n] Þôáí ãíùóôü áêñéâþò.

Ôï spin åíóùìáôþíåôáé óôç èåùñßá ÷ñçóéìïðïéþíôáò ôñï÷éáêÜ ôçò ìïñöÞò φi(r)α(s) êáé
φi(r)β(s). Ôüôå, ãéá Üñôéï ðëÞèïò çëåêôñïíßùí ç ðõêíüôçôá äßíåôáé áðü

n(r) = 2nα(r) = 2nβ(r) = 2
N/2∑

i

|φi(r)|2 (2.71)

åíþ ãéá ðåñéôôü ðëÞèïò çëåêôñïíßùí äßíåôáé áðü

n(r) = nα(r) + nβ(r) (2.72)

Ç ðåñßðôùóç áõôÞ åßíáé áíôßóôïé÷ç ôçò RHF. ÕðÜñ÷åé êáé èåþñçóç áíÜëïãç ìå ôçí UHF, ç
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ïðïßá åðéôñÝðåé óôï åíåñãü äõíáìéêü íá Ý÷åé åîÜñôçóç êáé áðü ôï spin (âë. [17], êåö. 8).

2.4.3 ÌÝèïäïé ôïðéêÞò ðõêíüôçôáò - LDA

Áí Þôáí ãíùóôÞ ç ìïñöÞ ôïõ óõíáñôçóéáêïý áíôáëëáãÞò-óõó÷Ýôéóçò Exc ôüôå ç DFT èá
Þôáí áêñéâÞò èåùñßá. Ïé ðñïóðÜèåéåò âåëôßùóçò ôçò DFT åóôéÜæïíôáé óôçí åýñåóç üëï êáé
êáëýôåñùí óõíáñôçóéáêþí Exc. Áíôßèåôá ìå ôéò ìåèüäïõò êõìáôïóõíáñôÞóåùí üðïõ õðÜñ÷åé
óáöÞò óôñáôçãéêÞ ãéá ôçí âåëôßùóç ôçò áêñßâåéáò ôùí ìåèüäùí, äçëáäÞ ìå ôçí äçìéïõñãßá
ðñïóåããéóôéêþí êõìáôïóõíáñôÞóåùí ðïõ ðëçóéÜæïõí ôçí áêñéâÞ üðùò ç ðåñßðôùóç ôçò
full CI, óôçí DFT ç âåëôßùóç ôùí Exc åßíáé ðåñéóóüôåñï èÝìá öõóéêÞò äéáßóèçóçò åíþ
áêïëïõèåßôáé óõ÷íÜ ìåèïäïëïãßá äïêéìÞò êáé óöÜëìáôïò (trial and error). ÕðÜñ÷ïõí êÜðïéïé
öõóéêïß ðåñéïñéóìïß áëëÜ êáé óõíïñéáêÝò óõíèÞêåò ðïõ ðñÝðåé íá ðëçñïýíôáé ðïõ âïçèïýí
ëßãï óôçí äéáäéêáóßá ôïõ ó÷åäéáóìïý óõíáñôçóéáêþí, ãéá ðáñÜäåéãìá ç óùóôÞ ðåñéãñáöÞ ôçò
ïðÞò Fermi. Ïé óõíèÞêåò áõôÝò üðùò öáßíåôáé üìùò äåí åßíáé äåóìåõôéêÝò êáèþò ìåñéêÜ áðü
ôá áêñéâÝóôåñá õðÜñ÷ïíôá óõíáñôçóéáêÜ ðáñáâéÜæïõí ðïëëïýò áðü áõôïýò ôïõò ðåñéïñéóìïýò.

Óõíçèßæåôáé ï ÷ùñéóìüò ôçò Exc[n] óå äýï îå÷ùñéóôÜ ìÝñç, Ýíá áìéãþò áíôáëëáãÞò Ex êáé
Ýíá Üëëï óõó÷Ýôéóçò Ec, áí êáé äåí åßíáé îåêÜèáñï ôï êáôÜ ðüóï Ýíáò ôÝôïéïò äéá÷ùñéóìüò
åßíáé èåùñçôéêÜ ïñèÞ õðüèåóç. Ïé åíÝñãåéåò áõôÝò óõ÷íÜ åêöñÜæïíôáé óõíáñôÞóåé ôçò
åíÝñãåéáò áíÜ óùìáôßäéï (ðõêíüôçôá åíÝñãåéáò), εx êáé εc

Exc[n] = Ex[n] + Ec[n] =
∫
n(r)εx(n(r))dr +

∫
n(r)εc(n(r))dr (2.73)

åíþ ôï äõíáìéêü áíôáëëáãÞò-óõó÷Ýôéóçò (2.60) ãñÜöåôáé

vxc(r) =
δExc[n]
δn(r)

= εxc(n(r)) + n(r)
∂εxc(n)
∂n

(2.74)

Ôá óõíáñôçóéáêÜ ãéá ôéò åíÝñãåéåò áíôáëëáãÞò êáé óõó÷Ýôéóçò ìðïñïýí íá äéá÷ùñéóôïýí
óå ðõêíüôçôåò äéáöïñåôéêïý spin nα êáé nβ

Ex[n] = Eα
x [nα] + Eβ

x [nβ ] (2.75)

Ec[n] = Eαα
c [nα] + Eββ

c [nβ] + Eαβ
c [nα, nβ] (2.76)

üðïõ ç ïëéêÞ ðõêíüôçôá åßíáé ôï Üèñïéóìá ôùí åðß ìÝñïõò óõíåéóöïñþí, n = nα +nβ , åíþ ãéá
êáôáóôÜóåéò êëåéóôïý öëïéïý singlet ïé óõíåéóöïñÝò åßíáé ßäéåò, nα = nβ . ÐïëëÝò öïñÝò ôá
óõíáñôçóéáêÜ áíôß íá åêöñÜæïíôáé óõíáñôÞóåé ôùí spin-ðõêíïôÞôùí, åêöñÜæïíôáé óõíáñôÞóåé
ôçò spin-ðüëùóçò (spin polarization) ζ , ðïõ ïñßæåôáé ùò ç êáíïíéêïðïéçìÝíç äéáöïñÜ ôùí äýï
spin-ðõêíïôÞôùí, êáé ôçò áêôßíáò rs ôïõ åíåñãïý üãêïõ ðïõ ðåñéÝ÷åé Ýíá çëåêôñüíéï

ζ =
nα − nβ

nα + nβ
êáé

4
3
πr3s = n−1 (2.77)

LDA

Óôçí ðñïóÝããéóç ôïðéêÞò ðõêíüôçôáò (local density approximation, LDA) ãßíåôáé ç
õðüèåóç üôé ç ðõêíüôçôá ìðïñåß ôïðéêÜ íá èåùñçèåß ùò ïìïãåíÝò áÝñéï çëåêôñïíßùí, Þ
áëëéþò üôé ç ðõêíüôçôá åßíáé áñãÜ ìåôáâáëëüìåíç óõíÜñôçóç. Óôçí ðñáãìáôéêüôçôá üìùò ç
çëåêôñïíéáêÞ ðõêíüôçôá óôá Üôïìá êáé ìüñéá ìåôáâÜëëåôáé äñáóôéêÜ ìå ôçí áðüóôáóç. Ç
óðïõäáéüôçôá ôïõ ìïíôÝëïõ Ýãêåéôáé óôï üôé åßíáé ôï ìüíï óýóôçìá ãéá ôï ïðïßï ãíùñßæïõìå
áêñéâþò ôçí Ýêöñáóç ãéá ôçí áíôáëëáãÞ, ç ïðïßá åßíáé ç áíôáëëáãÞ Dirac, KD[n], ðïõ
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åìöáíßæåôáé óôç èåùñßá Thomas-Fermi-Dirac

ELDA
x [n] = −KD[n] = −Cx

∫
n4/3(r)dr (2.78)

εLDA
x (n) = −Cxn(r)1/3 (2.79)

Cx =
3
4

(
3
π

)1/3

(2.80)

LSDA

Óôçí ãåíéêüôåñç ðåñßðôùóç üðïõ ïé çëåêôñïíéáêÝò ðõêíüôçôåò nα êáé nβ äåí åßíáé
ßóåò, áíôß ôçò LDA (óôçí ïðïßá ôï Üèñïéóìá ôùí spin-ðõêíïôÞôùí õøþíåôáé óôçí 4/3)
÷ñçóéìïðïéåßôáé ç ðñïóÝããéóç ôïðéêÞò spin-ðõêíüôçôáò (local spin density approximation,
LSDA)

ELSDA
x [n] = −21/3Cx

∫
(nα(r)4/3 + nβ(r)4/3)dr (2.81)

εLSDA
x (n) = −21/3Cx[nα(r)4/3 + nβ(r)4/3] (2.82)

Þ ÷ñçóéìïðïéþíôáò ôçí ïëéêÞ ðõêíüôçôá êáé ôçí spin-ðüëùóç

ELSDA
x [n] = −21/3Cxn

1/3[(1 + ζ)4/3 + (1− ζ)4/3] (2.83)

Xα

Ç ìÝèïäïò Xα ðïõ ðñïôÜèçêå áðü ôïí Slater ôï (1951), ìðïñåß íá èåùñçèåß ùò åéäéêÞ
ðåñßðôùóç ôçò LDA üôáí ðáñáëåßðåôáé ç åíÝñãåéá óõó÷Ýôéóçò êáé ï üñïò áíôáëëáãÞò äßíåôáé
áðü

εXα
x (n) = −3

2
αCxn

1/3 (2.84)

Ãéá α = 2/3 ðñïêýðôåé ç Ýêöñáóç ôçò áíôáëëáãÞò Dirac. Óôçí ðñùôüôõðç Xα Þôáí α = 1,
áëëÜ Ý÷åé öáíåß üôé ãéá áôïìéêÜ êáé ìïñéáêÜ óõóôÞìáôá ç ôéìÞ α = 3/4 äßíåé êáëýôåñá
áðïôåëÝóìáôá.

VWN

Ç åíÝñãåéá óõó÷Ýôéóçò ïìïãåíïýò áåñßïõ çëåêôñïíßùí, εc(n), Ý÷åé õðïëïãéóôåß ìå áêñßâåéá
áðü õðïëïãéóìïýò quantum Monte Carlo ôùí Ceperley êáé Alder9. Ãéá íá ÷ñçóéìïðïéçèïýí
ôá áðïôåëÝóìáôá áõôÜ óå õðïëïãéóìïýò DFT åßíáé áðáñáßôçôç ìéá áíáëõôéêÞ óõíÜñôçóç
ðáñåìâïëÞò ôùí ôéìþí. Ç óõíÜñôçóç áõôÞ äüèçêå áðü ôïõò Vosko, Wilk êáé Nusair (VWN)10

êáé èåùñåßôáé ðïëý áêñéâÞò ðñïóáñìïãÞ. Ç ðáñåìâïëÞ ãßíåôáé ìåôáîý ôùí ìç ðïëùìÝíùí
(ζ = 0) êáé spin-ðïëùìÝíùí (ζ = 1) ïñßùí ìå ôçí áêüëïõèç óõíÜñôçóç

εEWN
c (rs, ζ) = εc(rs, 0) + εa(rs)

[
f(ζ)
f ′′(0)

]
[1− ζ4] + [εc(rs, 1)− εc(rs, 0)]f(ζ)ζ4

f(ζ) =
(1 + ζ)4/3 + (1− ζ)4/3 − 2

2(21/3 − 1)
(2.85)

9D.M. Ceperley and B.J. Alder, ‘‘Ground State of the Electron Gas by a Stochastic Method’’, Phys. Rev. Lett. 45,
566 (1980). Ç åñãáóßá áñéèìåß ðåñéóóüôåñåò áðü 3500 áíáöïñÝò êáé êáôáôÜóóåôáé Ýôóé ìåôáîý ôùí äÝêá åñãáóéþí
ôïõ ðåñéïäéêïý Physical Review Letters ìå ôéò ðåñéóóüôåñåò áíáöïñÝò, áðü ôï 1958 ìÝ÷ñé óÞìåñá (2006).

10S.H. Vosko, L. Wilk and M.Nusair,‘‘Accurate spin-dependent electron liquid correlation energies for local spin
density calculations: a critical analysis’’, Can. J. Phys. 58, 1200 (1980).
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üðïõ ç ìïñöÞ ôùí óõíáñôÞóåùí ε(rs, ζ) (ãéá ζ = 0 êáé ζ = 1) êáé εa(rs) ðïõ äßíïõí ïé VWN
åßíáé

εc/a(rs) =
A

2

{
ln

x

X(x)
+

2b
Q

tan−1 Q

2x+ b

− bx0

X(x0)

[
ln

(x− x0)2

X(x)
+

2(b+ 2x0)
Q

tan−1 Q

2x+ b

]}
(2.86)

üðïõ

x = r1/2
s

X(x) = x2 + bx+ c

Q = (4c− b2)1/2

åíþ ïé ðáñÜìåôñïé A, x0, b, c ðáßñíïõí äéáöïñåôéêÝò ôéìÝò ãéá ôéò εc(rs, 0), εc(rs, 1) êáé
εa(rs). ÓõãêåêñéìÝíá, ãéá εc(rs, 0) åßíáé A = 0.0621814, x0 = −0.409286, b = 13.0720, c =
42.7198, ãéá εc(rs, 1) åßíáé A = 0.0310907, x0 = −0.743294, b = 20.1231, c = 101.578 êáé
ãéá εa(rs) åßíáé A = −1/3π−2, x0 = −0.0047584, b = 1.13107, c = 13.0045.

PW91 correlation

Ìéá ôñïðïðïéçìÝíç ìïñöÞ ôùí óõíáñôÞóåùí εc/a(rs) äßíïõí ïé Perdew êáé Wang11

εc/a(rs) = −2a(1 + αx2) ln
(

1 +
1

2a(β1x+ β2x2 + β3x3 + β4x4)

)
(2.87)

ôï ïðïßï ÷ñçóéìïðïéåßôáé óå óõíäõáóìü ìå ôï áíôßóôïé÷ï óõíáñôçóéáêü áíôáëëáãÞò. Ôï
x = r2s åíþ ôá a, α, β1, β2, β3, β4 åßíáé êáôÜëëçëåò óôáèåñÝò ãéá ôçí ðñïóáñìïãÞ åßôå óå
áðïôåëÝóìáôá ôçò random phase approximation (RPA) åßôå óôá áðïôåëÝóìáôá Monte Carlo
ôùí Ceperley êáé Andler.

2.4.4 ÌÝèïäïé ãåíéêåõìÝíçò âáèìßäáò - GGA

Âåëôßùóç åðß ôùí ìåèüäùí LDA ðáñÝ÷ïõí ìÝèïäïé ðïõ èåùñïýí ìç ïìïãåíÝò áÝñéï
çëåêôñïíßùí. ¸íáò ôñüðïò ãéá íá ãßíåé áõôü åßíáé ôá óõíáñôçóéáêÜ åíåñãåéþí áíôáëëáãÞò êáé
óõó÷åôéóìïý íá åîáñôþíôáé ü÷é ìüíï áðü ôçí çëåêôñïíéáêÞ ðõêíüôçôá áëëÜ åðéðëÝïí êáé áðü
ôçí ðáñÜãùãï ôçò ðõêíüôçôáò. ÔÝôïéåò ìÝèïäïé êáëïýíôáé ìÝèïäïé ãåíéêåõìÝíçò âáèìßäáò
(generalized gradient approxiamation, GGA), åíþ Üëëïôå êáëïýíôáé ìÝèïäïé ìå äéüñèùóç
âáèìßäáò (gradient corrected methods). ÐïëëÝò öïñÝò ïé ìÝèïäïé áõôïß ÷áñáêôçñßæïíôáé êáé ùò
ìç-ôïðéêÝò12 (non-local) áëëÜ áõôü ìðïñåß íá èåùñçèåß ðáñáðåéóôéêü êáèþò ôá óõíáñôçóéáêÜ
åîáñôþíôáé ìüíï áðü ôéò ðõêíüôçôåò (êáé ôéò ðáñáãþãïõò) óå Ýíá óõãêåêñéìÝíï óçìåßï,
êáé ü÷é óå ïëüêëçñï ôïí ÷þñï, üðùò åßíáé ç ðåñßðôùóç ôçò åíÝñãåéáò áíôáëëáãÞò óôçí
Hartree-Fock (1.23). Ç ãåíéêÞ ìïñöÞ ôùí óõíáñôçóéáêþí åíÝñãåéáò áíôáëëáãÞò-óõó÷Ýôéóçò
åßíáé

EGGA
xc [nα, nβ] =

∫
f(nα, nβ ,∇nα,∇nβ)dr (2.88)

11JP. Perdew and Y. Wang, ‘‘Accurate and simple analytic representation of the electron-gas correlation energy’’
Phys. Rev. B 45, 13244 (1992).

12Ç -Üóôï÷ç- ÷ñÞóç ôïõ üñïõ non-local åäþ ãßíåôáé ìå óêïðü íá ôïíßóåé ôçí äéáöïñïðïßçóç ôçò ìåèüäïõ óå
ó÷Ýóç ìå ôçí local density approximation.
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åíþ êáé ðÜëé óõíçèßæåôáé íá äéá÷ùñßæïíôáé ïé üñïé áíôáëëáãÞò êáé óõó÷Ýôéóçò

EGGA
xc [nα, nβ] = EGGA

x [nα, nβ] + EGGA
c [nα, nβ] (2.89)

Ôá óõíáñôçóéáêÜ åßíáé ó÷åäéáóìÝíá êáôÜ ôÝôïéï ôñüðï þóôå íá ðáñÜãïõí ôï äõíáôüí
áêñéâÝóôåñá áðïôåëÝóìáôá, åíþ ðïëëÝò öïñÝò äåí ôçñïýí èåìåëéþäç äåóìïýò (ãéá ðáñÜäåéãìá,
ôçí óùóôÞ ðñüâëåøç åíåñãåéþí óõó÷åôéóìïý ãéá óõóôÞìáôá åíüò çëåêôñïíßïõ, Þ ôçí áðáßôçóç
ç åíÝñãåéá áíôáëëáãÞò íá áíáéñåß ôçí áõôï-Üðùóç Coulomb) áíôßèåôá ìå ü,ôé èá áíÝìåíå
êáíåßò. Áõôü Ý÷åé ùò áðïôÝëåóìá, óôçí ðëåéïøçößá ôùí ðåñéðôþóåùí, ç ìáèçìáôéêÞ äïìÞ
ôùí óõíáñôçóéáêþí íá ìçí Ý÷åé ðñïêýøåé áðü ôçí áíÜëõóç êÜðïéïõ öõóéêïý ìïíôÝëïõ. Óáí
óõíÝðåéá, ïé ôåëéêÝò ìïñöÝò ôùí EGGA

x êáé EGGA
c óõíÞèùò äåí âïçèïýí óôçí êáôáíüçóç ôçò

öõóéêÞò ðïõ ðñïóðáèïýí íá ðåñéãñÜøïõí. Áêïëïýèùò ðáñáèÝôïõìå ìåñéêÜ áðü ôá ðéï ãíùóôÜ
óõíáñôçóéáêÜ GGA ðïõ õðÜñ÷ïõí.

PW86

Ïé Perdew êáé Wang ðñüôåéíáí13 ôçí ôñïðïðïéçìÝíç Ýêöñáóç ãéá ôçí Ýêöñáóç ôçò
áíôáëëáãÞò LSDA

εPW86
x = εLDA

x (1 + ax2 + bx4 + cx6)1/15

x =
|∇n|
n4/3

(2.90)

óôçí ïðïßá ôï x åßíáé áäéÜóôáôç âáèìßäá êáé ïé a, b, c êáôÜëëçëåò óôáèåñÝò.

B88

Ï Becke ðñüôåéíå14 ìéá äéüñèùóç óôçí åíÝñãåéá áíôáëëáãÞò ôçò LSDA ðïõ Ý÷åé ÷ñçóéìï-
ðïéçèåß åêôåíþò

εB88
x = εLDA

x + ∆εB88
x

∆εB88
x = −βn1/3 x2

1 + 6βx sinh−1 x
(2.91)

üðïõ ç óôáèåñÜ β = 0.0042 a.u. åíþ ôï x ïñßæåôáé óôçí (2.90).

PW91 exchange

¸íá ðáñüìïéï óõíáñôçóéáêü áíôáëëáãÞò äßíïõí ïé Perdew êáé Wang ãéá ÷ñÞóç óå
óõíäõáóìü ìå ôï óõíáñôçóéáêü óõó÷åôéóìïý PW91 ðïõ åßäáìå ðáñáðÜíù

εPW91
x = εLDA

x

1 + a1x sinh−1(a2x) + (a3 + a4e
−bx2

)x2

1 + xa1 sinh−1(a2x) + a5x2
(2.92)

üðïõ a1−5 åßíáé êáôÜëëçëåò óôáèåñÝò êáé ôï x ïñßæåôáé óôçí (2.90).

Ôá óõíáñôçóéáêÜ óõó÷åôéóìïý Ý÷ïõí óçìáíôéêÜ ðïëõðëïêüôåñç ìïñöÞ êáé äåí åßíáé
äõíáôüí íá êáôáíïçèïýí ìå áðëïýò öõóéêïýò óõëëïãéóìïýò. ÐáñáèÝôïõìå ôá äýï ðéï ãíùóôÜ
óõíáñôçóéáêÜ áíôáëëáãÞò óôá ðëáßóéá ôçò GGA.

13JP. Perdew and Y. Wang, ‘‘Accurate and simple density functional for the electronic exchange energy: Generalized
gradient approximation’’ Phys. Rev. B 33, 8800 (1986)

14A.D. Becke, ‘‘Density-functional exchange-energy approximation with correct asymptotic behavior’’
Phys. Rev. A 38, 3098 (1988)
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LYP

Ìéá áðü ôéò ðéï ãíùóôÝò åíÝñãåéåò óõó÷åôéóìïý ìå äéüñèùóç âáèìßäáò äüèçêå áðü ôïõò
Lee, Yang êáé Parr (LYP)15 êáé Ý÷åé ôç ìïñöÞ

εLY P
c = −a γ

1 + dn−1/3
− ab

γe−cn−1/3

9(1 + dn−1/3)n8/3

×
[
18(22/3)CF (nα8/3 + nβ8/3 − 18ntW )

+ nα(2tαW +∇2nα) + nβ(2tβW +∇2nβ)
]

(2.93)

γ = 2

[
1− nα2 + nβ2

n2

]

tσW =
1
8

(
|∇nσ|2

nσ
−∇2nσ

)
üðïõ CF = (3/10)(3π2)2/3 êáé a, b, c, d óôáèåñÝò ðïõ Ý÷ïõí êáèïñéóôåß ìå ðñïóáñìïãÞ
äåäïìÝíùí ãéá ôï Üôïìï çëßïõ. Óå áíôßèåóç ìå ôá Üëëá óõíáñôçóéáêÜ, ôï LYP äåí âáóßæåôáé
óôï ïìïãåíÝò áÝñéï çëåêôñïíßùí, äçëáäÞ äåí ðåñéÝ÷åé äéüñèùóç âáèìßäáò áëëÜ ðñïêýðôåé
áðü ìéá Ýêöñáóç ôçò åíÝñãåéáò óõó÷Ýôéóçò ðïõ ðñïÝñ÷åôáé áðü áêñéâåßò õðïëïãéóìïýò óôï
Üôïìï çëßïõ, âáóéóìÝíïé óå ìåèüäïõò êõìáôïóõíáñôÞóåùí, áðü ôïõò Colle êáé Salvetti (1975).

P86

Ìéá äéüñèùóç âáèìßäáò óôçí (ðõêíüôçôá) åíÝñãåéá óõó÷åôéóìïý ðïõ åðßóçò Ý÷åé ÷ñçóéìï-
ðïéçèåß åêôåíþò Ýäùóå ï Perdew ôï 198616 êáé åßíáé

εP86
c = εLDA

c + ∆εP86
c

∆εP86
c =

eΦC(n)|∇n|2

f(ζ)n7/3

f(ζ) = 21/3

√(
1 + ζ

2

)5/3

+
(

1− ζ

2

)5/3

(2.94)

Φ = a
C(∞)|∆n|
C(n)n7/6

C(n) = b1 +
b2 + b3rs + b4r

2
s

1 + b5rs + b6r2s + b7r3s

üðïõ a êáé b1−7 êáôÜëëçëåò óôáèåñÝò.
Óçìåéþíïõìå üôé óôá ðñïçãïýìåíá ãßíåôáé êáôÜ÷ñçóç ôïõ üñïõ åíÝñãåéá Þ áêüìá óõíáñ-

ôçóéáêïý åíÝñãåéáò ãéá ôá εx êáé εc, áíôß ôïõ óùóôïý ðõêíüôçôá åíÝñãåéáò.

2.4.5 ÕâñéäéêÝò ìÝèïäïé

Óýìöùíá ìå ôïí ïñéóìü (2.56) ç åíÝñãåéá áíôáëëáãÞò-óõó÷Ýôéóçò Exc áðïôåëåßôáé áðü
äýï ìÝñç: ôï ìç êëáóóéêü ìÝñïò ôçò áëëçëåðßäñáóçò çëåêôñïíßïõ-çëåêôñïíßïõ êáé ôçí
äéáöïñÜ ìåôáîý ôçò êéíçôéêÞò åíÝñãåéáò ôïõ ìç-áëëçëåðéäñþíôïò áåñßïõ çëåêôñïíßùí êáé
ôçò áêñéâÞò êéíçôéêÞò åíÝñãåéáò. Åßíáé äõíáôüí, íá âñåèåß ó÷Ýóç ìåôáîý ôçò åíÝñãåéáò

15C. Lee, W. Yang, and R.G. Parr ‘‘Development of the Colle-Salvetti correlation-energy formula into a functional
of the electron density’’ Phys. Rev. B 37, 785 (1988)

16J.P. Perdew ‘‘Density-functional approximation for the correlation energy of the inhomogeneous electron
gas’’ Phys. Rev. B 33, 8822 (1986)



40 ÇëåêôñïíéáêÞ óõó÷Ýôéóç

áíôáëëáãÞò-óõó÷Ýôéóçò Exc êáé åíüò äõíáìéêïý Vxc(λ) ðïõ óõíäÝåé ôï ìç-áëëçëåðéäñþí
óýóôçìá áíáöïñÜò ìå ôï ðñáãìáôéêü óýóôçìá. Ç ó÷Ýóç ðïõ ðñïêýðôåé êáëåßôáé adiabatic
connection formula, ACF êáé Ý÷åé ôçí ãåíéêÞ ìïñöÞ

Exc =
∫ 1

0
〈Ψλ|Vxc(λ)Ψλ〉 (2.95)

Ç ðáñÜìåôñïò λ ìðïñåß íá èåùñçèåß üôé ‘‘åíåñãïðïéåß’’ ôçí áëëçëåðßäñáóç çëåêôñïíßïõ-
çëåêôñïíßïõ. Óôçí áðëïýóôåñç ðåñßðôùóç ôï Vxc Ý÷åé ãñáììéêÞ åîÜñôçóç áðü ôï λ. Ôüôå ç
(2.95) ãßíåôáé

Exc =
1
2
〈Ψ0|Vxc(0)Ψ0〉+

1
2
〈Ψ1|Vxc(1)Ψ1〉 (2.96)

Ç ðåñßðôùóç λ = 0 áíôéóôïé÷åß óå óýóôçìá ÷ùñßò áëëçëåðéäñÜóåéò êáé êáôÜ óõíÝðåéá äåí
õðÜñ÷åé åíÝñãåéá óõó÷åôéóìïý, áëëÜ ìüíï åíÝñãåéá áíôáëëáãÞò. ÅðéðëÝïí, óôçí ðåñßðôùóç
áõôÞ ç áêñéâÞò êõìáôïóõíÜñôçóç åßíáé ìéá ïñßæïõóá Slater áðü KS ôñï÷éáêÜ êáé ç åíÝñãåéá
áíôáëëáãÞò åßíáé áêñéâþò áõôÞ ðïõ äßíåôáé áðü ôç èåùñßá Hartree-Fock (1.40). Áí ôá
ôñï÷éáêÜ KS åßíáé ßäéá ìå ôá ôñï÷éáêÜ HF ôüôå ç áêñéâÞò áíôáëëáãÞ åßíáé ßäéá ìå áõôÞ ðïõ
õðïëïãßæåôáé áðü ôéò ìåèüäïõò êõìáôïóõíáñôÞóåùí (Hartree-Fock).
Ç ðåñßðôùóç λ = 1 áíôéóôïé÷åß óå óýóôçìá ðïõ ðåñéëáìâÜíåé üëåò ôéò ìç-êëáóóéêÝò
óõíåéóöïñÝò. Ï äåýôåñïò üñïò ôçò (2.97) äåí åßíáé ãíùóôüò áëëÜ ìðïñåß íá ðñïóåããéóôåß.
¼ôáí ç ðñïóÝããéóç ãßíåôáé ìå ôçí LSDA ðñïêýðôåé ç ìÝèïäïò Half-and-Half (Half-and-Half
method, H+H)

EH+Hxc =
1
2
EáêñéâÞòx +

1
2
ELSDAxc

=
1
2
EáêñéâÞòx +

1
2
(ELSDAx + ELSDAc ) (2.97)

Ùò ãåíéêÞ ìÝèïäïò ç ðñïóÝããéóç áõôÞ õðüó÷åôáé ðïëëÜ êáèþò ç áêñßâåéÜ ôçò áíôáãùíß-
æåôáé áõôÞ ôïõ óõíáñôçóéáêïý BP91. ÓõãêåêñéìÝíá, áðü õðïëïãéóìïýò óôï G2 óýíïëï ìïñßùí
ðñïêýðôåé üôé ôï áðüëõôï ìÝóï óöÜëìá óôéò åíÝñãåéåò äéÜóðáóçò (atomization energies) ãéá
ôçí H+H åßíáé 6.5 kcal/mol åíþ ãéá ôï BP91 5.7 kcal/mol.

Ïé ìÝèïäïé GGA äßíïõí óçìáíôéêÞ âåëôßùóç óôá áðïôåëÝóìáôá ôçò LDA, Ýôóé ôï 1993 ï
Becke ðáñïõóßáóå17 ìéá âåëôßùóç ôçò ìåèüäïõ Half-and-Half åéóÜãïíôáò äéïñèþóåéò âáèìßäáò
êáé ôñåéò çìéåìðåéñéêÝò ðáñáìÝôñïõò ùò âÜñç ôùí åðß ìÝñïõò óõíåéóöïñþí. Óôçí áñ÷éêÞ ôïõ
ìïñöÞ ï üñïò ôçò óõó÷Ýôéóçò äéíüôáí áðü ôï óõíáñôçóéáêü PW91, áëëÜ ôï 1994 ï Stephens
÷ñçóéìïðïßçóå18 ôï óõíáñôçóéáêü LYP. ¸ôóé ç ìïñöÞ ôïõ óõíáñôçóéáêïý B3LYP åßíáé

EB3LYPxc = (1− a)ELSDAx + aEáêñéâÞòx + b∆EB88x + cELSDAc + (1− c)EVWNc (2.98)

üðïõ ïé óôáèåñÝò a, b, c Ý÷ïõí ðñïêýøåé áðü ðñïóáñìïãÞ óå ðåéñáìáôéêÜ äåäïìÝíá ãéá ôï
óýíïëï ìïñßùí G2, êáé åßíáé a = 0.20, b = 0.72, c = 0.81. Ãéá ôï óýíïëï ìïñßùí G2
ôï óõíáñôçóéáêü B3LYP äßíåé ðïëý êáëÞ áêñßâåéá, êáèþò ôï áðüëõôï ìÝóï óöÜëìá óôéò
åíÝñãåéåò äéÜóðáóçò åßíáé åëÜ÷éóôá ðÜíù áðü 2 kcal/mol.

Ôá õâñéäéêÜ óõíáñôçóéáêÜ Ý÷ïõí ôý÷åé ìåãÜëçò áðïäï÷Þò. Åéäéêüôåñá ôï óõíáñôçóéáêü
B3LYP èåùñåßôáé áðü ôá ðëÝïí ðåôõ÷çìÝíá. ¸íáò áðü ôïõò ðáñÜãïíôåò ðïõ óõíÝâáëáí óôçí
áðïäï÷Þ ôïõ åßíáé ç áêñßâåéá ðïõ ðáñïõóéÜæåé óôçí ÷çìåßá ìåôÜëëùí ìåôÜðôùóçò áíïé÷ôïý
öëïéïý. Åðßóçò, ç áêñßâåéá ðïõ äßíåé ãéá ôçí ìïñéáêÞ ãåùìåôñßá åßíáé ðïëý õøçëÞ. Ãéá
Ýíá óýíïëï 20 ïñãáíéêþí ìïñßùí ç âåëôéóôïðïßçóç ãåùìåôñßáò ìå B3LYP/6-31G(d) Ýäùóå

17A.D. Becke ‘‘Density-functional thermochemistry. III. The role of exact exchange’’ J. Chem. Phys. 98, 5648 (1993)
18P.J. Stephens, F.J. Devlin, C.F. Chabalowski, M.J. Frisch ‘‘Ab initio calculation of vibrational absorption and

circular dichroism spectra using density functional force fields’’ J. Phys. Chem. 98, 11623 (1994)
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áêñßâåéá êáôÜ ìÝóï üñï êáëýôåñç áðü 0.005 Å ãéá ìÞêç äåóìþí, åíþ ç áêñßâåéá ãéá ôéò ãùíßåò
ôùí äåóìþí Þôáí ëßãá äÝêáôá ôçò ìïßñáò. Áðü ìéá óõóôçìáôéêÞ óýãêñéóç ôçò B3LYP ìå
ìåèüäïõò õøçëÞò áêñßâåéáò ðñïêýðôåé üôé ãéá êáëýôåñá áðïôåëÝóìáôá áðáéôïýíôáé ìÝèïäïé ìå
õøçëü õðïëïãéóôéêü êüóôïò üðùò ç CCSD(T)/cc-pVQZ. ÔÝëïò, áðü ìéá äéåñåýíçóç ôïõ ïñßïõ
âÜóçò ôçò B3LYP ÷ñçóéìïðïéþíôáò ôá óýíïëá âÜóçò aug-ccpVDZ, aug-ccpVTZ, aug-ccpVQZ
êáé aug-ccpV5Z, ðñïêýðôåé üôé óôï ðåñíþíôáò áðü óýíïëï âÜóçò äéðëïý æÞôá óå ôñéðëïý
æÞôá õðÞñîå ìåßùóç ôùí áðïêëßóåùí áðü ôá ðåéñáìáôéêÜ ìÞêç äåóìþí, ðñÜãìá ðïõ äåí
óçìåéþèçêå ðåñíþíôáò óå âÜóåéò ôåôñáðëïý êáé ðåíôáðëïý æÞôá (âë. [14] óåë.124,127-134).

¸íá åñþôçìá ðïõ ôßèåôáé óõ÷íÜ åßíáé ôï êáôÜ ðüóï ïé ìÝèïäïé óõíáñôçóéáêïý ðõêíüôçôáò
åßíáé ab initio Þ çìéåìðåéñéêÝò. Áí ï üñïò ab initio èåùñçèåß üôé óçìáßíåé áðïõóßá ðáñáìÝôñùí
(fitting parameters) ôüôå ïé LSDA ìÝèïäïé åßíáé, êáèþò ç åíÝñãåéá áíôáëëáãÞò äåí ðåñéÝ÷åé
ðáñáìÝôñïõò ðñïóáñìïãÞò. Ïé GGA ìÝèïäïé Üëëïôå åßíáé êáé Üëëïôå ü÷é. Áðü ôéò GGA,
ç VWN äåí ðåñéÝ÷åé ðáñáìÝôñïõò åíþ ç B88 áíôáëëáãÞ êáé ç LYP óõó÷Ýôéóç ðåñéÝ÷ïõí
ðáñáìÝôñïõò, áëëÜ óçìáíôéêÜ ëéãüôåñåò áðü ôéò çìéåìðåéñéêÝò ìÝèïäïé. Ãéá ðáñÜäåéãìá, ç
çìéåìðåéñéêÞ ìÝèïäïò PM3 (parameterized model number 3) ðåñéëáìâÜíåé 18 ðáñáìÝôñïõò ãéá
êÜèå Üôïìï åíþ ôï óõíáñôçóéáêü óõó÷Ýôéóçò Â88 ðåñéÝ÷åé ìüíï ìéá óôáèåñÜ ãéá üëá ôá Üôïìá
ôïõ ðåñéïäéêïý ðßíáêá. ¢ëëá óõíáñôçóéáêÜ ðñïêýðôïõí åî’ ïëïêëÞñïõ âÜóç èåùñßáò êáé
óõíåðþò èåùñïýíôáé êáèáñÜ ab initio.

Áí ï üñïò ab initio èåùñçèåß üôé áíáöÝñåôáé óå èåùñßåò, ðïõ êáô’ áñ÷Þí åßíáé óå èÝóç
íá ðáñÜãïõí áêñéâÞ áðïôåëÝóìáôá, ôüôå ç DFT åßíáé ab initio. Ç ìüíç äéáöïñÜ åßíáé üôé
ïé õðÜñ÷ïõóåò ìÝèïäïé äåí åßíáé óå èÝóç íá ðáñÜãïõí áêñéâÞ áðïôåëÝóìáôá, áêüìá êáé
óôï üñéï ôçò ðëÞñçò âÜóçò, åðåéäÞ äåí åßíáé ãíùóôÞ ç áêñéâÞò ìïñöÞ ôïõ óõíáñôçóéáêïý
áíôáëëáãÞò-óõó÷Ýôéóçò.
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Ê Å Ö Á Ë Á É Ï 3

Èåùñßá ÏìÜäùí êáé ÌïñéáêÞ Óõììåôñßá

As for everything else, so for a mathematical theory:

beauty can be perceived but not explained.

---Arthur Cayley (1821-1895)

Ç ìåëÝôç ìïñßùí óõ÷íÜ äéåõêïëýíåôáé áðü ôçí áíáãíþñéóç êáé åêìåôÜëëåõóç ôçò
óõììåôñßáò ðïõ áõôÜ ðáñïõóéÜæïõí. Ç ýðáñîç óõììåôñßáò óå Ýíá ìüñéï, åêôüò ôïõ üôé
åðéôñÝðåé ôçí áðëïýóôåõóç ôùí õðïëïãéóìþí (ìçäåíéóìüò ïëïêëçñùìÜôùí), ìáò ðáñÝ÷åé ôç
äõíáôüôçôá íá âãÜæïõìå ðïëý ÷ñÞóéìá - êõñßùò ðïéïôéêÜ - óõìðåñÜóìáôá, üðùò åßíáé ãéá ôï
áí ìéá åíåñãåéáêÞ óôÜèìç åßíáé åêöõëéóìÝíç Þ ü÷é, áëëÜ êáé ãéá ôï áí ìéá ìåôÜâáóç åßíáé
åðéôñåðôÞ. Ôï ìáèçìáôéêü åñãáëåßï ìå ôï ïðïßï ÷åéñéæüìáóôå ôçí ìïñéáêÞ óõììåôñßá åßíáé
ç èåùñßá ïìÜäùí (group theory). Óôï êåöÜëáéï áõôü ãßíåôáé ðáñïõóßáóç ôùí èåìåëéùäþí
åííïéþí ôçò èåùñßáò ïìÜäùí, êáôÜ ôñüðï ðåñéåêôéêü, ÷ùñßò íá óõìðåñéëáìâÜíïíôáé áðïäåßîåéò
ôùí èåùñçìÜôùí áöïý áõôÝò ìðïñïýí íá âñåèïýí óå ïðïéïäÞðïôå âéâëßï ìáèçìáôéêþí èåùñßáò
ïìÜäùí. Ùóôüóï, äåí ëåßðïõí ðáñáäåßãìáôá, ôá ïðïßá åßíáé åðåîçãçìáôéêÜ ôùí ìåèüäùí êáé
ôùí åííïéþí, êáé åéäéêüôåñá ãéá ôçí åöáñìïãÞ ôïõò óôï ÷åéñéóìü ôçò ìïñéáêÞò óõììåôñßáò.

3.1 Äéåñãáóßåò óõììåôñßáò

Ç áíáãíþñéóç ôçò óõììåôñßáò ðïõ Ý÷ïõí ôá ìüñéá ãßíåôáé ìÝóïõ ôùí äéåñãáóéþí óõì-
ìåôñßáò. Äéåñãáóßá óõììåôñßáò (symmetry operation) ïíïìÜæåôáé ç äéåñãáóßá åêåßíç ðïõ
ìåôáó÷çìáôßæåé ôç èÝóç åíüò ìïñßïõ óå ìéá Üëëç èÝóç éóïäýíáìç ôçò áñ÷éêÞò. Ãéá ðáñÜäåéãìá,
óôï ìüñéï ôïõ BF3, ðïõ Ý÷åé äïìÞ éóüðëåõñïõ ôñéãþíïõ, ìéá ðåñéóôñïöÞ êáôÜ 120◦ ãýñù áðü
ôï êÝíôñï ôïõ êáé êÜèåôï óôï åðßðåäü ôïõ, ôï áöÞíåé áíáëëïßùôï.

Óôïé÷åßï óõììåôñßáò (symmetry element) åßíáé Ýíá óçìåßï, ìéá ãñáììÞ Þ Ýíá åðßðåäï, ùò
ðñïò ôï ïðïßï ðñáãìáôïðïéåßôáé ç äéåñãáóßá óõììåôñßáò. Óôï ðñïçãïýìåíï ðáñÜäåéãìá ôïõ
ìïñßïõ ôïõ BF3 ôï óôïé÷åßï óõììåôñßáò Þôáí ï Üîïíáò ðïõ ðåñíÜåé áðü ôï Üôïìï B êÜèåôá óôï
åðßðåäï ôïõ ìïñßïõ.

ÕðÜñ÷ïõí ðÝíôå åßäç äéåñãáóéþí óõììåôñßáò, ôéò ïðïßåò ðáñáèÝôïõìå ðáñáêÜôù ìå ôïõò
óõìâïëéóìïýò ôïõò êáôÜ Schoenflies

1. ÔáõôïôéêÞ äéåñãáóßá, E (identity operation). ÓõíáíôÜôáé ìå ôïí óõìâïëéóìü E. Ç
äéåñãáóßá áõôÞ áöÞíåé ôï ìüñéï áìåôÜâëçôï. Ç ýðáñîç ôçò äéåñãáóßáò áõôÞò åßíáé
áðáñáßôçôç ãéá ôç èåùñßá ïìÜäùí.

2. ÁíÜêëáóç óå åðßðåäï, ó (reflection through a plane). ÓõíáíôÜôáé ìå ôïí óõìâïëéóìü
ó. Ç äéåñãáóßá áõôÞ áíôéóôïé÷åß óå êáôïðôñéóìü ôïõ ìïñßïõ ùò ðñïò åðßðåäï ðïõ
ðåñéÝ÷åôáé óôï ìüñéï.

3. ÐåñéóôñïöÞ ðåñß Üîïíá, Cn (rotation about an axis). ÓõíáíôÜôáé ìå ôïí óõìâïëéóìü Cn,
üðïõ ï áêÝñáéïò n äçëþíåé ôï êëÜóìá ôçò ðëÞñïõò ðåñéóôñïöÞò 2ð ðïõ ðñáãìáôïðïéåß
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êáé êáèïñßæåé ôçí ôÜîç ôïõ Üîïíá. Óôï ðáñÜäåéãìá ôïõ BF3 ç ðåñéóôñïöÞ ôùí 120◦

(2ð/3) êáëåßôáé ðåñéóôñïöÞ C3. Ç áíôßóôñïöç äéåñãáóßá ôçò C m
n åßíáé ç Cn−m

n , ð.÷.
(C4)−1 = C 3

4 , (C
2

7 )−1 = C 5
7 .

4. Óôñïöïêáôïðôñéóìüò, Sn ( improper rotation). ÓõíáíôÜôáé ìå ôïí óõìâïëéóìü Sn. Ç
äéåñãáóßá áõôÞ áíôéóôïé÷åß óå ðåñéóôñïöÞ ðïõ áêïëïõèåßôáé áðü áíÜêëáóç. Ï áêÝñáéïò
n äçëþíåé ôçí ôÜîç ôïõ Üîïíá ðåñéóôñïöÞò. Ç áíôßóôñïöç äéåñãáóßá ôçò S m

n åßíáé ç
Sn−m

n , ãéá n Üñôéï êáé S2n−m
n , ãéá n ðåñéôôü.

5. ÁíáóôñïöÞ, i (inversion). Ç äéåñãáóßá áõôÞ ìåôáöÝñåé êÜèå Üôïìï ôïõ ìïñßïõ áðü ôï
êÝíôñï ôïõ, ôïðïèåôþíôáò óôï óôçí áíôßèåôç ðëåõñÜ ôïõ ìïñßïõ. Ç äéåñãáóßá ôçò
áíáóôñïöÞò åßíáé éóïäýíáìç ìå ôç äéåñãáóßá S2, áëëÜ ôïõ äßíåôáé ðÜíôá ôï îå÷ùñéóôü
óýìâïëï i.

Ôï óýíïëï üëùí ôùí ìåôáó÷çìáôéóìþí óõììåôñßáò åíüò óõóôÞìáôïò áðïôåëåß ïìÜäá.

3.2 Óôïé÷åßá èåùñßáò ïìÜäùí

Ïñéóìüò 3.1 ¸íá ìç êåíü óýíïëï G åöïäéáóìÝíï ìå ìéá ðñÜîç åóùôåñéêÞò óõíèÝóåùò,
ðïõ ôç óõìâïëßæïõìå ìå •, ïíïìÜæåôáé ïìÜäá üôáí éó÷ýïõí ïé åîÞò éäéüôçôåò

á) ðñïóåôáéñéóôéêÞ éäéüôçôá, (∀α, β, γ ∈ G )[(α • β) • γ = α • (β • γ)]

â) ýðáñîç ïõäÝôåñïõ óôïé÷åßïõ, (∃e ∈ G )(∀α ∈ G )[α • e = e • α = α]

ã) ýðáñîç óõììåôñéêïý óôïé÷åßïõ, (∀α ∈ G )(∃α′ ∈ G )[α • α′ = α′ • α = e]

Ïñéóìüò 3.2 Ìéá ïìÜäá (G , •) ïíïìÜæåôáé áíôéìåôáèåôéêÞ Þ áâåëéáíÞ üôáí éêáíïðïéåß
ôçí éäéüôçôá

ä) (∀α, β ∈ G )[α • β = β • α]

Ïñéóìüò 3.3 Ìéá ïìÜäá (G , •) ïíïìÜæåôáé ðåðåñáóìÝíç ïìÜäá üôáí ðåñéÝ÷åé ðåðåñá-
óìÝíï ðëÞèïò óôïé÷åßùí, åíþ áí ðåñéÝ÷åé Üðåéñï ðëÞèïò óôïé÷åßùí ïíïìÜæåôáé Üðåéñç
ïìÜäá. Ìéá Üðåéñç ïìÜäá ïíïìÜæåôáé äéáêåêñéìÝíç üôáí ôï ðëÞèïò ôùí óôïé÷åßùí
ôçò åßíáé áñéèìÞóéìï (ìðïñïýí íá ôåèïýí óå áíôéóôïé÷ßá 1-1 ìå ôïõò öõóéêïýò áñéèìïýò),
áëëéþò ç ïìÜäá êáëåßôáé óõíå÷Þò. Ôï ðëÞèïò ôùí óôïé÷åßùí ìéáò ðåðåñáóìÝíçò ïìÜäáò
ïíïìÜæåôáé ôÜîç ôçò ïìÜäáò.

Ïñéóìüò 3.4 Ï ðßíáêáò óôïí ïðïßï áíáãñÜöïíôáé ôá áðïôåëÝóìáôá ôçò ðñÜîçò åóùôåñéêÞò
óýíèåóçò ìåôáîý üëùí ôùí äõíáôþí æåõãþí ôùí óôïé÷åßùí ðïõ ðåñéÝ÷åé ìéá ïìÜäá G
ïíïìÜæåôáé ðßíáêáò ðïëëáðëáóéáóìïý ôçò ïìÜäáò G .

Ãéá ðáñÜäåéãìá, óôïí ðßíáêá ðïëëáðëáóéáóìïý ðïõ áêïëïõèåß, ï ðïëëáðëáóéáóìüò ôùí
óôïé÷åßùí J êáé A äßíåôáé áðü ôï óçìåßï ôïìÞò ôçò ãñáììÞò ðïõ áñ÷ßæåé ìå ôï óôïé÷åßï J êáé
ôçò óôÞëçò ðïõ áñ÷ßæåé ìå ôï óôïé÷åßï A, äçëáäÞ J •A = T .

Ï ðßíáêáò ðïëëáðëáóéáóìïý ìéáò ïìÜäáò ÷áñáêôçñßæåé ðëÞñùò ôçí ïìÜäá êáé ðåñéÝ÷åé
üëåò ôéò ðëçñïöïñßåò ó÷åôéêÜ ìå ôçí áíáëõôéêÞ äïìÞ ôçò ïìÜäáò.

Èåþñçìá 3.1 Cayley Þ èåþñçìá ôçò áíáäéÜôáîçò. Óå êÜèå ãñáììÞ êáé êÜèå óôÞëç
åíüò ðßíáêá ðïëëáðëáóéáóìïý ïìÜäáò êÜèå óôïé÷åßï ôçò ïìÜäáò åìöáíßæåôáé ìßá êáé ìüíï
ìßá öïñÜ. Áðü áõôü ðñïêýðôåé üôé äåí õðÜñ÷ïõí üìïéåò ãñáììÝò Þ üìïéåò óôÞëåò. ÓõíÝðåéá
áõôïý åßíáé üôé êÜèå ãñáììÞ êáé êÜèå óôÞëç áðïôåëåß áíáäéÜôáîç ôùí óôïé÷åßùí ôçò
ïìÜäáò.
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Ðßíáêáò 3.1: Ðßíáêáò ðïëëáðëáóéáóìïý ïìÜäáò

B C T A G J
B Â C T A G J
C C B J G A T
T T G B J C A
A A J G B T C
G G T A C J B
J J A C T B G

Ïñéóìüò 3.5 ¸óôù äýï ïìÜäåò (G , •) êáé (G ′, ?) ôçò ßäéáò ôÜîçò g êáé õðÜñ÷åé áìöéìïíï-
óÞìáíôç áðåéêüíéóç

f : G → G ′

ìå ôçí éäéüôçôá íá äéáôçñåß ôéò ðñÜîåéò, äçë.

(∀A,B ∈ G ) [f(A •B) = f(A) ? f(B)]

ôüôå ïé ïìÜäåò G êáé G ′ ïíïìÜæïíôáé éóïìïñöéêÝò êáé ç áðåéêüíéóç f ëÝãåôáé éóïìïñ-
öéóìüò.

Ðéï áðëÜ ìðïñïýìå íá ðïýìå üôé üëåò ïé ïìÜäåò ðïõ Ý÷ïõí üìïéïõò ðïëëáðëáóéáóôéêïýò
ðßíáêåò ïíïìÜæïíôáé éóïìïñöéêÝò. Ãéá ðáñÜäåéãìá, áí áíôéêáôáóôÞóïõìå Ýíá ðñïò Ýíá ôá
óôïé÷åßá {B, C, T, A, G, J} ìå ôá {B′, C ′, T ′, A′, G′, J ′} óôïí ðßíáêá ðïëëáðëáóéáóìïý
3.1 ðïõ ïñßæåé ìéá ïìÜäá, ðñïêýðôåé éóüìïñöç ïìÜäá.

Ôï åëÜ÷éóôï óýíïëï ôùí óôïé÷åßùí ìéáò ïìÜäáò G áðü ôï ïðïßï ìå äõíÜìåéò Þ ðïëëá-
ðëáóéáóìïýò ðáñÜãïíôáé üëá ôá óôïé÷åßá ôçò ïìÜäáò êáëåßôáé óýíïëï ãåííçôüñùí. Ôá
óôïé÷åßá ôïõ óõíüëïõ áõôïý êáëïýíôáé ãåííÞôïñåò ôçò ïìÜäáò. Ïé ãåííÞôïñåò ìéáò ïìÜäáò
äåí åßíáé ìïíáäéêïß, äçë. ìðïñåß íá õðÜñ÷ïõí ðåñéóóüôåñá ôïõ åíüò óõíüëïõ ãåííçôüñùí ãéá
êÜèå ïìÜäá.

¼ëåò ïé äõíÜìåéò åíüò óôïé÷åßïõ A ìéáò ïìÜäáò G áíÞêïõí óôçí ïìÜäá. ÅÜí ç ïìÜäá G
åßíáé ðåðåñáóìÝíç ôüôå êÜðïéá áðü áõôÝò ôéò äõíÜìåéò èá éóïýôáé ìå ôï ôáõôïôéêü óôïé÷åßï
ôçò ïìÜäáò, äçëáäÞ ãéá êÜðïéïí áêÝñáéï n, ðïõ êáëåßôáé ôÜîç ôïõ óôïé÷åßïõ Á èá éó÷ýåé:
An = E .

Ïñéóìüò 3.6 Ìéá ïìÜäá ðïõ ãåííÜôáé áðü Ýíá ìüíï óôïé÷åßï Á, ïíïìÜæåôáé êõêëéêÞ
ïìÜäá.

Ïñéóìüò 3.7 ¸íá õðïóýíïëï H ìéáò ïìÜäáò G ïíïìÜæåôáé õðïïìÜäá ôçò G üôáí
áðïôåëåß ïìÜäá ùò ðñïò ôçí ßäéá ðñÜîç åóùôåñéêÞò óýíèåóçò.

ÅÜí ôï H åßíáé õðïïìÜäá ôÜîçò h ôçò ïìÜäáò G ôÜîçò g, ôüôå ôï g åßíáé áêÝñáéï
ðïëëáðëÜóéï ôïõ h êáé ï áêÝñáéïò g/h ïíïìÜæåôáé äåßêôçò ôçò H ùò ðñïò G .

Ãéá ðáñÜäåéãìá, äýï õðïïìÜäåò ôçò ïìÜäáò ðïõ ïñßæåôáé áðü ôïí ðßíáêá 3.1 Ý÷ïõí ðßíáêåò
ðïëëáðëáóéáóìïý ðïõ äßíïíôáé áðü ôïõò ðßíáêåò 3.2.

Ïñéóìüò 3.8 Äýï óôïé÷åßá Á, Â ìéáò ïìÜäáò G êáëïýíôáé óõæõãÞ óôïé÷åßá Þ üìïéá
óôïé÷åßá áí õðÜñ÷åé óôïé÷åßï P ôçò ïìÜäáò ôÝôïéï þóôå A = P−1BP , äçëáäÞ áí ôá
óôïé÷åßá óõíäÝïíôáé ìåôáîý ôïõò ìå ìåôáó÷çìáôéóìü ïìïéüôçôáò.



46 Èåùñßá ÏìÜäùí êáé ÌïñéáêÞ Óõììåôñßá

Ðßíáêáò 3.2: Ðßíáêáò ðïëëáðëáóéáóìïý äýï õðïïìÜäùí

B C
B B C
C C B

B G J
B Â G J
G G J B
J J B G

Ï ìåôáó÷çìáôéóìüò ïìïéüôçôáò áðïôåëåß ó÷Ýóç éóïäõíáìßáò êáé ùò ôÝôïéá ÷ùñßæåé ôçí
ïìÜäá óå õðïóýíïëá ðïõ ïíïìÜæïíôáé êëÜóåéò óõæõãßáò Þ áðëÜ êëÜóåéò. Ìåôáîý ôùí
óôïé÷åßùí ðïõ áíÞêïõí óôçí ßäéá êëÜóç äåí õðÜñ÷åé ìüíï ìáèçìáôéêÞ ïìïéüôçôá, áëëÜ êáé
öõóéêÞ ïìïéüôçôá áöïý üðùò èá äïýìå áñãüôåñá, ç ïìÜäá óçìåßïõ C3v Ý÷åé ôéò åîÞò êëÜóåéò:
{E}, {C3, C

2
3 }, {σ1, σ2, σ3}. Ãéá íá âñïýìå üëåò ôéò êëÜóåéò óôéò ïðïßåò ÷ùñßæåôáé ìéá ïìÜäá

áñêåß íá ðñáãìáôïðïéÞóïõìå üëïõò ôïõò ìåôáó÷çìáôéóìïýò ïìïéüôçôáò ìåôáîý ôùí óôïé÷åßùí
ôçò ïìÜäáò.

Ïñéóìüò 3.9 ¸óôù ìéá ïìÜäá (G , •) êáé äýï õðïïìÜäåò ôçò, (H , •) êáé (K , •), ôÜîçò h
êáé k áíôßóôïé÷á, äçëáäÞ

H = H1 = E,H2, . . . ,Hh

K = K1 = E,K2, . . . ,Kk

Ïñßæïõìå ùò åõèý ãéíüìåíï ôùí äýï ïìÜäùí ôçí ïìÜäá (F , •) ôÜîçò f=hk, ðïõ áðïôå-
ëåßôáé áðü óôïé÷åßá ðïõ ðñïêýðôïõí áðü ôá ãéíüìåíá ôùí óôïé÷åßùí ôùí ïìÜäùí (H , •)
êáé (K , •), ìå ôïõò ðåñéïñéóìïýò

• Ïé ïìÜäåò (H , •) êáé (K , •) íá ìçí Ý÷ïõí êïéíÜ óôïé÷åßá åêôüò áðü ôï ôáõôïôéêü
óôïé÷åßï E .

• ÊÜèå óôïé÷åéü ôïõ H ìåôáôßèåôáé ìå êÜèå óôïé÷åéü ôïõ K .

Ôï åõèý ãéíüìåíï F ôùí ïìÜäùí H êáé K óõìâïëßæåôáé ìå

F = H ×K = {E,EK2, EK3, . . . , EKk,H2E,H2K2, . . . ,HhKk}

Ôï åõèý ãéíüìåíï åßíáé ç ðéï áðëÞ ìÝèïäïò ãéá íá äéåõñýíïõìå ìéá ïìÜäá. Ãéá ðáñÜäåéãìá,
áí H ={E, σd} êáé K ={E, σd

′} äýï õðïïìÜäåò ôçò ïìÜäáò óçìåßïõ C4v ôüôå Ý÷ïõìå
H ×K = {E,C 2

4 , σd, σd
′}.

3.3 ÏìÜäåò óçìåßïõ

Ôï óýíïëï üëùí ôùí äéåñãáóéþí óõììåôñßáò åíüò ìïñßïõ Ý÷åé ôç ìáèçìáôéêÞ äïìÞ
ïìÜäáò, ìå ðñÜîç åóùôåñéêÞò óýíèåóçò ôïí ðïëëáðëáóéáóìü äéåñãáóéþí óõììåôñßáò. Ï
ðïëëáðëáóéáóìüò äýï äéåñãáóéþí óõììåôñßáò Y êáé X äßíåé ùò áðïôÝëåóìá ôç äéåñãáóßá
óõììåôñßáò Z

Y X = Z

üôáí ç åöáñìïãÞ ôçò äéåñãáóßáò X êáé êáôüðéí ç åöáñìïãÞ ôçò äéåñãáóßáò Y åðéöÝñåé ôï ßäéï
ïëéêü áðïôÝëåóìá ìå ôçí åöáñìïãÞ ìéáò ìüíï äéåñãáóßáò Z. Óôç ìïñéáêÞ óõììåôñßá ïé ïìÜäåò
åßíáé ãíùóôÝò ùò ïìÜäåò óçìåßïõ (point groups), ïíïìáóßá ðïõ ðñïêýðôåé áðü ôï ãåãïíüò
üôé ôá óôïé÷åßá óõììåôñßáò ôùí ïìÜäùí áõôþí Ý÷ïõí ôçí éäéüôçôá íá ôÝìíïíôáé óå Ýíá óçìåßï.
Ôï óçìåßï áõôü ðáñáìÝíåé áíáëëïßùôï êÜôù áðü üëåò ôéò äéåñãáóßåò óõììåôñßáò ôçò ïìÜäáò.
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Ïé ïìÜäåò óçìåßïõ óôéò ïðïßåò ìðïñåß íá áíÞêïõí ôá ìüñéá åßíáé ëßãåò, êáé ôéò ðáñá-
èÝôïõìå áêïëïýèùò ìå ôïõò óõìâïëéóìïýò ôïõò êáôÜ Schoenflies. ¼ëåò ïé ïìÜäåò óçìåßïõ
ðïõ áêïëïõèïýí ðåñéëáìâÜíïõí, åêôüò ôùí äéåñãáóéþí óõììåôñßáò ðïõ áíáöÝñïíôáé êáôÜ
ðåñßðôùóç, êáé ôï óôïé÷åßï ôáõôüôçôáò E.

ÏìÜäá óçìåßïõ C1. Ç ïìÜäá óçìåßïõ C1 åßíáé ôåôñéììÝíç êáé ðåñéÝ÷åé üëá ôá ìüñéá ðïõ
äåí ðáñïõóéÜæïõí óõììåôñßá. Ç ïìÜäá áõôÞ ðåñéÝ÷åé äçëáäÞ ìüíï ôï óôïé÷åßï ôçò ôáõôüôçôáò
C1 = E .

ÏìÜäá óçìåßïõCs. Ìüñéá ðïõ Ý÷ïõí ìüíï åðßðåäï áíÜêëáóçò σ (êáé öõóéêÜ ôï ôáõôïôéêü
óôïé÷åßï, E) áíÞêïõí óôçí ïìÜäá óçìåßïõ Cs.

ÏìÜäá óçìåßïõ Ci. Ìüñéá ðïõ Ý÷ïõí ìüíï óçìåßï áíáóôñïöÞò áíÞêïõí óôçí ïìÜäá
óçìåßïõ Ci.

ÏìÜäåò óçìåßïõ Cn. Ç ïìÜäåò óçìåßïõ Cn ðåñéëáìâÜíïõí Üîïíá ðåñéóôñïöÞò ôÜîçò n,
êáé üëá ôá õðüëïéðá óôïé÷åßá C m

n ðïõ áðáéôïýíôáé ãéá ôïí ó÷çìáôéóìü ôçò ïìÜäáò. Ãéá
ðáñÜäåéãìá, óôçí ïìÜäá óçìåßïõ C3, åêôüò áðü ôçí äéåñãáóßá C3, áðáéôåßôáé ç ýðáñîç ôçò
äéåñãáóßáò C 2

3 , åðåéäÞ ôï áðïôÝëåóìá ôïõ ãéíïìÝíïõ C3C3 = C 2
3 , ðñÝðåé êáé áõôü íá áíÞêåé

óôçí ïìÜäá.
ÏìÜäá óçìåßïõ Cnv . Ç ïìÜäá óçìåßïõ Cnv ðåñéëáìâÜíåé Üîïíá ðåñéóôñïöÞò ôÜîçò

n, êáé n êÜèåôá åðßðåäá áíÜêëáóçò σv . Åî’ ïñéóìïý, ôá êÜèåôá åðßðåäá áíÜêëáóçò åßíáé
óõíåõèåéáêÜ ìå ôïí Üîïíá Cn. ¼ôáí ìéá ïìÜäá óçìåßïõ ðåñéÝ÷åé ðåñéóóüôåñá ôïõ åíüò
åðéðÝäùí áíÜêëáóçò, áõôÜ äéáêñßíïíôáé ìåôáîý ôïõò ìå ôüíïõ, åíþ üðïõ åßíáé äõíáôüí ôï
ìüñéï ðåñéÝ÷åôáé óôï åðßðåäï ÷ùñßò ôïí ôüíï. Ãéá ðáñÜäåéãìá, ôï ìüñéï ôïõ íåñïý áíÞêåé
óôçí ïìÜäá óçìåßïõ C2v ðïõ Ý÷åé äýï êÜèåôá åðßðåäá áíÜêëáóçò, σv êáé σv

′. Ôï åðßðåäï ôïõ
ìïñßïõ âñßóêåôáé óôï åðßðåäï σv . Ç ýðáñîç Üîïíá Cn åããõÜôáé ôçí ýðáñîç n åðéðÝäùí σv .

ÏìÜäá óçìåßïõ Cnh. Ç ïìÜäá óçìåßïõ Cnh ðåñéëáìâÜíåé Üîïíá ðåñéóôñïöÞò ôÜîçò n,
êáé ïñéæüíôéï åðßðåäï áíÜêëáóçò σh.

ÏìÜäá óçìåßïõ Sn. Ç ïìÜäá óçìåßïõ Sn ðåñéëáìâÜíåé Üîïíá óôñïöïêáôïðôñéóìïý ôÜîçò
n. Ç ïìÜäá áõôÞ ãåííÜôáé áðü Üîïíá óôñïöïêáôïðôñéóìïý S4. Ãéá ðáñÜäåéãìá, ç ïìÜäá
óçìåßïõ ðåñéÝ÷åé ìüíï óôïé÷åßá ðïõ ãåííþíôáé áðü ôç äéåñãáóßá S4, äçë. S4, S 2

4 = C2,
S 3

4 , S
4

4 = E . ¼ôáí ôï n åßíáé ðåñéôôü ôüôå ç ïìÜäá Sn ôáõôßæåôáé ìå ôçí Cnh ïðüôå êáé
óõìâïëßæïíôáé ùò Cnh.

ÏìÜäá óçìåßïõ Dn. Ç ïìÜäá óçìåßïõ Dn ðåñéëáìâÜíåé Üîïíá ðåñéóôñïöÞò ôÜîçò n,
Cn êáé n Üîïíåò C2 êÜèåôïõò óôïí Üîïíá Cn. Ï Üîïíáò õøçëüôåñçò ôÜîçò êáëåßôáé êýñéïò
Üîïíáò (principle axis).

ÏìÜäá óçìåßïõ Dnd. Ç ïìÜäá óçìåßïõ Dnd ðåñéëáìâÜíåé Üîïíá ðåñéóôñïöÞò ôÜîçò n,
Cn, n Üîïíåò C2 êÜèåôïõò óôïí Üîïíá Cn êáé n åðßðåäá σd ðïõ äé÷ïôïìïýí ôéò ãùíßåò ôùí
êÜèåôùí áîüíùí C2.

ÏìÜäá óçìåßïõ Dnh. Ç ïìÜäá óçìåßïõ Dnh ðåñéëáìâÜíåé Üîïíá ðåñéóôñïöÞò ôÜîçò n,
Cn, n Üîïíåò C2 êÜèåôïõò óôïí Üîïíá Cn êáé Ýíá ïñéæüíôéï åðßðåäï áíÜêëáóçò σh, ôï ïðïßï
åßíáé åî’ ïñéóìïý êÜèåôï óôïí êýñéï Üîïíá. Ôá óôïé÷åßá áõôÜ ãåííïýí n êÜèåôá åðßðåäá
áíÜêëáóçò σv Þ/êáé σd, ôá ïðïßá åðßóçò áíÞêïõí óôçí ïìÜäá.

ÅéäéêÝò ïìÜäåò óçìåßïõ

Óôéò åéäéêÝò ïìÜäåò óçìåßïõ ðåñéëáìâÜíïíôáé ïé êõâéêÝò ïìÜäåò óçìåßïõ, ïé åéêïóáåäñéêÝò
ïìÜäåò óçìåßïõ êáé ç óöáéñéêÞ ïìÜäá óçìåßïõ. Ïé ïìÜäåò áõôÝò áíôéóôïé÷ïýí óôéò ïìÜäåò
ôùí ðÝíôå ðëáôùíéêþí óôåñåþí (êáíïíéêÜ ðïëýåäñá). Êýñéï ÷áñáêôçñéóôéêü ôùí ïìÜäùí
áõôþí åßíáé ç ýðáñîç ðåñéóóüôåñùí ôïõ åíüò êõñßùí áîüíùí Cn. Óôéò êõâéêÝò ïìÜäåò óçìåßïõ
ðåñéëáìâÜíïíôáé ïé ôåôñáåäñéêÝò êáé ïé ïêôáåäñéêÝò ïìÜäåò óçìåßïõ. Åðßóçò, óôéò åéäéêÝò
ïìÜäåò óçìåßïõ áíÞêïõí ïé ïìÜäåò ôùí ãñáììéêþí ìïñßùí.

Óôéò ïìÜäåò õøçëÞò óõììåôñßáò êáôÜ ôçí êáôáãñáöÞ ôùí óôïé÷åßùí ôçò ïìÜäáò áêïëïõ-
èåßôáé óçìåéïãñáößá ðïõ áîéïðïéåß ôïí ÷ùñéóìü ôùí äéåñãáóéþí óõììåôñßáò óå êëÜóåéò. ¸ôóé,
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ãéá ðáñÜäåéãìá ìéá äéåñãáóßá C m
n èá âñßóêåôáé óôçí ßäéá êëÜóç ìå ôçí Cn−m

n êáé ç êëÜóç
èá óõìâïëßæåôáé ìå C m

n .
ÔåôñáåäñéêÝò ïìÜäåò óçìåßïõ Td, T, Th. Ç ôåôñáåäñéêÞ ïìÜäá óçìåßïõ, Td, ðåñéÝ÷åé

ôéò äéåñãáóßåò óõììåôñßáò ôïõ êáíïíéêïý ôåôñÜåäñïõ (åããåãñáììÝíï óå êýâï, ìå ôéò áêìÝò ôïõ
ôåôñáÝäñïõ íá åíþíïõí ôÝóóåñéò ìç ãåéôïíéêÝò êïñõöÝò ôïõ êýâïõ), äçëáäÞ

Td = {E, 8C3 (4C3, 4C 2
3 ), 3C2, 6S4, 6σd}, ç ïðïßá åßíáé ôÜîçò 24.

Áöáéñþíôáò áðü ôçí Td ôá åðßðåäá σd êáé ôïõò Üîïíåò S4 ðñïêýðôåé ç õðïïìÜäá ôçò,
T = {E, 8C3 (4C3, 4C 2

3 ), 3C2}, ôÜîçò 12.
ÐñïóèÝôïíôáò óå áõôÞí ôñßá åðßðåäá σh ðïõ ðåñéÝ÷ïõí æåýãç áîüíùí C2 ðñïêýðôåé ç ïìÜäá
óçìåßïõ

T = {E, 8C3 (4C3, 4C 2
3 ), 3C2, i, 8S6, 3σh}, ôÜîçò 12.

ÂëÝðïõìå üôé ìå ôçí ðñïóèÞêç ôùí åðéðÝäùí σh ãåííÞèçêáí óôïé÷åßá i êáé S6.
ÏêôáåäñéêÝò ïìÜäåò óçìåßïõ Oh, O. Ç ïêôáåäñéêÞ ïìÜäá óçìåßïõ, Oh, ðåñéÝ÷åé ôéò

äéåñãáóßåò óõììåôñßáò ôïõ êáíïíéêïý ïêôáÝäñïõ (åããåãñáììÝíï óå êýâï, ìå ôéò áêìÝò ôïõ
ïêôáÝäñïõ íá åíþíïõí ôá ìÝóá ôùí Ýîé ðëåõñþí ôïõ êýâïõ), äçëáäÞ

Oh = {E, 6C4, 8C3, 6C2, 3C2 (C 2
4 ), i, 6S4, 8S6, 3σh, 3σd}, ôÜîçò 48.

Áöáéñþíôáò áðü ôçí Oh ôá åðßðåäá σh êáé σd, ïðüôå áõôïìÜôùò áöáéñïýíôáé êáé ôá åðßðåäá
óôñïöïêáôïðôñéóìïý S6 êáé S4, ðñïêýðôåé ç õðïïìÜäá ôçò,

O = {E, 6C4, 8C3, 6C2, 3C2 (C 2
4 )}, ôÜîçò 24.

Óõãêñßíïíôáò ôéò ïìÜäåò óçìåßïõ O êáé T , âëÝðïõìå üôé ç ïìÜäá T åßíáé õðïïìÜäá ôçò O.
ÅéêïóáåäñéêÝò ïìÜäåò óçìåßïõ Ih, I . Ç åéêïóáåäñéêÞ ïìÜäá óçìåßïõ, Ih, ðåñéÝ÷åé ôéò

äéåñãáóßåò óõììåôñßáò ôïõ êáíïíéêïý åéêïóáÝäñïõ êáé ôïõ êáíïíéêïý äùäåêáÝäñïõ, äçëáäÞ,
Ih = {E, 12C5, 12C 2

5 , 20C3, 15C2, i, 12S10, 12S 3
10, 20S6, 15σ} , ôÜîçò 120.

Ç õðïïìÜäá ðåñéóôñïöÞò ôçò Ih åßíáé ç ïìÜäá óçìåßïõ
I = {E, 12C5, 12C 2

5 , 20C3, 15C2}, ôÜîçò 60.
ÓöáéñéêÞ ïìÜäá óçìåßïõ Kh. Ç óöáéñéêÞ ïìÜäá óçìåßïõ, Kh, ðåñéÝ÷åé ôéò äéåñãáóßåò

óõììåôñßáò ôçò óöáßñáò, äçëáäÞ ðåñéÝ÷åé Üðåéñï ðëÞèïò áîüíùí Cφ
∞ êáé êÝíôñï óõììåôñßáò i.

Óôçí ïìÜäá óçìåßïõ Kh áíÞêïõí üëá ôá Üôïìá.
Óôïí ðßíáêá 4.1 óõíïøßæïíôáé ìåñéêÝò áðü ôéò éäéüôçôåò ôùí ïìÜäùí óçìåßùí.

3.3.1 Äéáäéêáóßá åýñåóçò ïìÜäáò óçìåßïõ

Ç åýñåóç ôçò ïìÜäáò óçìåßïõ óôçí ïðïßá áíÞêåé Ýíá ìüñéï áðïôåëåß äéáäéêáóßá ðÝíôå
âçìÜôùí.

1) Äéáðéóôþíïõìå áí ôï ìüñéï áíÞêåé óå ìéá áðü ôéò åéäéêÝò ïìÜäåò, C∞v , D∞h, Þ óå
êÜðïéá áðü áõôÝò ìå ðïëëáðëïýò Üîïíåò õøçëÞò ôÜîçò. Ìüíï ãñáììéêÜ ìüñéá ìðïñåß
íá áíÞêïõí óôéò ïìÜäåò C∞v , D∞h. Ïé êõâéêÝò ïìÜäåò T, Th, Td, O êáé Oh áðáéôïýí
ôÝóóåñéò Üîïíåò C3, åíþ ïé I êáé Ih áðáéôïýí äÝêá Üîïíåò C3 êáé Ýîé C5. Ç åýñåóç
áõôþí ôùí ðïëëáðëþí áîüíùí áðïôåëåß ôï êýñéï óôïé÷åßï ôçò áíáæÞôçóçò.

2) Áí ôï ìüñéï äåí áíÞêåé óå åéäéêÞ ïìÜäá ôüôå áíáæçôïýìå Üîïíá óôñïöïêáôïðôñéóìïý. Áí
äåí âñåèåß êáíÝíá åßäïõò Üîïíá, áíáæçôïýìå åðßðåäï áíÜêëáóçò Þ êÝíôñï áíáóôñïöÞò.
Áí âñåèåß ìüíï åðßðåäï, ôüôå ç ïìÜäá åßíáé ç Cs. Áí âñåèåß ìüíï êÝíôñï áíáóôñïöÞò
ôüôå ç ïìÜäá åßíáé ç Ci. Áí äåí âñåèåß êáíÝíá óôïé÷åßï óõììåôñßáò, ç ïìÜäá åßíáé ç C1.

3) Áí âñåèåß Üîïíá óôñïöïêáôïðôñéóìïý Üñôéáò ôÜîçò, áëëÜ äåí âñåèïýí åðßðåäá áíÜ-
êëáóçò Þ Üîïíáò ðåñéóôñïöÞò (åêôüò áðü áõôïýò ðïõ ðñïûðïèÝôåé ç ýðáñîç ôïõ Üîïíá
óôñïöïêáôïðôñéóìïý) ôüôå ç ïìÜäá åßíáé ç Sn. Ç ýðáñîç Üîïíá S4 óõíåðÜãåôáé ôçí
ýðáñîç Üîïíá C2, ôïõ S6 ôçí ýðáñîç Üîïíá C3 êáé ôïõ S8 ôçí ýðáñîç Üîïíá C4 êáé
C2. Ç ýðáñîç ïðïéáóäÞðïôå åðéðëÝïí äéåñãáóßáò óçìáßíåé üôé ç ïìÜäá åßíáé ìéá áðü ôéò
Dn, Dnd Þ Dnh.
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Ðßíáêáò 3.3: Óýíïøç ïìÜäùí óõììåôñßáò

ÏìÜäá Óçìåßïõ ÓçìáíôéêÜ Óôïé÷åßá Óõììåôñßáò ÔÜîç ÏìÜäáò
C1 E 1
Ci i 2
Cs σ 2
Cn Cn n
Sn Sn n
Cnv Cn, σv 2n
Cnh Cn, σh 2n
Dn Cn, ⊥ C2 2n
Dnd Cn, ⊥ C2, σd 4n
Dnh Cn, ⊥ C2, σh 4n
C∞v ãñáììéêÜ ìüñéá ÷ùñßò êÝíôñï áíáóôñïöÞò ∞
D∞v ãñáììéêÜ ìüñéá ìå êÝíôñï áíáóôñïöÞò ∞
Td ôåôñáåäñéêÞ óõììåôñßá 24
Th ôåôñáåäñéêÞ óõììåôñßá, σh 24
Oh ïêôáåäñéêÞ óõììåôñßá 48
Ih åéêïóáåäñéêÞ óõììåôñßá 120
Kh óöáéñéêÞ óõììåôñßá ∞

4) Áí Ý÷ïõìå äéáðéóôþóåé üôé ôï ìüñéï äåí áíÞêåé óå ìéá áðü ôéò ðñïçãïýìåíåò ïìÜäåò,
áíáæçôïýìå ôïí õøçëüôåñçò ôÜîçò Üîïíá ðåñéóôñïöÞò. Áí âñåèïýí ðïëëïß Üîïíáò ßäéáò
ôÜîçò ôüôå äéåñåõíïýìå áí êÜðïéïò áðü áõôïýò äåí ìïéÜæåé ìå ôïõò õðüëïéðïõò. Áí üëïé
ïé Üîïíåò åßíáé üìïéïé, ôüôå åðéëÝãïõìå Ýíáí óôçí ôý÷ç. Ôï êñßóéìï óçìåßï ôþñá åßíáé
íá äéáðéóôþóïõìå áí õðÜñ÷ïõí n Üîïíåò C2 êÜèåôïé ó’ áõôüí. Áí íáé, ðñï÷ùñïýìå óôï
âÞìá 5, áëëéþò ôï ìüñéï áíÞêåé óå ìßá áðü ôéò ïìÜäåò Cn, Cnv Þ Cnh. Áí äåí õðÜñ÷ïõí
Üëëá óôïé÷åßá óõììåôñßáò ðÝñáí ôïõ Üîïíá Cn ôüôå ç ïìÜäá åßíáé ç Cn. Áí õðÜñ÷ïõí
n êÜèåôá åðßðåäá ôüôå ç ïìÜäá åßíáé ç Cnv , åíþ áí õðÜñ÷åé ïñéæüíôéï åðßðåäï ç ïìÜäá
åßíáé ç Cnh.

5) Áí åêôüò ôïõ êõñßïõ Üîïíá Cn õðÜñ÷ïõí n Üîïíåò C2 óå åðßðåäï êÜèåôï óôïí Üîïíá
Cn, ôüôå ôï ìüñéï áíÞêåé óå ìßá áðü ôéò ïìÜäåò Dn, Dnh êáé Dnv . Áí äåí õðÜñ÷ïõí
óôïé÷åßá óõììåôñßáò ðÝñáí ôïõ Üîïíá Cn êáé ôïõò n Üîïíåò C2 ç ïìÜäá åßíáé ç Dn. Áí
õðÜñ÷åé ïñéæüíôéï åðßðåäï óõììåôñßáò ç ïìÜäá åßíáé ç Dnh. Ç ïìÜäá Dnh ðåñéëáìâÜíåé
áðáñáéôÞôùò êáé n êÜèåôá åðßðåäá, ðïõ ðåñéÝ÷ïõí ôïõò Üîïíåò C2. Áí äåí õðÜñ÷ïõí
åðßðåäá σh áëëÜ õðÜñ÷ïõí n êÜèåôá åðßðåäá ðïõ ðåñíïýí ìåôáîý ôùí áîüíùí C2, ç
ïìÜäá åßíáé ç Dnd.

Ç ðáñáðÜíù äéáäéêáóßá óõíïøßæåôáé óôï ó÷Þìá 3.1.

3.4 ÁíáðáñáóôÜóåéò ïìÜäùí óçìåßïõ

Ç Ýííïéá ôçò ïìÜäáò üðùò ôçí ðáñïõóéÜóáìå ùò ôþñá åßíáé ãåíéêÞ. ×ñåéÜæåôáé Ýíáò
ôñüðïò, êáé ðéï óõãêåêñéìÝíá Ýíá ìáèçìáôéêü óýóôçìá, ìå ôï ïðïßï ç èåùñßá ïìÜäùí ìðïñåß
íá âñåé åöáñìïãÞ óôç ìïñéáêÞ óõììåôñßá. Ìðïñïýìå óå êÜèå äéåñãáóßá óõììåôñßáò ìéáò
ïìÜäáò íá áíôéóôïé÷ßóïõìå Ýíáí ìç éäéÜæïí (non-singular)1 ðßíáêá. Ôï óýíïëï ôùí ðéíÜêùí

1¸íáò ôåôñáãùíéêüò ðßíáêáò A êáëåßôáé áíáóôñÝøéìïò Þ ìç-éäéÜæïí, üôáí õðÜñ÷åé ðßíáêáò B ôÝôïéïò þóôå
AB = BA = En , üðïõ En ï ôáõôïôéêüò n × n ðßíáêáò. ¸íáò ðßíáêáò åßíáé áíáóôñÝøéìïò, áí êáé ìüíï áí ç
ïñßæïõóÜ ôïõ åßíáé äéÜöïñç ôïõ ìçäåíüò, det(A) 6= 0.
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Ó÷Þìá 3.1: Äéáäéêáóßá ðÝíôå âçìÜôùí ãéá ôïí ÷áñáêôçñéóìü ôçò óõììåôñßáò ôùí ìïñßùí.

áðïôåëåß äçëáäÞ ìéá ðñáãìÜôùóç ôçò ïìÜäáò [1, 4]. Ïé ðßíáêåò áõôïß óõíäõÜæïíôáé ìå ôñüðï
üìïéï ìå ôïí ïðïßï óõíäõÜæïíôáé ïé äéåñãáóßåò óõììåôñßáò ôçò ïìÜäáò. ¸íá ôÝôïéï óýíïëï
ðéíÜêùí ïíïìÜæåôáé áíáðáñÜóôáóç (representation) ôçò ïìÜäáò, åíþ ëÝìå üôé ïé ðßíáêåò
áõôïß áíáðáñéóôïýí ôá óôïé÷åßá ôçò ïìÜäáò. Óå Ýíá ÷þñï äéÜóôáóçò n ïé ðßíáêåò áõôïß åßíáé
n× n.

Ãéá ôç äçìéïõñãßá ìéáò áíáðáñÜóôáóçò åíüò óôïé÷åßïõ ìéáò ïìÜäáò ÷ñåéÜæåôáé íá åðé-
ëÝîïõìå ìßá âÜóç. Ç âÜóç ìðïñåß íá åßíáé ç âÜóç åíüò äéáíõóìáôéêïý ÷þñïõ, óõíáñôÞóåéò
åíüò óõíáñôçóéáêïý ÷þñïõ ê.á. Áðü ôç äñÜóç ôïõ ôåëåóôÞ óôá óôïé÷åßá ôïõ óõíüëïõ âÜóçò
ðñïêýðôåé ç áíáðáñÜóôáóç ôïõ ôåëåóôÞ (äéåñãáóßá) óõììåôñßáò. Ãéá ðáñÜäåéãìá, óå Ýíáí
ôñéäéÜóôáôï ÷þñï, ç äéåñãáóßá ôçò ôáõôüôçôáò áíáðáñßóôáôáé ùò åîÞò 1 0 0

0 1 0
0 0 1

 ·

 x1

x2

x3

 =

 x1

x2

x3


E · v = v

ç äéåñãáóßá ôçò áíáóôñïöÞò áíáðáñßóôáôáé ùò åîÞò -1 0 0
0 -1 0
0 0 -1

 ·

 x1

x2

x3

 =

 −x1

−x2

−x3


i · v = −v

ç äéåñãáóßá ôçò áíÜêëáóçò áðü åðßðåäï êÜèåôï óôïí Üîïíá-z ùò åîÞò 1 0 0
0 1 0
0 0 -1

 ·

 x1

x2

x3

 =

 x1

x2

−x3


σh · v1 = v2

ç äéåñãáóßá ôçò ðåñéóôñïöÞò ðåñß ôïõ Üîïíá-z êáôÜ ãùíßá θ ùò åîÞò cos(θ) sin(θ) 0
− sin(θ) cos(θ) 0
0 0 1

 ·

 x1

y1

z1

 =

 x2

y2

z2


Cθ · r1 = r2
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åíþ ç äéåñãáóßá ôçò óôñïöïêáôïðôñéóìïý ðåñß ôïõ Üîïíá-z êáôÜ ãùíßá θ ùò åîÞò cos(θ) sin(θ) 0
− sin(θ) cos(θ) 0
0 0 -1

 ·

 x1

y1

z1

 =

 x2

y2

z2


Sθ · r1 = r2

3.4.1 ÁíáãùãÞóéìåò êáé ìç áíáãùãÞóéìåò áíáðáñáóôÜóåéò

Èåþñçìá 3.2 ÊÜèå áíáðáñÜóôáóç T ìéáò ðåðåñáóìÝíçò ïìÜäáò G , ôçò ïðïßáò ïé ðßíáêåò
ìðïñåß íá ìçí åßíáé ìïíáäéáßïé, åßíáé éóïäýíáìç (ìå ôç âïÞèåéá åíüò ìåôáó÷çìáôéóìïý
ïìïéüôçôáò), ìå ìéá áíáðáñÜóôáóç Γ, ìïíáäéáßùí ðéíÜêùí2. ÓõãêåêñéìÝíá, õðÜñ÷åé áíôé-
óôñÝøéìïò ðßíáêáò W ôÝôïéïò þóôå Γ(A) = W−1T (A)W, ∀A ∈ G , ìå Γ(A) ìïíáäéáßïò
ðßíáêáò. Ç áíáðáñÜóôáóç Γ(A) ïíïìÜæåôáé ìïíáäéáßá.

ÅðéëÝãïíôáò êáôÜëëçëç âÜóç ç áíáðáñÜóôáóç ìéáò ïìÜäáò ìðïñåß íá ðÜñåé ôç ìïñöÞ

T (A) =
[
D1(A) 0
X(A) D2(A)

]
(3.1)

üðïõ T (A), D1(A) êáé D2(A) åßíáé ôåôñáãùíéêïß ðßíáêåò ôÜîçò n, m êáé n−m áíôßóôïé÷á,
åíþ ïX(A) åßíáé ôýðïõ (n−m)×m. Ïé ðßíáêåòD1 êáéD2 ïñßæïõí äýï íÝåò áíáðáñáóôÜóåéò
ôçò ïìÜäáò G ìéêñüôåñùí äéáóôÜóåùí, m êáé n − m áíôßóôïé÷á. Ç ìïñöÞ (3.1) áðïôåëåß
áíáãùãÞóéìç áíáðáñÜóôáóç (reducible representation) ôçò ïìÜäáò.

ÅÜí Γ(A) ç éóïäýíáìç ìïíáäéáßá áíáðáñÜóôáóç ôçò áíáðáñÜóôáóçò T , ôüôå áõôïß èá
Ý÷ïõí ôçí ìïñöÞ

Γ(A) =
[
S1(A) 0

0 S2(A)

]
(3.2)

üðïõ ïé ðßíáêåò S1 = {S1(E), S1(A), . . . } êáé S2 = {S2(E), S2(A), . . . } åßíáé ìïíáäéáßïé êáé
åßíáé éóïäýíáìïé ôùí D1 êáé D2.

Óôçí ðåñßðôùóç ðïõ ïé áíáðáñáóôÜóåéò S1 êáé S2 åßíáé êáé áõôÝò áíáãùãÞóéìåò ôüôå ç
äéáäéêáóßá ìðïñåß íá óõíå÷éóôåß ìÝ÷ñé íá êáôáëÞîïõìå óôç ìïñöÞ

Γ(A) =


Γ1(A)

Γ2(A)
. . .

Γs(A)

 (3.3)

óôçí ïðïßá ïé áíáðáñáóôÜóåéò Γ1, Γ2, . . . , Γs äåí åßíáé áíáãùãÞóéìåò êáé ïíïìÜæïíôáé
ìç áíáãùãÞóéìåò áíáðáñáóôÜóåéò (irreducible representations, irrep) ôçò ïìÜäáò G êáé ç
áíáðáñÜóôáóç T , ðëÞñùò áíçãìÝíç (fully reduced).

Ðßíáêåò ôçò ìïñöÞò (3.3) ëÝìå üôé åßíáé ÷ùñéóìÝíïé óå ôïìÝò êáôÜ ìÞêïò ôçò äéáãùíßïõ
(block diagonal form). Óôïõò ðßíáêåò áõôïýò , üëá ôá óôïé÷åßá ðïõ äåí ðåñéÝ÷ïíôáé óôïõò
ôïìåßò éóïýíôáé ìå ìçäÝí. Ç ó÷Ýóç (3.3) ìáò ëÝåé üôé ç áíáðáñÜóôáóç Γ(A) éóïýôáé ìå ôï åõèý
Üèñïéóìá (direct sum) ôùí ìç áíáãùãÞóéìùí áíáðáñáóôÜóåùí

Γ(A) =
⊕

i

Γi(A) = Γ1(A)⊕ Γ2(A)⊕ · · · ⊕ Γs(A) (3.4)

2¸íáò ðßíáêáò U ïíïìÜæåôáé ìïíáäéáßïò (unitary) üôáí ï óõæõãïáíÜóôñïöïò éóïýôáé ìå ôïí áíôßóôñïöü ôïõ,
äçë. U† = U−1, U†U = E . ¸íáò ìïíáäéáßïò ðßíáêáò ìå ðñáãìáôéêÜ óôïé÷åßá ïíïìÜæåôáé êáé ïñèïãþíéïò. Ïé
ìïíáäéáßïé ðßíáêåò äéáôçñïýí ôï åóùôåñéêü ãéíüìåíï äýï äéáíõóìÜôùí, äçë. 〈Ux, Uy〉 = 〈x, y〉
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Ùò ãåíéêü ðáñÜäåéãìá ôùí ðáñáðÜíù ìðïñïýìå íá èåùñÞóïõìå ôçí áíáðáñÜóôáóç ìéáò
ïìÜäáò (èá ìðïñïýóå íá åßíáé ãéá ðáñÜäåéãìá ç ïìÜäá óçìåßïõ C3v) êáé ôéò áíáðáñáóôÜóåéò
ôñéþí äéåñãáóéþí A, B êáé C ïé ïðïßåò ðëçñïýí ôç ó÷Ýóç A ·B = C (ç ïðïßá èá ðñïêýðôåé
áðü ôïí ðßíáêá ðïëëáðëáóéáóìïý ôçò ïìÜäáò). Ìå Ýíáí ìåôáó÷çìáôéóìü ïìïéüôçôáò ìåôá-
öåñüìáóôå óå ìéá Üëëç áíáðáñÜóôáóç ôçò ïðïßáò ïé ðßíáêåò åßíáé óå äéáãþíéá ìïñöÞ êáôÜ
ôïìåßò, ôïõò A′, B′ êáé C′, ãéá ôïõò ïðïßïõò éó÷ýåé üôé A′ ·B′ = C′ A1

A2

A3

 ·
 B1

B2

B3

 =

 C1

C2

C3

 (3.5)

Ôüôå èá éó÷ýåé üôé C1 = A1 ·B1, C2 = A2 ·B2 êáé C3 = A3 ·B3.
Ìéá ÷ñÞóéìç ðïóüôçôá åßíáé ï ÷áñáêôÞñáò (character) ìéáò áíáðáñÜóôáóçò ðïõ ïñßæåôáé

ùò ôï ß÷íïò (trace) 3 ôïõ ðßíáêá.

3.4.2 Ôá ÈåùñÞìáôá ïñèïãùíéüôçôáò

¼ëåò ïé éäéüôçôåò ôùí áíáðáñáóôÜóåùí ôùí ïìÜäùí óçìåßïõ êáé ôùí ÷áñáêôÞñùí
ðçãÜæïõí áðü Ýíá âáóéêü èåþñçìá ãíùóôü ùò ÌåãÜëï Èåþñçìá Ïñèïãùíéüôçôáò, ðïõ
äéáôõðþíåôáé ìáèçìáôéêþò ùò åîÞò

Èåþñçìá 3.3 ÌåãÜëï Èåþñçìá Ïñèïãùíéüôçôáò. ¸óôù ìéá ïìÜäá ôÜîçò h, R ôá
óôïé÷åßá ôçò (äéåñãáóßåò óõììåôñßáò) êáé Γ(l) ìéá ìç áíáãùãÞóéìç áíáðáñÜóôáóÞ ôçò
ôÜîçò l, ôüôå éó÷ýåé üôé∑

R

[Γi(R)mn] [Γj(R)m′n′ ]
∗ =

h√
lilj

δijδmm′δnn′ (3.6)

üðïõ, R, ïé äéåñãáóßåò óõììåôñßáò ôçò ïìÜäáò.
Γi(R), ç i-éïóôÞ ìç áíáãùãÞóéìç áíáðáñÜóôáóç ôçò äéåñãáóßáò R.
Γi(R)mn, ôï óôïé÷åßï ðßíáêá óôç ãñáììÞ m êáé óôÞëç n ôïõ ðßíáêá ôçò Γi(R).
h, ç ôÜîç ôçò ïìÜäáò óçìåßïõ.
li, ç äéÜóôáóç ôçò i-éïóôÞ ìç áíáãùãÞóéìçò áíáðáñÜóôáóçò.

Ôï áóôåñÜêé óõìâïëßæåé ôç ìéãáäéêÞ óõæõãÞ áíáðáñÜóôáóç.
Áõôü óçìáßíåé üôé óå Ýíá óýíïëï ðéíÜêùí ðïõ áðïôåëïýí ìç áíáãùãÞóéìç áíá-

ðáñÜóôáóç ïðïéïäÞðïôå óýíïëï áíôßóôïé÷ùí óôïé÷åßùí ðßíáêá (Ýíá áðü êÜèå ðßíáêá)
óõìðåñéöÝñåôáé ùò óõíéóôþóåò äéáíýóìáôïò óå Ýíáí h-äéÜóôáôï ÷þñï, Ýôóé þóôå ôá äéá-
íýóìáôá áõôÜ íá åßíáé ïñèïãþíéá ìåôáîý ôïõò êáé êáíïíéêïðïéçìÝíá þóôå ôï ôåôñÜãùíï
ôïõ ìÝôñïõ ôïõò íá éóïýôáé ìå h/li.

Áðü ôï èåþñçìá ïñèïãùíéüôçôáò ðñïêýðôïõí ðÝíôå óçìáíôéêÝò éäéüôçôåò ôùí ìç áíáãù-
ãÞóéìùí áíáðáñáóôÜóåùí êáé ôùí ÷áñáêôÞñùí ôïõò, ïé åîÞò:

1) Ôï ðëÞèïò ôùí ìç áíáãùãÞóéìùí áíáðáñáóôÜóåùí ìéáò ïìÜäáò óçìåßïõ éóïýôáé ìå ôï
ðëÞèïò ôùí êëÜóåùí ôçò ïìÜäáò.

2) Ôï Üèñïéóìá ôùí ôåôñáãþíùí ôùí äéáóôÜóåùí ôùí ìç áíáãùãÞóéìùí áíáðáñáóôÜóåùí
ìéáò ïìÜäáò éóïýôáé ìå ôçí ôÜîç ôçò ïìÜäáò∑

i

l2i = l1 + l2 + · · · = h (3.7)

3Ôï ß÷íïò åíüò ðßíáêá åßíáé ôï Üèñïéóìá ôùí äéáãþíéùí óôïé÷åßùí ôïõ.



3.4 ÁíáðáñáóôÜóåéò ïìÜäùí óçìåßïõ 53

ç ïðïßá ìðïñåß åðßóçò íá ãñáöåß êÜíïíôáò ÷ñÞóç ôïõ ÷áñáêôÞñá ôçò i-éïóôÞò áíáðá-
ñÜóôáóçò ôçò ôáõôüôçôáò E , ùò åîÞò:∑

i

[χi(E)]2 = h (3.8)

3) Ôï Üèñïéóìá ôùí ôåôñáãþíùí ôùí ÷áñáêôÞñùí óå ïðïéáäÞðïôå ìç áíáãùãÞóéìç
áíáðáñÜóôáóç éóïýôáé ìå ôçí ôÜîç ôçò ïìÜäáò:∑

R

[χi(R)]2 = h (3.9)

4) Ôá äéáíýóìáôá ôùí ïðïßùí óõíéóôþóåò åßíáé ïé ÷áñáêôÞñåò äýï äéáöïñåôéêþí ìç
áíáãùãÞóéìùí áíáðáñáóôÜóåùí åßíáé ïñèïãþíéá:∑

R

χi(R)χj(R) = 0 (3.10)

5) Óå äåäïìÝíç áíáðáñÜóôáóç (áíáãùãÞóéìç Þ ìç áíáãùãÞóéìç) ïé áíáðáñáóôÜóåéò ôùí
ôåëåóôþí óõììåôñßáò ðïõ áíÞêïõí óôçí ßäéá êëÜóçò Ý÷ïõí ßäéï ÷áñáêôÞñá.

Ìéá ðéï áóèåíÞò ìïñöÞ ôïõ èåùñÞìáôïò ïñèïãùíéüôçôáò ðñïêýðôåé èÝôïíôáò m = n êáé
m′ = n′ êáé áèñïßæïíôáò ôá äéáãþíéá óôïé÷åßá, ïðüôå Ý÷ïõìå

∑
m,m′

∑
R

[Γi(R)mm] [Γj(R)m′m′ ]∗ =
∑
m,m′

(
h√
lilj

)
δijδmm′δmm′

∑
R

{∑
m

Γi(R)mm

}{∑
m′

Γj(R)∗m′m′

}
=

h√
lilj

δij

∑
m

δmm

áð’ üðïõ ðñïêýðôåé ôï Ìéêñü Èåþñçìá Ïñèïãùíéüôçôáò, ðïõ åêöñÜæåôáé áðü ôç ó÷Ýóç:∑
R

χi(R)χj(R)∗ = hδij (3.11)

3.4.3 Ðßíáêåò ÷áñáêôÞñùí

Ïé ÷áñáêôÞñåò ôùí áíáðáñáóôÜóåùí åßíáé áíåîÜñôçôåò ôçò âÜóçò ðïõ Ý÷åé ÷ñçóéìï-
ðïéçèåß ãéá ôçí êáôáóêåõÞ ôçò áíáðáñÜóôáóçò. Ïé ÷áñáêôÞñåò ôùí ìç áíáãùãÞóéìùí
áíáðáñáóôÜóåùí åßíáé áõôïß ðïõ ÷ñçóéìïðïéïýíôáé óå ðñïâëÞìáôá ìïñéáêÞò óõììåôñßáò.

Ï õðïëïãéóìüò ôùí ÷áñáêôÞñùí ôùí áíáðáñáóôÜóåùí ìðïñåß íá ãßíåé âÜóåé ôùí ðÝíôå
éäéïôÞôùí ðïõ áíáöÝñáìå ðñïçãïõìÝíùò. ¼ìùò, äåí áðáéôåßôáé ï õðïëïãéóìüò ôïõò êáèþò ïé
÷áñáêôÞñåò ôùí ìç áíáãùãÞóéìùí áíáðáñáóôÜóåùí äßíïíôáé óå ðßíáêåò ÷áñáêôÞñùí ôùí
ïìÜäùí óçìåßïõ. Ïé ðßíáêåò áõôïß ìðïñïýí íá âñåèïýí óå ïðïéïäÞðïôå âéâëßï áó÷ïëåßôáé ìå
ìïñéáêÞ óõììåôñßá.

Ãéá ðáñÜäåéãìá, ï ðßíáêáò ÷áñáêôÞñùí ôçò ïìÜäáò óçìåßïõ C3v äßíåôáé óôï ðßíáêá (3.4).
Ðáñáôçñïýìå üôé äéåñãáóßåò óõììåôñßáò ôçò ßäéáò êëÜóçò Ý÷ïõí ßóïõò ÷áñáêôÞñåò, óå êÜèå
ìç áíáãùãÞóéìç áíáðáñÜóôáóç. Óôç óõìðôõãìÝíç ìïñöÞ ôïõ ï óõìâïëéóìüò 2C3 óçìáßíåé üôé
ç êëÜóç ðåñéÝ÷åé äýï äéåñãáóßåò óõììåôñßáò.

Óôïí ðßíáêá 3.5 äßíåôáé ï ðëÞñçò ðßíáêáò ÷áñáêôÞñùí ôçò ïìÜäáò óçìåßïõ C4v . Ç ìïñöÞ
áõôÞ åßíáé ÷ùñéóìÝíç óå ôÝóóåñéò ðåñéï÷Ýò.

Óôçí ðñþôç ðåñéï÷Þ âñßóêïíôáé ôá ïíüìáôá ôùí ìç áíáãùãÞóéìùí áíáðáñáóôÜóåùí (Þ
áëëéþò ôá âáóéêÜ ðñüôõðá óõììåôñßáò ôçò ïìÜäáò), ãíùóôÜ ùò óýìâïëá Mulliken. Ôá
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Ðßíáêáò 3.4: Óôïé÷åéþäçò êáé óõìðôõãìÝíïò ðßíáêáò ÷áñáêôÞñùí ôçò ïìÜäáò óçìåßïõ C3v

C3v E C3 C2
3 σv σv

′ σv
′′

Γ1 1 1 1 1 1 1
Γ2 1 1 1 -1 -1 -1
Γ3 2 -1 -1 0 0 0

C3v E 2C3 3σv

Γ1 1 1 1
Γ2 1 1 -1
Γ3 2 -1 0

ãñÜììáôá ðïõ ÷ñçóéìïðïéïýíôáé åßíáé ôá A, B, E êáé T (Þ ìåñéêÝò öïñÝò F , óå ðñïâëÞìáôá
äïíÞóåùí). Ïé A êáé B åßíáé ìïíïäéÜóôáôåò, ç E äéäéÜóôáôç êáé ç T ôñéäéÜóôáôç. Ç äéÜóôáóç
ìéáò ìç áíáãùãÞóéìçò áíáðáñÜóôáóçò öáßíåôáé êáé áðü ôïí ÷áñáêôÞñá ôçò äéåñãáóßáò
ôáõôüôçôáò E . Ç äéáöïñÜ ìåôáîý ôùí A êáé B åßíáé üôé ï ÷áñáêôÞñáò ôçò êõñßáò äéåñãáóßáò
ðåñéóôñïöÞò Cn, åßíáé ðÜíôá +1 ãéá ôï A êáé -1 ãéá ôï B. Ïé äåßêôåò 1, 2, 3, êôë. ìðïñïýí
íá èåùñçèïýí áõèáßñåôïé. Ïé áíáðáñáóôÜóåéò ìå äåßêôç g åßíáé óõììåôñéêÝò ùò ðñïò ôçí
áíáóôñïöÞ (inversion) åíþ ìå äåßêôç u áíôéóõììåôñéêÝò. Ïé äåßêôåò áõôïß ðñïÝñ÷ïíôáé áðü
ôéò ãåñìáíéêÝò ëÝîåéò gerade ðïõ óçìáßíåé Üñôéï êáé ungerade ðïõ óçìáßíåé ðåñéôôü. ¼ôáí ìéá
áíáðáñÜóôáóç öÝñåé Ýíáí Þ äýï ôüíïõò ′ êáé ′′ ôüôå åßíáé óõììåôñéêÞ Þ áíôéóõììåôñéêÞ ùò
ðñïò ôçí áíÜêëáóç áðü åðßðåäï áíôßóôïé÷á. Óå êÜèå ïìÜäá óçìåßïõ õðÜñ÷åé ç áíáðáñÜóôáóç
ðïõ Ý÷åé üëïõò ôïõò ÷áñáêôÞñåò ßóïõò ìå +1, ãéá ðáñÜäåéãìá ç áíáðáñÜóôáóç A1 ôçò
ïìÜäáò óçìåßïõ C2v . Ç áíáðáñÜóôáóç áõôÞ ïíïìÜæåôáé ïëéêþò óõììåôñéêÞ ìç áíáãùãÞóéìç
áíáðáñÜóôáóç (totaly symmetric irrep) Þ ïëéêþò óõììåôñéêü âáóéêü ðñüôõðï óõììåôñßáò.

Óôç äåýôåñç ðåñéï÷Þ âñßóêïíôáé ïé ÷áñáêôÞñåò ôùí ìç áíáãùãÞóéìùí áíáðáñáóôÜóåùí
(âáóéêþí ðñïôýðùí óõììåôñßáò).

Óôéò õðüëïéðåò ôñåéò ðåñéï÷Ýò âñßóêïíôáé óõíáñôÞóåéò óôéò ïðïßåò üôáí äñÜóïõí ïé
äéåñãáóßåò óõììåôñßáò áõôÝò ìåôáó÷çìáôßæïíôáé óýìöùíá ìå ôïõò ÷áñáêôÞñåò ôçò áíôßóôïé÷çò
ìç áíáãùãÞóéìçò áíáðáñÜóôáóçò. Ãéá ðáñÜäåéãìá, ç äñÜóç ôùí ôåëåóôþí ôçò ïìÜäáò C4v

óôç óõíÜñôçóç x2 − y2 ôç ìåôáó÷çìáôßæåé ùò +1, -1, +1, +1, -1, ðïõ äåí åßíáé ôßðïôá Üëëï
áðü ôïõò ÷áñáêôÞñåò ôçò áíáðáñÜóôáóçò B1. ËÝìå ôüôå üôé ç óõíÜñôçóç x2 − y2 áðïôåëåß
âÜóç ôçò áíáðáñÜóôáóçò B1 Þ üôé ìåôáó÷çìáôßæåôáé ùò B1. Ôá áôïìéêÜ ôñï÷éáêÜ óôïí
óõìâïëéóìü ôïõò öÝñïõí ôéò óõíáñôÞóåéò áõôÝò êáé Ý÷ïõí ôéò ßäéåò éäéüôçôåò óõììåôñßáò áõôÝò.
Ãéá ðáñÜäåéãìá, óôçí ôÝôáñôç óôÞëç âñßóêïõìå ôç óõíÜñôçóç x2 − y2, ðïõ Ý÷åé ôçí ßäéá
óõììåôñßá ìå ôï áôïìéêü ôñï÷éáêü dx2−y2 ôï ïðïßï óõíåðþò áíôéóôïé÷åß óôç B1. Óôçí ôÝôáñôç
óôÞëç ðåñéÝ÷ïíôáé ôá ôåôñÜãùíá êáé äõáäéêÜ ãéíüìåíá êáé ðÝìðôç óôÞëç ðåñéÝ÷ïíôáé ïé
ôñßôåò äõíÜìåéò êáé ôá ôñéðëÜ ãéíüìåíá.

Ìéá ÷ñÞóéìç ðñïÝêôáóç ôùí ðáñáðÜíù óõìâïëéóìþí åßíáé ç ÷ñÞóç êåöáëáßùí ãñáì-
ìÜôùí óôçí ðåñßðôùóç ðïëõçëåêôñïíéêþí êõìáôïóõíáñôÞóåùí êáé ðåæþí ãñáììÜôùí óôçí
ðåñßðôùóç áôïìéêþí ôñï÷éáêþí (êõìáôïóõíáñôÞóåéò åíüò çëåêôñïíßïõ). Ãéá ðáñÜäåéãìá,
áôïìéêÜ ôñï÷éáêÜ èá óõìâïëßæïíôáé ùò a1g , b2u, eg , êôë.

Ðßíáêáò 3.5: ÐëÞñçò ðßíáêáò ÷áñáêôÞñùí ôçò ïìÜäáò óçìåßïõ C4v

C4v E 2C4 C2 2σv 2σd

A1 1 1 1 1 1 z x2 + y2, z2 z3

A2 1 1 1 -1 -1 Rz

B1 1 -1 1 1 -1 x2 − y2 z(x2 − y2)
B2 1 -1 1 -1 1 xy xyz
E 2 0 -1 0 0 (x, y),(Rx, Ry) (xy, yx) (xz2, yz2),[x(x2 − 3y2), y(3x2 − y2)]

Óôéò ïìÜäåò óçìåßïõ C∞v êáé D∞h áêïëïõèåßôáé äéáöïñåôéêüò óõìâïëéóìüò ãéá ôéò
ìç áíáãùãÞóéìåò áíáðáñáóôÜóåéò. ÓõãêåêñéìÝíá, áíôß ôùí óõìâüëùí A, B, E êáé T
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÷ñçóéìïðïéïýíôáé ôá åëëçíéêÜ ãñÜììáôá Σ, Π, ∆, Φ, Γ ê.o.ê. Ïé Σ áíáðáñáóôÜóåéò åßíáé
ìïíïäéÜóôáôåò åíþ üëåò ïé õðüëïéðåò äéäéÜóôáôåò. Ç Σ+ ≡ A1, åíþ Σ− ≡ A2.

3.4.4 ÁíÜëõóç áíáãùãÞóéìùí áíáðáñáóôÜóåùí êáé åõèý ãéíüìåíï

Óôçí åöáñìïãÞ ôçò èåùñßáò ïìÜäùí óå ðñïâëÞìáôá ÷çìåßáò êáé ìïñéáêÞò öõóéêÞò óõ-
íÞèùò åìöáíßæïíôáé ÷áñáêôÞñåò áíáãùãÞóéìùí áíáðáñáóôÜóåùí ôéò ïðïßåò êáëïýìáóôå íá
ìåôáó÷çìáôßóïõìå óå Üèñïéóìá ìç áíáãùãÞóéìùí áíáðáñáóôÜóåùí. Ç ìÝèïäïò ðïõ Ý÷ïõìå
áíáöÝñåé ùò ôþñá áöïñÜ ôçí åýñåóç êáôÜëëçëïõ ìåôáó÷çìáôéóìïý ïìïéüôçôáò ðïõ ìåôáôñÝðåé
ôçí áíáãùãÞóéìç áíáðáñÜóôáóç óå äéáãþíéá êáôÜ ôïìåßò ìïñöÞ (block diagonal). Óôçí ðñÜîç
åñãáæüìáóôå ìå ôïõò ÷áñáêôÞñåò ôçò áíáãùãÞóéìçò êáé ôùí ìç áíáãùãÞóéìùí áíáðáñáóôÜ-
óåùí êáé ÷ñçóéìïðïéïýìå ìéá ó÷Ýóç ðïõ åßíáé óõíÝðåéá ôïõ èåùñÞìáôïò ïñèïãùíéüôçôáò. Ç
ó÷Ýóç (3.12) ÷ñçóéìïðïéåßôáé ëïéðüí ãéá ôçí áíÜëõóç ìéáò áíáãùãÞóéìçò áíáðáñÜóôáóçò Γred

óå Üèñïéóìá ìç áíáãùãÞóéìùí

ai =
1
h

∑
R

(
χR · χR

i · CR
)

(3.12)

üðïõ, ai, ðüóåò öïñÝò åìöáíßæåôáé ç ìç áíáãùãÞóéìç áíáðáñÜóôáóç Γi, óôçí áíáãùãÞóéìç
áíáðáñÜóôáóç Γred.

h, ç ôÜîç ôçò ïìÜäáò.
R, ìéá äéåñãáóßá óõììåôñßáò ôçò ïìÜäáò.
χR, ï ÷áñáêôÞñáò ôçò äéåñãáóßáò R óôçí áíáãùãÞóéìç áíáðáñÜóôáóç Γred.
χR

i , ï ÷áñáêôÞñáò ôçò äéåñãáóßáò R óôçí ìç áíáãùãÞóéìç áíáðáñÜóôáóç Γi.
CR, ï áñéèìüò ôùí ìåëþí ôçò ôÜîçò ðïõ áíÞêåé ç äéåñãáóßá R.

Ãéá ðáñÜäåéãìá, èåùñïýìå üôé åñãáæüìáóôå óôçí ïìÜäá óçìåßïõ C3v ôçò ïðïßá ï ðßíáêáò
÷áñáêôÞñùí äßíåôáé óôïí ðßíáêá 3.5 êáé Ý÷ïõìå âñåé üôé ç áíáãùãÞóéìç áíáðáñÜóôáóç Γred

Ý÷åé ÷áñáêôÞñåò 12, 0, 2. Ç ïìÜäá áõôÞ Ý÷åé ôÜîç 6. Åöáñìüæïõìå ôç ó÷Ýóç (3.12) ãéá íá
áíáëýóïõìå ôçí Γred óå Üèñïéóìá ìç áíáãùãÞóéìùí áíáðáñáóôÜóåùí ôçò C3v

aA1 = (1/6) [12× 1× 1 + 0× 1× 2 + 2× 1× 3] = 3
aA2 = (1/6) [12× 1× 1 + 0× 1× 2 + 2× (−1)× 3] = 1
aE = (1/6) [12× 2× 1 + 0× (−1)× 2 + 2× 0× 3] = 4

óõíåðþò, ç áíáðáñÜóôáóç Γred ãñÜöåôáé

Γred = 3A1 +A2 + 4E

C3v E 2C3 3σv

A1 1 1 1
A2 1 1 -1
E 2 -1 0

Γred 12 0 2

Ðïëý óõ÷íÜ ÷ñåéÜæåôáé íá óõíäõÜóïõìå êõìáôïóõíáñôÞóåéò ðïõ êéíïýíôáé óå äéáöïñåôé-
êïýò ÷þñïõò ðñïêåéìÝíïõ íá ó÷çìáôßóïõìå ôçí êõìáôïóõíÜñôçóç ôïõ óõóôÞìáôïò. ÔÝôïéá
ðåñßðôùóç åßíáé ï ó÷çìáôéóìüò ôïõ spin-ôñï÷éáêïý åíüò çëåêôñïíéáêïý óõóôÞìáôïò áðü ôçí
÷ùñéêÞ êõìáôïóõíÜñôçóç êáé ôçí êõìáôïóõíÜñôçóç spin. ¢ëëç ðåñßðôùóç åßíáé ï ó÷ç-
ìáôéóìüò ôçò ïëéêÞò êõìáôïóõíÜñôçóçò åíüò ìïñßïõ üôáí ç çëåêôñïíéêÞ êáôÜóôáóÞ ôïõ
ðåñéãñÜöåôáé áðü ôçí êõìáôïóõíÜñôçóç ψe åíþ óõã÷ñüíùò âñßóêåôáé óå ìéá êáôÜóôáóç
äüíçóçò ðïõ ðåñéãñÜöåôáé áðü ôçí êõìáôïóõíÜñôçóç ψv . Óôá äýï áõôÜ ðáñáäåßãìáôá ç
ïëéêÞ êõìáôïóõíÜñôçóç ðñïêýðôåé áðü ôï åõèý ãéíüìåíï ôùí åðéìÝñïõò êõìáôïóõíáñôÞ-
óåùí. ¸óôù A ðßíáêáò m× n êáé B ðßíáêáò p× q, ôüôå ôï åõèý ãéíüìåíü ôïõò, ãíùóôü ùò
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ãéíüìåíï Kronecker, A⊗B èá åßíáé ðßíáêáò mp× nq

A⊗B =

a11B · · · a1nB
...

. . .
...

am1B · · · amnB

 (3.13)

Þ ðéï áíáëõôéêÜ

A⊗B =



a11b11 a11b12 · · · a11b1q · · · · · · a1nb11 a1nb12 · · · a1nb1q

a11b21 a11b22 · · · a11b2q · · · · · · a1nb21 a1nb22 · · · a1nb2q
...

...
. . .

...
...

...
. . .

...
a11bp1 a11bp2 · · · a11bpq · · · · · · a1nbp1 a1nbp2 · · · a1nbpq
...

...
...

. . .
...

...
...

...
...

...
. . .

...
...

...
am1b11 am1b12 · · · am1b1q · · · · · · amnb11 amnb12 · · · amnb1q

am1b21 am1b22 · · · am1b2q · · · · · · amnb21 amnb22 · · · amnb2q
...

...
. . .

...
...

...
. . .

...
am1bp1 am1bp2 · · · am1bpq · · · · · · amnbp1 amnbp2 · · · amnbpq



(3.14)

Ïé êõìáôïóõíáñôÞóåéò ðïõ ðñïêýðôïõí óå ðñïâëÞìáôá ìïñéáêÞò óõììåôñßáò öÝñïõí ôá
âáóéêÜ ðñüôõðá óõììåôñßáò äçëáäÞ áðïôåëïýí âÜóåéò áíáðáñáóôÜóåùí ôçò ïìÜäáò óçìåßïõ.
Ôá åõèÝá ãéíüìåíá áõôþí åýêïëá áðïäåéêíýåôáé üôé åðßóçò áðïôåëïýí âÜóç ãéá áíáðáñÜóôáóç
ôçò ïìÜäáò. ÁõôÝò ìðïñåß íá åßíáé åßôå áíáãùãÞóéìåò åßôå ìç áíáãùãÞóéìåò Ãéá íá âñïýìå
ôïõò ÷áñáêôÞñåò ôùí áíáðáñáóôÜóåùí áõôþí áñêåß íá ðïëëáðëáóéÜóïõìå ôïõò ÷áñáêôÞñåò
ôùí âáóéêþí ðñïôýðùí óõììåôñßáò ðïõ öÝñïõí ïé êõìáôïóõíáñôÞóåéò áõôÝò. Óôïí ðßíáêá 3.6
ðáñáèÝôïõìå ðáñÜäåéãìá åõèÝùí ãéíïìÝíùí óôçí ïìÜäá óçìåßïõD3. Áîßæåé íá ðáñáôçñÞóïõìå
üôé êÜðïéá áðü ôá åõèÝá ãéíüìåíá óôïí ðßíáêá áõôü åßíáé áíáãùãÞóéìá, åíþ Üëëá åßíáé ìç
áíáãùãÞóéìá

Ðßíáêáò 3.6: Ðáñáäåßãìáôá åõèÝùí ãéíïìÝíùí ôçò ïìÜäáò óçìåßïõ D3

D3 E 2C4 C2

A1 1 1 1
A2 1 1 -1
E 2 -1 0

A1 × E = E 2 -1 0
A2 × E = E 2 -1 0

E × E = A1 +A2 + E 4 1 0
A2 ×A2 = A1 1 1 1

3.5 ÅöáñìïãÝò ôçò ìïñéáêÞò óõììåôñßáò

Óôï óçìåßï áõôü ðáñïõóéÜæïõìå óõíïðôéêÜ ôéò ðéï óçìáíôéêÝò åöáñìïãÝò ôçò ìïñéáêÞò
óõììåôñßáò.
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3.5.1 ÄéðïëéêÞ ñïðÞ

ÐïëëÜ ìüñéá, ëüãù ôçò êáôáíïìÞò öïñôßùí óå áõôÜ, åìöáíßæïíôáé íá Ý÷ïõí ìüíéìç
çëåêôñéêÞ äéðïëéêÞ ñïðÞ (permanent electric dipole moment), µ. Ç çëåêôñéêÞ äéðïëéêÞ ñïðÞ
ìéáò êáôáíïìÞò öïñôßùí qi äßíåôáé áðü ôçí ó÷Ýóç

µ =
∑

i

qiri (3.15)

êáé åßíáé äéáíõóìáôéêü ìÝãåèïò.
Ôï äéÜíõóìá ôçò ìüíéìçò çëåêôñéêÞò äéðïëéêÞò ñïðÞò åíüò ìïñßïõ äåí ìåôáâÜëëåôáé

üôáí äñÜóåé ó’ áõôü ìéá äéåñãáóßá óõììåôñßáò, áöïý ç íÝá äéáìüñöùóç åßíáé éóïäýíáìç ôçò
áñ÷éêÞò. Ãéá ôï ëüãï áõôü, üôáí Ýíá ìüñéï Ý÷åé Üîïíá óõììåôñßáò ôï äéÜíõóìá çëåêôñéêÞò
äéðïëéêÞò ñïðÞò èá âñßóêåôáé ðÜíù óôïí Üîïíá (åÜí äåí Þôáí ðÜíù óôïí Üîïíá, ôüôå óôç íÝá
äéáìüñöùóç èá åß÷å Üëëç äéåýèõíóç). Óôçí ðåñßðôùóç ðïõ ôï ìüñéï äéáèÝôåé ðïëëïýò Üîïíåò
óõììåôñßáò ôüôå ôï ìüñéï äåí åìöáíßæåé çëåêôñéêÞ äéðïëéêÞ ñïðÞ, äçëáäÞ µ = 0, áöïý äåí
åßíáé äõíáôüí ôï äéÜíõóìá µ íá âñßóêåôáé ôáõôü÷ñïíá óå ðïëëïýò Üîïíåò. Ðáñáäåßãìáôá
áðïôåëïýí ôï ìüñéï ôïõ ìåèáíßïõ êáé ôïõ ôåôñá÷ëùñÜíèñáêá CCl4, ôá ïðïßï Ý÷ïõí ôåôñáåäñéêÞ
óõììåôñßá, Td, êáé äåí Ý÷ïõí ìüíéìç çëåêôñéêÞ äéðïëéêÞ ñïðÞ.

Áí ôï ìüñéï Ý÷åé åðßðåäï óõììåôñßáò ôüôå ôï äéÜíõóìá ôçò äéðïëéêÞò ñïðÞò èá âñßóêåôáé
ðÜíù óå áõôü. Áí Ý÷åé ðåñéóóüôåñá ôïõ åíüò åðßðåäá óõììåôñßáò ôüôå èá âñßóêåôáé ðÜíù óôçí
ôïìÞ ôùí åðéðÝäùí.

Áí ôï ìüñéï Ý÷åé êÝíôñï áíáóôñïöÞò ôüôå ç çëåêôñéêÞ äéðïëéêÞ ñïðÞ åßíáé ìçäÝí, µ = 0,
áöïý ç áíáóôñïöÞ èá Üëëáæå ôç äéåýèõíóç ôïõ äéáíýóìáôïò óôçí áíôßèåôç ðåñßðôùóç.

3.5.2 ÏðôéêÞ åíåñãüôçôá

OðôéêÞ åíåñãüôçôá åßíáé ôï öáéíüìåíï êáôÜ ôï ïðïßï üôáí ãñáììéêÜ ðïëùìÝíï öùò
äéÝñ÷åôáé áðü ïñéóìÝíåò ïõóßåò óôñÝöåôáé ôï åðßðåäï ðüëùóÞò ôïõ. Ïé ïõóßåò óôéò ïðïßåò
óõìâáßíåé áõôü ïíïìÜæïíôáé ïðôéêÜ åíåñãÝò. Ôá ïðôéêþò åíåñãÜ ìüñéá óõíáíôþíôáé óå
äýï óôåñåïúóïìåñåßò ìïñöÝò ïé ïðïßåò åßíáé êáôïðôñéêÜ åßäùëá ìåôáîý ôïõò ôÝôïéá ðïõ äåí
õðåñôßèåôáé ôï Ýíá ðÜíù óôï Üëëï (÷åéñüìïñöá, chiral). Ôá ìüñéá áõôÜ êáëïýíôáé êáé ïðôéêÜ
éóïìåñÞ. ÐáñÜäåéãìá ôÝôïéáò ïõóßáò åßíáé ôï âñïìï÷ëùñïöèïñïìåèÜíéï CHFClBr.

Ç óõììåôñßá åíüò ìüñéï åßíáé êáèïñéóôéêÞ óôïí ÷áñáêôçñéóìü ôïõ ìïñßïõ ùò ïðôéêþò
åíåñãü Þ áíåíåñãü. Ç äéåñãáóßá óôñïöïêáôïðôñéóìïý Sn áðïôåëåßôáé áðü äéåñãáóßá óôñïöÞò
Cn áêïëïõèïýìåíç áðü äéåñãáóßá áíÜêëáóçò áðü åðßðåäï σ. Ç äéåñãáóßá áíÜêëáóçò
åßíáé áõôÞ ðïõ äçìéïõñãåß ôï êáôïðôñéêü åßäùëï ôïõ ìïñßïõ. ÅÜí ôï ìüñéï äéáèÝôåé Üîïíá
óôñïöïêáôïðôñéóìïý Sn ôüôå ç äéåñãáóßá Cn èá ôáõôßæåé ôï ìüñéï ìå ôï êáôïðôñéêü åßäùëï
ôïõ. ¸ôóé, Ýíá ìüñéï ðïõ Ý÷åé Üîïíá óôñïöïêáôïðôñéóìïý Sn åßíáé ïðôéêþò áíåíåñãü. Ôï
ßäéï éó÷ýåé öõóéêÜ áí ôï ìüñéï äéáèÝôåé êÝíôñï áíáóôñïöÞ i, áöïý áõôü ôáõôßæåôáé ìå Üîïíá
S2. Ìüñéá ðïõ äåí Ý÷ïõí Üîïíá óôñïöïêáôïðôñéóìïý Sn ìðïñåß íá åßíáé ïðôéêþò åíåñãü
(ü÷é üìùò áðáñáéôÞôùò).

3.5.3 Åêöõëéóìüò åíåñãåéáêþí êáôáóôÜóåùí

¸óôù Ýíá ìüñéï ðïõ áíÞêåé óå ìéá ïìÜäá óçìåßïõ. ÏðïéáäÞðïôå äéåñãáóßá óõììåôñßáò R
ôçò ïìÜäáò óçìåßïõ áöÞíåé ôï ìüñéï óå ìéá éóïäýíáìç äéáìüñöùóç. Óõíåðþò, ç åíÝñãåéá ôïõ
óõóôÞìáôïò åßíáé ßäéá ðñéí êáé ìåôÜ ôç äñÜóç ôçò äéåñãáóßáò óõììåôñßáò. Áõôü óçìáßíåé üôé
ç Hamiltonian ôïõ óõóôÞìáôïò ìåôáôßèåôáé ìå ôéò äéåñãáóßåò óõììåôñßáò

RH = H R (3.16)
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áðü áõôü ðñïêýðôåé üôé ç Hamiltonian åßíáé áíáëëïßùôç êÜôù áðü ìåôáó÷çìáôéóìïýò ïìïéü-
ôçôáò RH R−1 = H .

Èåùñïýìå ìéá éäéïóõíÜñôçóç ψi ôçò H ìå éäéïôéìÞ E , äçëáäÞ H ψi = Eψi. Ðïë-
ëáðëáóéÜæïíôáò áðü áñéóôåñÜ ìå ôç äéåñãáóßá óõììåôñßáò R Ý÷ïõìå RH ψi = ERψi, êáé
åéóÜãïíôáò R−1R ãéá ôçí ôáõôüôçôá ðñïêýðôåé üôé

RH R−1Rψi = ERψi

H Rψi = ERψi (3.17)

äçëáäÞ ïé ψi êáé Rψi áíôéóôïé÷ïýí óôçí ßäéá åíÝñãåéá E . ÓõìðåñáóìáôéêÜ: ÉäéïóõíáñôÞóåéò
ðïõ óõíäÝïíôáé ìå äéåñãáóßåò óõììåôñßáò ôïõ óõóôÞìáôïò åßíáé åêöõëéóìÝíåò. Ï âáèìüò
åêöõëéóìïý åíüò óõíüëïõ óõíáñôÞóåùí éóïýôáé ìå ôç äéÜóôáóç ôçò ìç áíáãùãÞóéìçò áíáðá-
ñÜóôáóçò ôçò ïðïßáò áðïôåëåß âÜóç. Ç äéÜóôáóç áõôÞ äßíåôáé ðÜíôá áðü ôïí ÷áñáêôÞñá ôçò
ôáõôüôçôáò χ(E).

3.5.4 Ïëïêëçñþìáôá åíÝñãåéáò

Ìéá áðü ôéò óçìáíôéêüôåñåò åöáñìïãÝò ôçò èåùñßáò ïìÜäùí óå ðñïâëÞìáôá ìïñéáêÞò
öõóéêÞò åßíáé óôï íá äéáðéóôþíïõìå ðüôå ïëïêëçñþìáôá åßíáé áíáãêáóôéêÜ ßóá ìå ìçäÝí, ìå
óõíÝðåéá íá ìçí áðáéôåßôáé ï õðïëïãéóìüò ôïõò.

Ôï ïëïêëÞñùìá ôïõ ãéíïìÝíïõ äýï óõíáñôÞóåùí, ãéá ðáñÜäåéãìá:∫
fAfBdτ (3.18)

èá éóïýôáé ìå ìçäÝí, åêôüò áí ç õðü ïëïêëÞñùóç Ýêöñáóç ðáñáìÝíåé áíáëëïßùôç êÜôù
áðü üëåò ôéò äéåñãáóßåò óõììåôñßáò ôçò ïìÜäáò óçìåßïõ óôçí ïðïßá áíÞêåé ôï ìüñéï Þ,
óôçí ðåñßðôùóç ðïõ ìðïñåß íá ãñáöåß ùò Üèñïéóìá üñùí, åêôüò áí êÜðïéïò üñïò ìÝíåé
áíáëëïßùôïò. Áõôü ìðïñåß íá ãßíåé åýêïëá êáôáíïçôü áí èåùñÞóïõìå ôï ðáñáðÜíù ùò
ãåíßêåõóç ôçò ðåñßðôùóçò ôçò ïëïêëÞñùóçò ìéáò óõíÜñôçóçò y = f(x):∫ +∞

−∞
ydx (3.19)

ðïõ éóïýôáé ìå ìçäÝí áí ç y åßíáé ðåñéôôÞ óõíÜñôçóç, äçëáäÞ áí f(x) = −f(−x). Óôçí
ðåñßðôùóç áõôÞ ìðïñïýìå íá ðïýìå üôé ç y äåí åßíáé áíáëëïßùôç êÜôù áðü ôç äñÜóç
äéåñãáóßáò óõììåôñßáò ðïõ áíáêëÜ üëá ôá óçìåßá áðü ôï äåýôåñï êáé ôñßôï ôåôáñôçìüñéï óôï
ðñþôï êáé ôÝôáñôï.

Ôï üôé ç õðü ïëïêëÞñùóç ðïóüôçôá fAfB ðáñáìÝíåé áíáëëïßùôç êÜôù áðü üëåò ôéò
äéåñãáóßåò óõììåôñßáò, óçìáßíåé üôé áðïôåëåß âÜóç ôçò ïëéêÜ óõììåôñéêÞò áíáðáñÜóôáóçò
ôçò ïìÜäáò óçìåßïõ, Þ, óôçí ðåñßðôùóç ðïõ ìðïñåß íá ãñáöåß ùò Üèñïéóìá üñùí, ôüôå êÜðïéïò
üñïò áðïôåëåß âÜóç ôçò ïëéêÜ óõììåôñéêÞò áíáðáñÜóôáóçò.

Áí ΓAB åßíáé ç áíáðáñÜóôáóç ôçò ïðïßáò ç óõíÜñôçóç fAfB áðïôåëåß âÜóç, Ý÷ïõìå Þäç
äåé ðùò ìðïñïýìå íá âñïýìå ôéò ìç áíáãùãÞóéìåò áíáðáñáóôÜóåéò ðïõ åìöáíßæïíôáé óôçí
ΓAB , áñêåß íá ãíùñßæïõìå ôéò ìç áíáãùãÞóéìåò áíáðáñáóôÜóåéò ãéá ôéò ïðïßåò ïé fA êáé fB

áðïôåëïýí âÜóåéò. ÃåíéêÜ èá åßíáé

ΓAB = Üèñïéóìá ìç áíáãùãÞóéìùí áíáðáñáóôÜóåùí (3.20)

Ìüíï óôçí ðåñßðôùóç ðïõ êÜðïéá áðü ôéò ìç áíáãùãÞóéìåò áíáðáñáóôÜóåéò ðïõ åìöáíßæïíôáé
óôï Üèñïéóìá åßíáé ç ïëéêÜ óõììåôñéêÞ èá Ý÷åé ôï ïëïêëÞñùìá ìç ìçäåíéêÞ ôéìÞ. ¸íá ðïëý
÷ñÞóéìï èåþñçìá ó÷åôéêÜ ìå ôï ðüôå ç ïëéêÜ óõììåôñéêÞ áíáðáñÜóôáóç èá åìöáíßæåôáé óôï
Üèñïéóìá åßíáé ôï åîÞò:
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Èåþñçìá 3.4 Ç áíáðáñÜóôáóç åíüò åõèÝùò ãéíïìÝíïõ, ΓAB , èá ðåñéÝ÷åé ôçí ïëéêÜ
óõììåôñéêÞ áíáðáñÜóôáóç ìüíï áí ç ìç áíáãùãÞóéìç áíáðáñÜóôáóç ΓA = ìç áíáãùãÞóéìç
áíáðáñÜóôáóç ΓB .

Óõíïøßæïíôáò Ý÷ïõìå üôé, Ýíá ïëïêëÞñùìá
∫
fAfBdτ óå Ýíá óõììåôñéêü åýñïò åßíáé

áíáãêáóôéêÜ ìçäÝí åêôüò áí ç õðü ïëïêëÞñùóç ðïóüôçôá áðïôåëåß âÜóç ãéá (Þ ðåñéÝ÷åé)
ôçí ïëéêÜ óõììåôñéêÞ ìç áíáãùãÞóéìç áíáðáñÜóôáóç. Áõôü óõìâáßíåé ìüíï áí ΓA=ΓB .

Ôá ðáñáðÜíù ãåíéêåýïíôáé êáé óôçí ðåñßðôùóç ôñéþí Þ ðåñéóóüôåñùí ãéíïìÝíùí óõíáñ-
ôÞóåùí. ¸ôóé, ôï ïëïêëÞñùìá ∫

fAfBfCdτ (3.21)

èá åßíáé ìç ìçäåíéêü áí ôï åõèý ãéíüìåíï ôùí áíáðáñáóôÜóåùí ôùí fA, fB êáé fC åßíáé
Þ ðåñéÝ÷åé ôçí ïëéêÜ óõììåôñéêÞ ìç áíáãùãÞóéìç áíáðáñÜóôáóç. Áõôü óõìâáßíåé ìüíï
üôáí ç áíáðáñÜóôáóç ôïõ åõèÝùò ãéíïìÝíïõ äýï ïðïéïíäÞðïôå áðü ôéò óõíáñôÞóåéò åßíáé Þ
ðåñéÝ÷åé ôçí áíáðáñÜóôáóç ôçò ôñßôçò óõíÜñôçóçò. Áõôü âñßóêåé åöáñìïãÞ óôïí ÷åéñéóìü
ïëïêëçñùìÜôùí ôçò ìïñöÞò ∫

ψ∗i Pψjτ (3.22)

üðïõ ψi êáé ψj åßíáé êõìáôïóõíáñôÞóåéò êáé P êâáíôïìç÷áíéêüò ôåëåóôÞò.
ºóùò ç óçìáíôéêüôåñç åöáñìïãÞ åßíáé óôïí õðïëïãéóìü ôùí óôïé÷åßùí ðßíáêùò ôïõ

ôåëåóôÞ ôçò åíÝñãåéáò

Hij = 〈i|H |j〉 =
∫
ψ∗i H ψjdτ (3.23)

Ç Hamiltonian ôïõ óõóôÞìáôïò ðñÝðåé íá Ý÷åé ôçí ðëÞñç óõììåôñßá ôïõ ìïñßïõ, êáèþò ç
åíÝñãåéá äåí ìåôáâÜëëåôáé êÜôù áðü ôéò äéåñãáóßåò óõììåôñßáò. Ç Hamiltonian äçëáäÞ áíÞêåé
óôçí ïëéêÜ óõììåôñéêÞ áíáðáñÜóôáóç êáé óõíåðþò ôï ðáñáðÜíù ïëïêëÞñùìá åîáñôÜôáé åî’
ïëïêëÞñïõ áðü ôéò áíáðáñáóôÜóåéò ðïõ ðåñéÝ÷ïíôáé óôï åõèý ãéíüìåíï ôùí áíáðáñáóôÜóåùí
ôùí ψi êáé ψj . ¸ôóé, Ý÷ïõìå ôï åîÞò èåþñçìá

Èåþñçìá 3.5 ¸íá ïëïêëÞñùìá åíÝñãåéáò,
∫
ψ∗i H ψj , ìðïñåß íá åßíáé ìç ìçäåíéêü ìüíï

áí ïé ψi êáé ψj áíÞêïõí óôçí ßäéá ìç áíáãùãÞóéìç áíáðáñÜóôáóç ôçò ïìÜäáò óçìåßïõ
ôïõ ìïñßïõ.

3.5.5 ÇëåêôñïíéáêÝò ìåôáâÜóåéò

Ìéá Üëëç êáé ßóùò åîßóïõ óçìáíôéêÞ åöáñìïãÞ ôçò åýñåóçò ìçäåíéêþí ïëïêëçñùìÜôùí
åßíáé óôïí êáèïñéóìü ôùí êáíüíùí åðéëïãÞò ãéá äéÜöïñåò ìåôáâÜóåéò áðü ìéá óôÜóéìç
êáôÜóôáóç ôïõ óõóôÞìáôïò óå ìéá Üëëç.

Ç Ýíôáóç, I , ìéáò ìåôÜâáóçò áðü ìéá êáôÜóôáóç ψi óå ìéá Üëëçò ψj äßíåôáé áðü ôç ó÷Ýóç

I =
∫
ψ∗i µψjdτ (3.24)

üðïõ µ ï ôåëåóôÞò ìåôáâáôéêÞò ñïðÞò, åê ôùí ïðïßùí õðÜñ÷ïõí äéÜöïñïé ôýðïé, üðùò áõôïß
ðïõ áíôéóôïé÷ïýí óå çëåêôñéêÜ Þ ìáãíçôéêÜ äßðïëá, çëåêôñéêÜ Þ ìáãíçôéêÜ ðïëýðïëá, Þ
ôåëåóôÝò ðïëùóéìüôçôáò.

Ïé ðéï óõíçèéóìÝíåò ìåôáâÜóåéò åßíáé ïé çëåêôñéêïý äéðüëïõ-åðéôñåðôÝò ìåôáâÜóåéò
(electric dipole-allowed transitions). Ç èåùñßá êáé ôï ðåßñáìá äåß÷íïõí üôé áõôÝò ïé ìåôáâÜóåéò
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äßíïõí ôéò éó÷õñüôåñåò åíôÜóåéò êáé êáôÜ óõíÝðåéá üôáí ìéá ìåôÜâáóç èá ÷áñáêôçñßæåôáé ùò
«åðéôñåðôÞ» ÷ùñßò Üëëç äéåõêñßíçóç, èá óçìáßíåé «çëåêôñéêïý äéðüëïõ åðéôñåðôÞ».

ÅðåéäÞ ï ôåëåóôÞò çëåêôñéêÞò äéðïëéêÞò ñïðÞò µ =
∑

i qiri åßíáé äéáíõóìáôéêÞ ðïóüôçôá,
êáé ðáñáëåßðïíôáò ôá öïñôßá, ðñïêýðôïõí ôñåéò ó÷Ýóåéò åíôÜóåùí ìåôÜâáóçò

Ix ∝
∫
ψ∗i xψjdτ

Iy ∝
∫
ψ∗i yψjdτ (3.25)

Iz ∝
∫
ψ∗i zψjdτ

ËÝìå üôé ïé áíôßóôïé÷åò ìåôáâÜóåéò åßíáé x-ðïëùìÝíåò, y-ðïëùìÝíåò êáé z-ðïëùìÝíåò.
Áí êÜðïéï áðü ôá ïëïêëçñþìáôá åßíáé ìçäÝí, ð.÷. ôï z ïëïêëÞñùìá, ôüôå ç ìåôÜâáóç
èá êáëåßôáé xy-ðïëùìÝíç. Ç åýñåóç ôïõ áí êÜðïéá ìåôÜâáóç åßíáé åðéôñåðôÞ, êáèþò êáé
ðïéá åßváé ç ðüëùóÞ ôçò, áíÜãåôáé óôï íá âñåèïýí ðïéá áðü ôá ïëïêëçñþìáôá åßíáé ìçäÝí.
Óõìâïõëåõüìåíïé ôïí ðßíáêá ÷áñáêôÞñùí ôçò ïìÜäáò óçìåßïõ ôïõ ìïñßïõ, ìðïñïýìå ðÜíôá íá
äéáðéóôþóïõìå óå ðïéá áíáðáñÜóôáóç áíÞêïõí ïé êáñôåóéáíÝò óõíôåôáãìÝíåò. Ôüôå, Ý÷ïõìå
ôïí åîÞò êáíüíá

Ìéá ìåôÜâáóç çëåêôñéêïý äéðüëïõ åßíáé åðéôñåðôÞ ìå x, y Þ z ðüëùóç áí ôï åõèý
ãéíüìåíï ôùí áíáðáñáóôÜóåùí ôùí äýï êáôáóôÜóåùí åßíáé Þ ðåñéÝ÷åé ôçí ìç áíáãùãÞóéìç
áíáðáñÜóôáóç óôéò ïðïßåò áíÞêïõí ôá x, y Þ z áíôßóôïé÷á.

Ãéá ðáñÜäåéãìá èåùñïýìå ôá ïëïêëçñþìáôá 〈dxy|z|dx2−y2〉 êáé 〈dxy|lz|dx2−y2〉 êáé åñãá-
æüìáóôå óôçí ïìÜäá óçìåßïõ C4v . Óçìåéþíïõìå åðßóçò üôé ç óôñïöïñìÞ ìåôáó÷çìáôßæåôáé ùò
ðåñéóôñïöÞ, óõíåðþò ôï lz ìåôáó÷çìáôßæåôáé ùò Rz óôïõò ðßíáêåò ÷áñáêôÞñùí. Óôçí C4v ïé
dxy êáé dx2−y2 ìåôáó÷çìáôßæïíôáé ùò B2 êáé B1 áíôßóôïé÷á, ôï z ùò A1 êáé ôï lz ùò A2.
¸ôóé,

B2 ×A1 ×B1 = B2 ×B1 = A2 (3.26)

êáé óõíåðþò ôá óôïé÷åßá ðßíáêá 〈dxy|z|dx2−y2〉 ìçäåíßæïíôáé, åíþ

B2 ×A2 ×B1 = B2 ×B2 = A1 (3.27)

êáé óõíåðþò ôá óôïé÷åßá ðßíáêá 〈dxy|lz|dx2−y2〉 äåí åßíáé áíáãêáóôéêÜ ìçäÝí.
Áëëéþò, åðåéäÞ ôï åõèý ãéíüìåíï ôùí áíáðáñáóôÜóåùí ôùí äýï êáôáóôÜóåùí åßíáé

B2 ×B1 = A2 6= A1, äçëáäÞ äåí ìåôáó÷çìáôßæåôáé ùò z (A1) áëëÜ ùò lz (A2), Üñá ôï ðñþôï
ïëïêëÞñùìá åßíáé ìçäÝí åíþ ôï äåýôåñï ïëïêëÞñùìá äåí åßíáé áíáãêáóôéêÜ ìçäÝí.

3.5.6 ÖÜóìáôá IR êáé Raman

Ç ôåëåõôáßá åöáñìïãÞ ðïõ èá ðáñïõóéÜóïõìå áöïñÜ ôïí ÷áñáêôçñéóìü ôùí ìåôáâÜóåùí
ôïõ öÜóìáôïò äüíçóçò ôùí ìïñßùí ùò IR (infrared) Þ Raman åíåñãÝò (IR active, Raman
active). Ôá öÜóìáôá äüíçóçò ïöåßëïíôáé óå ìåôáâÜóåéò ìåôáîý êáôáóôÜóåùí äüíçóçò êáé
ðñáãìáôïðïéïýíôáé õðü ôçí åðßäñáóç áêôéíïâïëßáò óôçí ðåñéï÷Þ ôùí 50 cm−1 Ýùò 104 cm−1.

Ïé êáíïíéêïß ôñüðïé ôáëÜíôùóçò åíüò ìïñßïõ áðïôåëïýí âÜóåéò ãéá ôéò ìç áíáãù-
ãÞóéìåò áíáðáñáóôÜóåéò ôçò ïìÜäáò óçìåßïõ óôçí ïðïßá áíÞêåé ôï ìüñéï. Ç óôéãìéáßá
ìåôáôüðéóç åíüò áôüìïõ ðáñéóôÜíåôáé ìå Ýíá äéÜíõóìá, ôï ïðïßï ðïëëÝò öïñÝò èåùñïýìå
ùò óõíéóôáìÝíç ôñéþí êáñôåóéáíþí äéáíõóìÜôùí âÜóçò ðñïêåéìÝíïõ íá âñåèåß ç óõììåôñßá
ôùí êáíïíéêþí ôñüðùí ôáëÜíôùóçò (áðëÜ åöáñìüæïõìå ôéò äéåñãáóßåò óõììåôñßáò åðß ôùí
êáñôåóéáíþí áíõóìÜôùí âÜóçò, ãéá ðáñáðÜíù ðëçñïöïñßåò âë. [11] óåë. 138-144 êáé [3] óåë.
110-112).

Óôçí IR öáóìáôïóêïðßá ôï ìüñéï äéåãåßñåôáé áðü ìéá êáôÜóôáóç äüíçóçò óå ìéá Üëëç
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ìå ôçí ðñüóðôùóç õðÝñõèñçò áêôéíïâïëßáò ó’ áõôü. Ãéá íá áðïññïöçèåß ç áêôéíïâïëßá êáé
íá óõìâåß ç äéÝãåñóç èá ðñÝðåé íá Ý÷ïõìå ìåôáâïëÞ ôçò äéðïëéêÞò ñïðÞò Þ ìå Üëëá ëüãéá,
ôï ïëïêëÞñùìá ôïõ ôåëåóôÞ ìåôáâáôéêÞò ñïðÞò (ðéï óõãêåêñéìÝíá ï ôåëåóôÞò çëåêôñéêÞò
äéðïëéêÞò ñïðÞò) íá åßíáé äéÜöïñï ôïõ ìçäåíüò.

Óôçí Raman öáóìáôïóêïðßá äåí åßíáé áðáñáßôçôï ç ìåôÜâáóç íá óõíïäåýåôáé áðü
ìåôáâïëÞ ôçò äéðïëéêÞò ñïðÞò, áëëÜ ìüíï áðü ìåôáâïëÞ ôçò ðïëùóéìüôçôáò (polarizability),
α (ôáíõóôÞò), ôïõ ìïñßïõ (µ = αE).

Ïé êáíüíåò åðéëïãÞò ðïõ êáèïñßæïõí ðïéåò ìåôáâÜóåéò åßíáé åðéôñåðôÝò óôï IR êáé Raman
öÜóìá ðñïêýðôïõí åýêïëá üôáí åßíáé ãíùóôÝò ïé óõììåôñßåò ôùí äýï êáôáóôÜóåùí ψ(v) êáé
ψ(v′) êáé ôùí ôåëåóôþí µ êáé α: Áí ôï åõèý ãéíüìåíï Γ[ψ(v′)]×Γ[µ]×Γ[ψ(v)], ðåñéÝ÷åé ôçí
ïëéêÜ óõììåôñéêÞ ìç áíáãùãÞóéìç áíáðáñÜóôáóç ôçò ïìÜäáò óçìåßïõ, ôüôå ç ìåôÜâáóç
v → v′ åßíáé IR åíåñãÞ. Áí ôï åõèý ãéíüìåíï Γ[ψ(v′)]×Γ[α]×Γ[ψ(v)], ðåñéÝ÷åé ôçí ïëéêÜ
óõììåôñéêÞ ìç áíáãùãÞóéìç áíáðáñÜóôáóç ôçò ïìÜäáò óçìåßïõ, ôüôå ç ìåôÜâáóç v → v′

åßíáé Raman åíåñãÞ.
Óçìåéþíïõìå üôé ïé óõíéóôþóåò ôïõ ôåëåóôÞ çëåêôñéêÞò äéðïëéêÞò ñïðÞò µ ìåôáó÷çìá-

ôßæïíôáé ùò x, y êáé z åíþ ïé Ýîé áíåîÜñôçôåò óõíéóôþóåò ôïõ ôåëåóôÞ ðïëùóéìüôçôáò α
ìåôáó÷çìáôßæïíôáé ùò x2, y2, z2, xy, xz êáé yz.

Åí ãÝíåé, áëëÜ ü÷é ðÜíôá, ìåôáâÜóåéò ðïõ åßíáé áðáãïñåõìÝíåò áðü ôïõò êáíüíåò åðéëïãÞò
åßíáé áóèåíåßò Þ áíýðáñêôåò åíþ åðéôñåðôÝò ìåôáâÜóåéò åìöáíßæïíôáé ìÝôñéåò Ýùò éó÷õñÝò.
ÁíÜëïãá ìå ôç óõììåôñßá ôïõ ìïñßïõ, êÜðïéåò áðü ôéò ìåôáâÜóåéò ìðïñåß íá åìöáíßæïíôáé åßôå
óôï IR öÜóìá, åßôå óôï Raman öÜóìá, åßôå êáé óôá äýï Þ áêüìá óå êáíÝíá áðü ôá äýï.
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Óõóóùìáôþìáôá ðõñéôßïõ ôýðïõ êëùâïý

We are reaching the stage where the problems we must solve are
going to become insoluble without computers.

I do not fear computers, I fear the lack of them.

---Issac Asimov (1920-1992)

¸íá áðü ôá óçìáíôéêüôåñá èÝìáôá ôçò åðéóôÞìçò õëéêþí åßíáé ç ìåëÝôç õëéêþí âáóéóìÝ-
íùí óôï ðõñßôéï êõñßùò ëüãù ôçò åîÝ÷ïõóáò ôå÷íïëïãéêÞò óðïõäáéüôçôÜò ôïõò, ÷ùñßò âÝâáéá
íá ðáñáìåñßæïõìå êáé ôçí áìéãþò åðéóôçìïíéêÞ óðïõäáéüôçôá ôïõò. Ç Ýñåõíá äéåîÜãåôáé óå
äéÜöïñåò êëßìáêåò ðåñéëáìâÜíïíôïò ôüóï õëéêÜ ìçäåíéêþí äéáóôÜóåùí, üðùò åßíáé óõóóù-
ìáôþìáôá êáé ïé êâáíôéêÝò ôåëåßåò, üóï åðéöÜíåéåò êáé óôåñåÜ (bulk). Ôá ôåëåõôáßá ÷ñüíéá,
üðùò èá äïýìå ðáñáêÜôù, ç ìåëÝôç áõôÞ Ý÷åé åðåêôáèåß óå óõóóùìáôþìáôá ìå ðñïóìßîåéò
ìåôÜëëùí ìåôÜðôùóçò.

4.1 ÅéóáãùãÞ

Ìå ôïí üñï áôïìéêü óõóóùìÜôùìá (atomic cluster) óõíÞèùò áíáöåñüìáóôå óå ïëüôçôåò
áôüìùí ðïõ äåí óõíáíôþíôáé óå ìåãÜëåò ðïóüôçôåò óôç öýóç êáé åí ãÝíåé åðéæïýí ãéá ìéêñü
÷ñïíéêü äéÜóôçìá, óå áíôßèåóç ìå ôéò óôáèåñÝò ÷çìéêÝò ìïíÜäåò ðïõ êáëïýìå ìüñéá. ÕðÜñ÷ïõí
âÝâáéá êáé åîáéñÝóåéò óôïí ãåíéêü áõôü ïñéóìü, üðùò åßíáé ôá öïõëëåñÝíéá (fullerenes)
ðïõ áðïôåëïýí êáôçãïñßá óõóóùìáôùìÜôùí ìå ó÷åôéêÜ ìåãÜëï ðëÞèïò áôüìùí Üíèñáêá
(ð.÷. 60, 70, 240, 540) êáé ìå Üäåéï åóùôåñéêü åíþ ðáñïõóéÜæïõí áõîçìÝíç óôáèåñüôçôá.
Ôá óõóóùìáôþìáôá ÷áñáêôçñßæïíôáé áðü éäéüôçôåò åíäéÜìåóåò áõôÝò ôùí ìïñßùí êáé ôùí
óôåñåþí. Óçìáíôéêüò ðáñÜãïíôáò ðïõ êáèïñßæåé ôéò éäéüôçôåò ôùí óõóóùìáôùìÜôùí åßíáé ôï
ìåãÜëï ðïóïóôü åðéöáíåéáêþí áôüìùí ùò ðñïò ôï ïëéêü ðëÞèïò áôüìùí. ÁíÜëïãá ìå ôï
åßäïò êáé ôï ìÝãåèüò ôïõò óõíáíôþíôáé óôç âéâëéïãñáößá êáé ìå Üëëïõò üñïõò üðùò small
particles, nanoparticles, nanoclusters, nanocrystals microclusters ê.á.

Ï ìéêñüò ÷ñüíïò æùÞò ôùí óõóóùìáôùìÜôùí êáé ôï üôé ðáñÜãïíôáé óå ìéêñÝò ðïóüôçôåò
êáèéóôÜ äýóêïëç ôçí ðåéñáìáôéêÞ ìåëÝôç ôïõò. Ç èåùñçôéêÞ ìåëÝôç áôïìéêþí óõóóùìáôù-
ìÜôùí áðïôåëåß áíôéêåßìåíï Ýíôïíïõ åñåõíçôéêïý åíäéáöÝñïíôïò ôá ôåëåõôáßá åßêïóé ÷ñüíéá,
ãåãïíüò ïìü÷ñïíï ôçò åõñåßáò äéÜäïóçò õðïëïãéóôéêþí óõóôçìÜôùí. ÅéäéêÜ ãéá óõóóùìáôþ-
ìáôá êáèáñÜ áôüìùí Üíèñáêá Þ áôüìùí ðõñéôßïõ, Ý÷ïõí ãßíåé åêôåíåßò èåùñçôéêÝò ìåëÝôåò
áðü ôá ìÝóá ôçò äåêáåôßáò ôïõ 1980 Ýùò ôéò áñ÷Ýò ôçò äåêáåôßáò ôïõ 1990, áðü ïìÜäåò üðùò
ôïõ Krishnan Raghavachari. Ïé ìåëÝôåò áõôÝò áöïñïýí êõñßùò äïìéêÝò êáé çëåêôñïíéêÝò
éäéüôçôåò óõóóùìáôùìÜôùí Ýùò êáé äÝêá áôüìùí êáèþò ìå ôéò õðïëïãéóôéêÝò äõíáôüôçôåò
ôçò åðï÷Þò ç ìåëÝôç ìåãáëýôåñùí óõóôçìÜôùí Þôáí áðáãïñåõôéêÞ. Ïé éäéüôçôåò óõóôçìÜôùí
áõôïý ôïõ ìåãÝèïõò èåùñïýíôáé ðëÝïí ãíùóôÝò áí êáé õðÜñ÷ïõí áêüìá áñêåôÜ áíïé÷ôÜ
èåìåëéþäç æçôÞìáôá üðùò ôï ðñüâëçìá ôçò äïìÞò ôïõ Si6 [84] êáé ôçò ó÷Ýóçò ôçò fluxional
(óõíå÷Þò åíáëëáãÞ) óõìðåñéöïñÜò ôùí äïìþí ìå ôïõò ìáãéêïýò áñéèìïýò.
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4.1.1 Óõóóùìáôþìáôá ðõñéôßïõ êáé ìÝôáëëá ìåôÜðôùóçò

Óå áíôßèåóç ìå ôá áìéãÞ óõóóùìáôþìáôá Üíèñáêá ðïõ ó÷çìáôßæïõí äïìÝò ôýðïõ öïõ-
ëåñåíßùí êáé êëùâïý, ôá óõóóùìáôþìáôá (êáèáñÜ) ðõñéôßïõ ó÷çìáôßæïõí êõñßùò óõìðáãåßò
äïìÝò. Ôï 1987 êáé 1989 ï S.M. Beck Ýäåéîå ðåéñáìáôéêÜ [24, 25] üôé ôï ðõñßôéï áíôéäñÜ ìå
ìÝôáëëá êáé ó÷çìáôßæïíôáé ìéêôÜ óõóóùìáôþìáôá ðõñéôßïõ-ìåôÜëëïõ. Ôá óõóóùìáôþìáôá
áõôÜ ðáñïõóéÜæïõí áõîçìÝíç óôáèåñüôçôá óå ó÷Ýóç ìå ôá áíôßóôïé÷á áìéãÞ óõóóùìáôþìáôá
ðõñéôßïõ üôáí áõôÜ õðïâÜëëïíôáé óå öùôïäéÜóðáóç. Ôá ðåéñÜìáôá ôïõ Beck áöïñïýóáí óõ-
ãêåêñéìÝíá ôá ìÝôáëëá ÂïëöñÜìéï (W), ÌïëõâäÝíéï (Mo), ×ñþìéï (Cr) êáé ×áëêü (Cu). Ìéá
áðü ôéò óçìáíôéêüôåñåò ðáñáôçñÞóåéò ôïõ Beck, ðïõ Ý÷åé íá êÜíåé ìå ôéò ÷çìéêÝò äéåñãáóßåò
ðïõ ëáìâÜíïõí ÷þñá óôç äéåðéöÜíåéá ðõñéôßïõ-ìåôÜëëïõ, åßíáé üôé ôá óõóóùìáôþìáôá áõôÜ
ßóùò áðïôåëïýí ôá ðñþôá ðñïúüíôá áíôéäñÜóåùí óôç äéåðéöÜíåéá. Ðéï óõãêåêñéìÝíá, áðü
ôç ìåëÝôç áõôÞ ðñïêýðôåé üôé Ýíá Üôïìï ìåôÜëëïõ ìðïñåß íá áëëçëåðéäñÜóåé éó÷õñÜ ìå Ýùò
êáé 16 Üôïìá ðõñéôßïõ. Ç éó÷õñÞ áõôÞ áëëçëåðßäñáóç ìðïñåß íá åéóÜãåé êáôáóôÜóåéò óôï
÷Üóìá ðïõ ðñïêáëïýí Fermi level pinning êáèþò êáé íá äõóêïëÝøåé ôïí õðïëïãéóìü êáé
êáèïñéóìü ôïõ öñÜãìáôïò Schottky ôçò äéåðáöÞò (âëÝðå ôï ó÷åôéêü èåùñçôéêü óõìðëÞñùìá
óôï ôÝëïò ôïõ êåöáëáßïõ). ¸ôóé, ãßíåôáé áìÝóùò åìöáíÞò ç óðïõäáéüôçôá ôçò ìåëÝôçò ôùí
óõóóùìáôùìÜôùí áõôþí êáèþò êáé ïé ðéèáíÝò åöáñìïãÝò óôç ìéêñïçëåêôñïíéêÞ êáé ôçí
êáôáóêåõÞ ïëïêëçñùìÝíùí êõêëùìÜôùí.

Ôï 2001 ç ïìÜäá ôùí Hiura et al. Ýäåéîå ðåéñáìáôéêÜ üôé ìÝôáëëá ìåôÜðôùóçò (transition
metals, TM) áíôéäñïýí ìå óéëÜíéï (silane, SiH4) êáé ðáñÜãïíôáé óõóóùìáôþìáôá ðõñéôßïõ
ôýðïõ êëùâïý ðïõ åìðåñéÝ÷ïõí Ýíá ìÝôáëëï ìåôÜðôùóçò. Ïé ó÷çìáôéæüìåíåò äïìÝò TM@Sin
(ôï óýìâïëï @ ÷ñçóéìïðïéåßôáé ãéá íá äçëþóåé üôé ôï ìÝôáëëï ìåôÜðôùóçò åßíáé åíäïåäñéêü)
ðáýïõí íá áíôéäñïýí ìå ôï óéëÜíéï üôáí ôï n öôÜóåé 12, ãåãïíüò ðïõ õðïäçëþíåé üôé ôá
óõóóùìáôþìáôá TM@Si12 áðïôåëïýí óôáèåñÝò äïìÝò. Ç åñãáóßá ôùí Hiura et al. áðïôåëåß ôçí
ðñþôç ðåéñáìáôéêÞ áíáöïñÜ ôçò äõíáôüôçôáò ó÷çìáôéóìïý óõóóùìáôùìÜôùí ôýðïõ êëùâïý
áðü ðõñßôéï Ç äõóêïëßá ôïõ ðõñéôßïõ óôï ó÷çìáôéóìü äïìþí ôýðïõ êëùâïý ðçãÜæåé áðü
ôçí ôÜóç ðïõ Ý÷åé ãéá sp3 õâñéäéóìü. Óå áíôßèåóç ìå ôï ðõñßôéï, ï Üíèñáêáò äçìéïõñãåß
sp2 õâñéäéóìü, ðïõ äéåõêïëýíåé ôç äçìéïõñãßá ôÝôïéùí äïìþí. Ôá ìÝôáëëá ìåôÜðôùóçò ðïõ
åîÝôáóáí êáé âñÝèçêáí íá åßíáé åíäïåäñéêÜ åßíáé W, Ni, Mo, Hf, Ta, Re, Ir, Nb, Co ê.á. Åí
áíôéèÝóåé ìå ôá ìÝôáëëá ìåôÜðôùóçò, ïé óðÜíéåò ãáßåò áíôéäñïýí ìå ôï óéëÜíéï áëëÜ äåí
ó÷çìáôßæïõí ôÝôïéåò äïìÝò, åíþ ôá ìÝôáëëá ôçò êõñßáò óåéñÜò (ð.÷. Al, Sn, Pb, Bi, êôë.) äåí
áíôéäñïýí ìå ôï óéëÜíéï. Óõíåðþò, ïäçãüò ãéá ôï ó÷çìáôéóìü äïìþí ôýðïõ êëùâïý åßíáé ç
÷ñÞóç ìåôÜëëùí ìå ìåñéêþò óõìðëçñùìÝíï d-öëïéü óôç èåìåëéþäç êáôÜóôáóÞ ôïõò.

4.1.2 Âáóéêïß äïìéêïß ëßèïé

Áðü èåùñçôéêÞò ðëåõñÜò, ïé äïìéêÝò êáé çëåêôñïíéêÝò éäéüôçôåò ôùí óõóóùìáôùìÜôùí
TM@Sin Ý÷ïõí ãßíåé áíôéêåßìåíï Ýíôïíçò ìåëÝôçò ôá ôåëåõôáßá ðÝíôå ÷ñüíéá. Ç ðïéêéëßá ôùí
ìåèüäùí ðïõ åöáñìüæïíôáé äßíïõí áðïôåëÝóìáôá ðïõ äåí åßíáé ðÜíôá óõìâáôÜ ìåôáîý ôïõò.
Áõôü åßíáé áíáìåíüìåíï åí üøåé ôçò ðïëõðëïêüôçôáò ðïõ ðáñïõóéÜæïõí ïé ìÝèïäïé áõôïß.
Áêüìá êáé ãéá ìéêñÜ óõóôÞìáôá õðÜñ÷ïõí áíïé÷ôÜ æçôÞìáôá áëëÜ êáé áíôéèÝóåéò ôüóï ìåôáîý
ôùí áðïôåëåóìÜôùí äéáöïñåôéêþí ìåèüäùí üóï êáé ìåôáîý ðåéñÜìáôïò êáé èåùñßáò [35, 84].
Ìå ôçí åíóùìÜôùóç ìåôÜëëùí ìåôÜðôùóçò åéóÜãïíôáé ìåñéêþò óõìðëçñùìÝíïé d-öëïéïß, êáé
ðéèáíþò äéáöïñåôéêÝò êáôáóôÜóåéò spin, ðïõ äõó÷åñáßíïõí ôçí êáôÜóôáóç áêüìá ðåñéóóüôåñï.

Ìéá åíäéáöÝñïõóá ðéèáíÞ ôå÷íéêÞ åöáñìïãÞ ãéá óõóóùìáôþìáôá ôýðïõ êëùâïý åßíáé ç
÷ñÞóç ôïõò ùò âáóéêïýò äïìéêïýò ëßèïõò óôçí êáôáóêåõÞ íáíïöáóéêþí õëéêþí. Ðñùôïðüñåò
åñãáóßåò ðñïò áõôÞ ôçí êáôåýèõíóç Ý÷ïõí ãßíåé [22, 61, 75] áðü ôéò ïìÜäåò ôïõ Y. Kawazoe
(V. Kumar êáé A.K. Singh) êáé G. Froudakis (A. Andriotis, G. Mpourmpakis êáé M. Menon,
ïìÜäá ðïõ åäñÜæåé óôï ÐáíåðéóôÞìéï ÊñÞôçò). Ãéá ôï óêïðü áõôü, ôo 2002 ïé Menon et al.
ðñáãìáôïðïßçóáí óåéñÜ õðïëïãéóìþí [61] ìå óôü÷ï ôçí áíáãíþñéóç óôáèåñþí äïìþí Ni@Si12.
Ôï éóïìåñÝò óôï ïðïßï êáôÜëçîáí ãéá äïìÞ èåìåëéþäïõò êáôÜóôáóçò Ý÷åé óõììåôñßá C5v ìå
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åíäïåäñéêü Üôïìï Ni (âëÝðå ó÷Þìá 4.2i), êáé ôï ÷ñçóéìïðïßçóáí ùò èåìåëéþäç äïìéêü ëßèï óôç
êáôáóêåõÞ íáíïóùëÞíùí ðõñéôßïõ, üðùò öáßíåôáé óôï ó÷Þìá 4.1. Ï íáíïóùëÞíáò áðïôåëåßôáé
áðü ìéá áëõóßäá áôüìùí Ni ðïõ ðåñéóôïé÷ßæïíôáé áðü Üôïìá Si êáé ìðïñåß íá èåùñçèåß
üôé ðñïêýðôåé áðü ìéá óåéñÜ äïìþí C5v áöáéñþíôáò ôá Üôïìá Si ôùí êïñõöþí. Ðáñüìïéá
ìåèïäïëïãßá Ý÷åé áêïëïõèÞóåé êáé ç ïìÜäá Kawazoe ãéá Fe [75].

Ó÷Þìá 4.1: Ó÷çìáôéóìüò íáíïóùëÞíá ðõñéôßïõ óõììåôñßáò C5v ðïõ ðåñéâÜëëåé áëõóßäá áôüìùí Ni.
Åéêüíá áðü [61].

Ôï éóïìåñÝò ôïõ óõóóùìáôþìáôïò Ni@Si12 ìå óõììåôñßáC5v ðïõ ðñïôåßíïõí ïé Menon et al.
ùò ôç ãåùìåôñßá èåìåëéþäïõò êáôÜóôáóçò áìöéóâçôÞèçêå áðü ôïõò Singh et al. [75] ïé ïðïßïé ôï
êáôáôÜóóïõí ôñßôï åíåñãåéáêÜ óýìöùíá ìå ôïõò õðïëïãéóìïýò ôïõò. Ïé äéêïß ìáò õðïëïãéóìïß
åðéâåâáéþíïõí üôé ç C5v ðñÜãìáôé äåí åßíáé ç ãåùìåôñßá èåìåëéþäïõò êáôÜóôáóçò, åíþ
âñßóêïõìå ìéá íÝá äïìÞ, åíåñãåéáêÜ áêüìá ÷áìçëüôåñç, ôçí ïðïßá ðñïôåßíïõìå ùò ôç
ãåùìåôñßá èåìåëéþäïõò êáôÜóôáóçò. Ôï óõìðÝñáóìá áõôü âáóßæåôáé óå õðïëïãéóìïýò õøçëÞò
(ôåôÜñôçò) ôÜîçò èåùñßáò äéáôáñá÷þí Møller-Plesset.

ÐåéñáìáôéêÜ ç áíáãíþñéóç ôùí äïìþí ãßíåôáé ìå öáóìáôïóêïðéêÝò ìåèüäïõò. Ãéá ôï ëüãï
áõôü Ý÷ïõìå õðïëïãßóåé êáé ðáñáèÝôïõìå ôá öÜóìáôá õðåñýèñïõ (infrared, IR) êáé Raman
öÜóìáôá ãéá ôéò ôñåéò åíåñãåéáêÜ ÷áìçëüôåñåò äïìÝò. Ãéá üëåò ôéò äïìÝò ðáñáèÝôïõìå ôéìÝò
ãéá ðïóüôçôåò üðùò, åíÝñãåéá óõíï÷Þò (binding energy), åíÝñãåéá åíóùìÜôùóçò (embedding
energy), åíåñãåéáêü ÷Üóìá (HOMO-LUMO, HL gap), ÷çìéêü äõíáìéêü (chemical potential),
äõíáìéêü éïíéóìïý (ionization potential) , çëåêôñïóõããÝíåéá (electron affinity) êáé ÷çìéêÞ
óêëçñüôçôá (chemical hardness).

Ôï ìåãáëýôåñï ìÝñïò ôçò ðáñïýóáò åñãáóßáò áöïñÜ õðïëïãéóìïýò ãéá ôï óõóóùìÜôùìá
Ni@Si12. Åðßóçò, êÜðïéïé áñ÷éêïß õðïëïãéóìïß Ý÷ïõí ðñáãìáôïðïéçèåß ìå Üëëá ìÝôáëëá
ìåôÜðôùóçò êáèþò êáé ìå Ge óôç èÝóç ôïõ Si.

4.2 Ôå÷íéêÝò ëåðôïìÝñåéåò ôùí õðïëïãéóìþí

ÄéÜöïñïé ôñüðïé ìðïñïýí íá ÷ñçóéìïðïéçèïýí ãéá ôçí êáôáóêåõÞ ôùí áñ÷éêþí ãåùìå-
ôñéþí. ¸íáò ôñüðïò åßíáé ç åíóùìÜôùóç áôüìïõ Ni óôéò ÷áìçëüôåñçò-åíÝñãåéáò äïìÝò ôùí
êáèáñþí óõóóùìáôùìÜôùí ðõñéôßïõ. Ïé äïìÝò óôéò ïðïßåò ïäçãïýìáóôå ìå ôïí ôñüðï áõôü,
üðùò ðñïêýðôåé áðü ôïõò õðïëïãéóìïýò ìáò, äåí åßíáé ïé åíåñãåéáêÜ ÷áìçëüôåñåò. ¸íáò
Üëëïò åßíáé ç ÷ñÞóç äïìþí ðïõ ðñïôéìÜåé ôï Ni, óõãêåêñéìÝíá ôéò ÷ùñïäéáôÜîåéò hcp êáé
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fcc. Ìáæß ì’ áõôÝò, ÷ñçóéìïðïéÞóáìå êáé äïìÝò åéêïóáåäñéêÞò óõììåôñßáò Ih, êáé åîáãùíéêÞò
óõììåôñßáò D6h. Ïé áñ÷éêÝò áõôÝò ãåùìåôñßåò ïäÞãçóáí óå äïìÝò ÷áìçëüôåñçò åíÝñãåéáò.

Óå êÜèå ðåñßðôùóç ðñáãìáôïðïéÞóáìå âåëôéóôïðïéÞóåéò ãåùìåôñßáò ÷ùñßò äåóìïýò óõì-
ìåôñßáò (symmetry unconstrained), äçëáäÞ óå ïìÜäá óçìåßïõ C1. Êáèþò ôï õðïëïãéóôéêü
êüóôïò ôÝôïéùí õðïëïãéóìþí (äçë. Üíåõ óõììåôñßáò) åßíáé õøçëü, óå ðñþôç öÜóç Ýãéíå ÷ñÞóç
ôïõ óõíáñôçóéáêïý BP86 [26] ìå ôï óýíïëï âÜóçò SVP [71] ôïõ Ahlrichs. Ç ðïéüôçôá ôçò
âÜóçò áõôÞò åßíáé [4s3p1d] ãéá Si êáé [5s3p2d] ãéá Ni, äçëáäÞ åöÜìéëëç ôçò 6-31G*. Óôï óôÜäéï
áõôü Ýãéíå ÷ñÞóç ôçò ðñïóÝããéóçò resolution of the identity (RI-J) [30, 31]. Ç ðñïóÝããéóç áõôÞ
áöïñÜ ôïí ÷åéñéóìü ôùí ïëïêëçñùìÜôùí Coulomb, J . Ôá ïëïêëçñþìáôá äýï çëåêôñïíßùí
ôåóóÜñùí êÝíôñùí ðïõ åìöáíßæïíôáé êáôÜ ôïí õðïëïãéóìü ôïõ J ìåôáôñÝðïíôáé óå ïëïêëç-
ñþìáôá ôñéþí êÝíôñùí ìå ôç ÷ñÞóç åíüò âïçèçôéêïý óõíüëïõ âÜóçò (auxiliary basis functions).
Ôï õðïëïãéóôéêü üöåëïò åßíáé ìéáò ôÜîçò ìåãÝèïõò ìå ìçäáìéíÝò åðéðôþóåéò óôçí áêñßâåéá.
ÓõãêåêñéìÝíá, õðïëïãéóìïß Ý÷ïõí äåßîåé üôé ç åðéññïÞ óôçí åíÝñãåéá åßíáé ìüëéò 10−4 au, åíþ
ïé ãåùìåôñßåò ðïõ ðñïêýðôïõí áðÝ÷ïõí áðü ôéò áêñéâåßò ëéãüôåñï áðü 0.1 pm ãéá ôá ìÞêç êáé
0.1◦ ãéá ôéò ãùíßåò.

Ôï äåýôåñç óôÜäéï ôùí õðïëïãéóìþí îåêéíÜåé ìå ôç óõììåôñïðïßçóç ôùí íÝùí äïìþí ìå
÷áëáñÜ êñéôÞñéá óõììåôñßáò êáé åí óõíå÷åßá åðáíÜëçøç ôçò âåëôéóôïðïßçóçò ãåùìåôñßáò ìå
áõóôçñÜ êñéôÞñéá óýãêëéóçò. Ïé õðïëïãéóìïß Ýãéíáí, üðùò ðñéí, óôá ðëáßóéá ôçò èåùñßáò
óõíáñôçóéáêïý ðõêíüôçôáò, êÜíïíôáò üìùò ÷ñÞóç ôïõ õâñéäéêïý óõíáñôçóéáêïý ôùí Becke êáé
Lee, Yang êáé Parr, B3LYP [77]. Åðßóçò, Ýãéíå ÷ñÞóç ôïõ ìåãáëýôåñïõ, ôñéðëïý æÞôá, óõíüëïõ
âÜóçò TZVP [72] ôïõ Ahlrichs. Ç ðïéüôçôá ôçò âÜóçò áõôÞò åßíáé [5s4p1d] (äçëáäÞ, óõíïëéêÜ
22 óõíáñôÞóåéò âÜóåéò) ãéá Si êáé [6s4p3d] (óõíïëéêÜ 33 óõíáñôÞóåéò âÜóåéò) ãéá Ni, êáëýôåñç
äçëáäÞ ôçò 6-311G(d,p). Ç ÷ñÞóç ôçò ðñïóÝããéóçò RI-J äåí åßíáé åöéêôÞ óôçí ðåñßðôùóç ôùí
õâñéäéêþí óõíáñôçóéáêþí. ÂáóéóìÝíïé óå ðñïçãïýìåíç åìðåéñßá ìáò [35], ç ðïéüôçôá ôùí
áðïôåëåóìÜôùí ðïõ äßíåé ôï óõíáñôçóéáêü B3LYP óå õðïëïãéóìïýò åíÝñãåéáò êáé ãåùìåôñßáò
åßíáé õøçëÞ. Ãéá ôçí ðåñßðôùóç ôùí óõóóùìáôùìÜôùí áìéãþò ðõñéôßïõ, Ý÷åé ðñïêýøåé [84]
üôé ç ðïéüôçôá ôùí áðïôåëåóìÜôùí ôïõ óõíáñôçóéáêïý B3LYP åßíáé óõãêñßóéìç ìå áõôÞ
óõíèåôüôåñùí êáé õðïëïãéóôéêÜ ðéï áðáéôçôéêþí ìåèüäùí üðùò ç CCSD(T) (coupled-cluster
with single, double, and perturbative triple excitations). Ç äéáäéêáóßá ôçò âåëôéóôïðïßçóçò
áñ÷éêÜ ìå ôï õðïëïãéóôéêÜ ëéãüôåñï áðáéôçôéêü óõíáñôçóéáêü BP86 êáé åí óõíå÷åßá ìå ôï
B3LYP ìåéþíåé óçìáíôéêÜ ôïí ïëéêü áðáéôïýìåíï ÷ñüíï, êáèþò ç áñ÷éêÞ ãåùìåôñßá ðïõ
êáëåßôáé íá âåëôéóôïðïéçèåß ìå ôï B3LYP áíáìÝíåôáé íá ìçí áðÝ÷åé ðïëý áðü ôç äïìÞ
éóïññïðßáò. Áõôü üìùò äåí åîáóöáëßæåé üôé êáôÜ ôç âåëôéóôïðïßçóç ãåùìåôñßáò ôá äýï
óõíáñôçóéáêÜ èá áêïëïõèÞóïõí ôï ßäéï "ìïíïðÜôé" óôï ÷þñï ìïñöÞò. Áõôü óõìâáßíåé üôáí
ïé áíôßóôïé÷åò õðåñåðéöÜíåéáò åíÝñãåéáò äéáöÝñïõí óçìáíôéêÜ ìåôáîý ôïõò. Óå ðåñéðôþóåéò
üðïõ ç çëåêôñïíéáêÞ óõó÷Ýôéóç åßíáé óçìáíôéêÞ áíáìÝíåôáé äéáöïñåôéêÞ óõìðåñéöïñÜ ôùí
äýï óõíáñôçóéáêþí. Åðßóçò, ç ÷ñÞóç äéáöïñåôéêïý óõíüëïõ âÜóçò óõìâÜëåé ó’ áõôü, åéäéêÜ
üôáí óõìðåñéëáìâÜíïíôáé äéÜ÷õôåò óõíáñôÞóåéò (diffuse functions).

¸ëåã÷ïò üôé ç èåìåëéþäçò êáôÜóôáóç Ý÷åé óùóôÞ çëåêôñïíéáêÞ êáôÜëçøç Ýãéíå ðñáã-
ìáôïðïéþíôáò ðïëëáðëïýò õðïëïãéóìïýò óå äéáöïñåôéêÝò spin êáôáóôÜóåéò (singlet, triplet,
ê.ô.ë.), êáèþò åðßóçò ìå âåëôéóôïðïßçóç ôùí ðëçèõóìþí êáôÜëçøçò ìå pseudo-Fermi thermal
smearing [15, 18]. Ìå ôï thermal smearing ãßíåôáé êëáóìáôéêÞ êáôÜëçøç üëùí ôùí ôñï÷éáêþí,
êáôåéëçììÝíùí êáé åéêïíéêþí (virtual orbitals), åðéôñÝðïíôáò Ýôóé ôçí êáôÜëçøç óå ôñï÷éáêÜ
ðÝñáí ôùí ðñïêáèïñéóìÝíùí. Ïé ðëçèõóìïß êáôÜëçøçò ôùí ôñï÷éáêþí ðñïêýðôïõí âÜóç
ìéáò êáôáíïìÞò Fermi-Dirac óõãêåêñéìÝíçò èåñìïêñáóßáò n = 1/(1 + exp((ε− εF )/kT )). Ç
åíÝñãåéá Fermi êáèïñßæåôáé Ýôóé þóôå ôï Üèñïéóìá ôùí áñéèìþí êáôÜëçøçò íá éóïýôáé ìå ôï
ðëÞèïò ôùí çëåêôñïíßùí. Ç èåñìïêñáóßá óôáäéáêÜ öèßíåé ïðüôå óôï ôÝëïò ôïõ õðïëïãéóìïý
ìüíïí ôá ðñáãìáôéêÜ êáôåéëçììÝíá ôñï÷éáêÜ Ý÷ïõí çëåêôñüíéá. Ç äéáäéêáóßá äéåõêïëý-
íåé ôçí ôçí åýñåóç êáé êáôÜëçøç ôùí åíåñãåéáêÜ ÷áìçëüôåñùí ôñï÷éáêþí óå ðåñéðôþóåéò
ðïõ äéáöÝñåé ç åíåñãåéáêÞ äéÜôáîç ôùí ôñï÷éáêþí ôçò áñ÷éêÞò (initial guess) êáé ôåëéêÞò
êõìáôïóõíÜñôçóçò. ÅðéðëÝïí, Ýëåã÷ïò ôçò ðïéüôçôáò ôçò êõìáôïóõíÜñôçóçò èåìåëéþäïõò
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êáôÜóôáóçò ôùí äïìþí Ýãéíå ìå õðïëïãéóìïýò åõóôÜèåéáò (stability calculations). Ïé Ýëåã÷ïé
áõôïß áöïñïýí ôçí åõóôÜèåéá ôùí êõìáôïóõíáñôÞóåùí (ìéáò ïñßæïõóáò) ùò ðñïò ôçí Üñóç
êÜðïéùí äåóìþí. Ç Üñóç ôùí äåóìþí ìðïñåß íá åßíáé,

(i) íá åðéôñáðåß ìéá ïñßæïõóá RHF íá ãßíåé UHF
(ii) íá åðéôñáðåß óôá ôñï÷éáêÜ íá ãßíïõí ìéãáäéêÜ
(iii) ìåßùóç ôçò óõììåôñßáò ôùí ôñï÷éáêþí.

Ï Ýëåã÷ïò ôçò äõíáìéêÞò åõóôÜèåéáò ôùí äïìþí Ýãéíå ðñáãìáôïðïéþíôáò õðïëïãéóìïýò
óõ÷íïôÞôùí, ãéá ôïí åíôïðéóìü ôñüðùí ôáëÜíôùóçò ìå ìéãáäéêÝò óõ÷íüôçôåò. Ïé ßäéïé
õðïëïãéóìïß ÷ñçóéìïðïéÞèçêáí ãéá ôçí ðáñáãùãÞ ôùí öáóìÜôùí Raman êáé IR.

Óôá ðëáßóéá ôçò DFT, ôá äýï åíåñãåéáêÜ ÷áìçëüôåñá éóïìåñÞ, äçëáäÞ áõôÜ ìå óõììåôñßåò
D2d êáé Cs, åßíáé ó÷åäüí éóïåíåñãåéáêÜ. Ìå óêïðü ôïí Ýëåã÷ï ôïí áðïôåëåóìÜôùí ôçò DFT,
ðñáãìáôïðïéÞóáìå åðéðëÝïí õðïëïãéóìïýò ìå èåùñßá äéáôáñá÷þí Møller-Plesset ôåôÜñôçò
ôÜîçò ãéá ôéò äýï áõôÝò äïìÝò.

Ôï ìåãáëýôåñï ìÝñïò ôùí õðïëïãéóìþí Ýãéíå óôá ðëáßóéá ôçò DFT ìå ôï ðñüãñáììá
TURBOMOLE 5.6 [45]. Ãéá ôïõò õðïëïãéóìïýò èåùñßáò äéáôáñá÷þí Møller-Plesset êáé ôùí
Raman activities ÷ñçóéìïðïéÞèçêå ìå ôï ðñüãñáììá GAUSSIAN-03 [33]. Ïé õðïëïãéóìïß ïëéêÞò
êáé ìåñéêÞò ðõêíüôçôáò êáôáóôÜóåùí (total and partial density of states, DOS, PDOS - âëÝðå
ðáñÜãñáöï 4.5.3) êáèþò êáé ïé õðïëïãéóìïß ãéá ôá crystal orbital overlap populations (COOP)
Ýãéíáí ìå ôï ðñüãñáììá COOPNISI, ôï ïðïßï ãñÜøáìå ãéá ôï óêïðü áõôü, êáé ôïí êþäéêá-C ôïõ
ïðïßïõ ðáñáèÝôïõìå óôï ðáñÜñôçìá C. Åðåîåñãáóßá ôùí áðïôåëåóìÜôùí üðùò ç ðáñáãùãÞ
êáôáíïìþí ìçêþí äåóìïý, ãùíéþí êáèþò êáé gaussian broadening óå åíåñãåéáêÜ öÜóìáôá
Ýãéíáí ìå äéêÜ ìáò ðñïãñÜììáôá.

4.3 ÁðïôåëÝóìáôá

4.3.1 Ôá éóïìåñÞ

Áðü ôïõò õðïëïãéóìïß ìáò ðñïêýðôïõí äýï ó÷åäüí éóïåíåñãåéáêÜ ÷áìçëÞò åíÝñãåéáò
éóïìåñÞ ôïõ Ni@Si12, ìå óõììåôñßåò D2d êáé Cs. Ç äïìÞ Cs, ç ïðïßá áðåéêïíßæåôáé óôï ó÷Þìá
4.2 (a), Ý÷åé ðñïôáèåß áðü ôïõò Singh et al. [75] ùò ç äïìÞ èåìåëéþäïõò êáôÜóôáóçò ôïõ Ni@Si12.
Ãéá ôç öïõëåñåíïåéäÞ äïìÞ D2d äåí õðÜñ÷åé ðñïçãïýìåíç áíáöïñÜ ôçò óôç âéâëéïãñáößá ùò
óôáèåñü éóïìåñÝò ôïõ óõóóùìáôþìáôïò Ni@Si12.

Ç äïìÞ Cs ìðïñåß íá èåùñçèåß ùò Ýíá ðáñáìïñöùìÝíï åîáãùíéêü ðñßóìá ôïõ ïðïßïõ
Ýíá Üôïìï ðõñéôßïõ Ý÷åé åðéìçêõìÝíïõò äåóìïýò. Ç äïìÞ D2d, ç ïðïßá áðåéêïíßæåôáé óôï
ó÷Þìá 4.2(b), áðïôåëåßôáé áðü ôÝóóåñá ðáñáìïñöùìÝíá ðåíôÜãùíá ðïõ ãåéôïíåýïõí. ÁìÝóùò
õøçëüôåñá åíåñãåéáêÜ (ðåñßðïõ êáôÜ 0.5 eV õøçëüôåñá ôçò Cs) õðÜñ÷ïõí äýï ó÷åäüí
éóïåíåñãåéáêÝò äïìÝò áðïôåëïýìåíåò áðü äýï ðáñÜëëçëá ðåíôÜãùíá ìå äýï åðéðëÝïí Üôïìá
Si ôïðïèåôçìÝíá óå êïñõöÝò óå áíôßèåôåò ðëåõñÝò. Áðü ôéò äýï áõôÝò äïìÝò, ç ìßá áðåéêïíßæåôáé
óôï ó÷Þìá 4.2(c), åíþ ç äéáöïñÜ ôïõò áöïñÜ ôç ó÷åôéêÞ èÝóç ôùí áôüìùí Si ôùí êïñõöþí. Ç
äïìÞ áõôÞ ßóùò íá ôáõôßæåôáé ìå ôçí chair-like äïìÞ ôçí ïðïßá ïé Singh et al. êáôáôÜóóïõí
åíåñãåéáêÜ ùò äåýôåñç. Êáèþò üìùò äåí ðáñáèÝôïõí óôïé÷åßá ãåùìåôñßáò ôçò äïìÞò, äåí
õðÜñ÷åé âåâáéüôçôá ãéá áõôü.

Ôï éóïìåñÝò D2d ðñïÝêõøå áðü âåëôéóôïðïßçóç ãåùìåôñßáò óå ìéá áñ÷éêÞ äïìÞ ìå
÷ùñïäéÜôáîç hcp, ìå Ýíá êåíôñéêü Üôïìï Ni êáé Ýùò äåýôåñçò ôÜîçò ãåéôïíéêÜ ôïõ Üôïìá
Si. Õðïëïãéóìïß óõ÷íïôÞôùí äåí Ýäùóáí ìéãáäéêÝò óõ÷íüôçôåò, óõíåðþò ç äïìÞ áõôÞ åßíáé
äõíáìéêÜ óôáèåñÞ, äçëáäÞ áðïôåëåß ðñáãìáôéêü åëÜ÷éóôï ôçò õðåñåðéöÜíåéáò åíÝñãåéáò. Ôï
ãåãïíüò üôé ç äïìÞ áõôÞ åßíáé åíåñãåéáêÜ ÷áìçëÞ åßíáé áíáìåíüìåíï êáèþò ðëçñïß ôïí
êáíüíá ôùí áðïìïíùìÝíùí ñüìâùí (isolated rombus rule, IRR), ðïõ Ý÷åé äéáôõðùèåß áðü
ôïí Kumar [50], ï ïðïßïò áðïôåëåß êñéôÞñéï óôáèåñüôçôáò ãéá öïõëåñÝíéá ðõñéôßïõ. Óýìöùíá
ìå ôï IRR, ïé ñïìâéêÝò Ýäñåò ôçò äïìÞò ðïõ ó÷çìáôßæïõí ôá ðõñßôéá èá ðñÝðåé íá áðÝ÷ïõí
ôï äõíáôüí ðåñéóóüôåñï ìåôáîý ôïõò ìå óêïðü ôç ìåßùóç ôùí ôÜóåùí (strains) ôùí äåóìþí.
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Ó÷Þìá 4.2: Ôá éóïìåñÞ ôïõ óõóóùìáôþìáôïò Ni@Si12 ÷áìçëüôåñçò åíÝñãåéáò, üðùò áõôÜ ðñïêýðôïõí
áðü õðïëïãéóìïýò ìå DFT. Ç äéÜôáîÞ ôïõò åßíáé áýîïõóáò åíÝñãåéáò, åêôüò áðü ôçí äïìÞ C2v (i) ç
ïðïßá åßíáé triplet êáé ôïðïèåôÞèçêå ôåëåõôáßá. Ïé äïìÝò (a) êáé (b) åßíáé ó÷åäüí éóïåíåñãåéáêÝò óôá
ðëáßóéá ôçò B3LYP, åíþ ç D2d åßíáé óçìáíôéêÜ ÷áìçëüôåñç óôï åðßðåäï MP4(SDTQ). Ïé äåóìïß Ni-Si
Ý÷ïõí áöáéñåèåß üðïõ êñßèçêå áðáñáßôçôï ãéá ëüãïõò äéáýãåéáò ôùí ó÷çìÜôùí.

Áõôü ðçãÜæåé áðü ôï üôé ôï ðõñßôéï ðáñïõóéÜæåé ôçí ôÜóç íá ó÷çìáôßæåé sp3 äåóìïýò. ÅðåéäÞ
ç éäáíéêÞ ãùíßá ìåôáîý sp3 äåóìþí åßíáé 109.47◦ óôçí ðåñßðôùóç ôïõ ðõñéôßïõ ðñïôéìïýíôáé
äïìÝò âáóéóìÝíåò óå ðåíôÜãùíá. Ï êáíüíáò IRR åßíáé áíôßóôïé÷ïò ôïõ êáíüíá áðïìïíùìÝíùí
ðåíôÜãùíùí (isolated pentagon rule, IPR) ãéá öïõëåñÝíéá áðü Üíèñáêá. Óôçí ðåñßðôùóç ôïõ
Üíèñáêá, ôá strains ôùí äåóìþí ðñïÝñ÷ïíôáé áðü ôçí ýðáñîç ðåíôÜãùíùí. Áõôüò åßíáé êáé
ï ëüãïò ôçò äõóêïëßáò ðïõ ðáñïõóéÜæåôáé óôçí ðáñáóêåõÞ ôïõ öïõëåñåíßïõ C20, ðïõ Ý÷åé
áðïêëåéóôéêÜ êáíïíéêÜ ðåíôÜãùíá ãéá üøåéò. Ôá óêåâñùìÝíá ðåíôÜãùíá ôïõ éóïìåñïýò D2d

Ý÷ïõí ìÝóç ãùíßá äåóìþí ßóç ìå 107.5◦, ôéìÞ ðïëý êïíôÜ óôçí éäáíéêÞ sp3 ãùíßá. ÂÝâáéá,
ç ðëÞñùóç ôïõ IRR äåí åßíáé ï áðïêëåéóôéêüò ðáñÜãïíôáò åëá÷éóôïðïßçóçò ôçò åíÝñãåéáò
óõóóùìáôùìÜôùí ðõñéôßïõ ìå åíóùìáôùìÝíï ìÝôáëëï ìåôÜðôùóçò. Áõôü ãßíåôáé åìöáíÝò
áëëÜæïíôáò ôï ìÝôáëëï ìåôÜðôùóçò ïðüôå áëëÜæåé êáé ç åíåñãåéáêÞò êáôÜôáîç ôùí äïìþí
Þ áêüìá ðåñéóóüôåñï, åìöáíßæïíôáé åíôåëþò äéáöïñåôéêÝò äïìÝò. Áõôü áêñéâþò óõíÝâç üôáí
÷ñçóéìïðïéÞóáìå W, Cu êáé Zn (ôï ïðïßï äåí åßíáé ìÝôáëëï ìåôÜðôùóçò).

Óôçí ðåñßðôùóç ôïõ éóïìåñïýò Cs ç áñ÷éêÞ ãåùìåôñßá ðïõ ÷ñçóéìïðïéÞèçêå åßíáé Ýíá
åîáãùíéêü ðñßóìá óõììåôñßáò C2h (Þ ìå ÷áëáñÜ êñéôÞñéá óõììåôñßáò D6h) ðïõ öáßíåôáé
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óôï ó÷Þìá 4.2(d). Ç åîáãùíéêÞ áõôÞ äïìÞ åßíáé áðü ìüíç ôçò óçìáíôéêÞ êáèþò åìöáíßæåé
áîéïóçìåßùôç óôáèåñüôçôá áíåîáñôÞôùò ôïõ ìÝôáëëïõ ìåôÜðôùóçò ðïõ åíóùìáôþíåé [74].
Ùóôüóï, õðïëïãéóìïß óõ÷íïôÞôùí ðïõ ðñáãìáôïðïéÞóáìå áðïêáëýðôïõí ôçí ýðáñîç ôñüðùí
ôáëÜíôùóçò ìå ìéãáäéêÝò óõ÷íüôçôåò. Áêïëïõèþíôáò ìéá êõêëéêÞ äéáäéêáóßá ç ïðïßá åíÝ÷åé
(i) óôñÝâëùóç ôçò äïìÞò óýìöùíá ìå ôïõò êáíïíéêïýò ôñüðïõò ôáëÜíôùóçò ìå ìéãáäéêÞ
óõ÷íüôçôá, (ii) âåëôéóôïðïßçóç ôçò ãåùìåôñßáò îåêéíþíôáò áðü ôç óôñåâëùìÝíç äïìÞ (iii)
õðïëïãéóìüò óõ÷íïôÞôùí óôç íÝá âåëôéóôïðïéçìÝíç ãåùìåôñßá, êáé ãéá êÜèå íÝï ôñüðï
ôáëÜíôùóçò ìå ìéãáäéêÞ óõ÷íüôçôá åðáíÜëõøç ôïõ âÞìáôïò (i) ê.ï.ê., óå êÜèå ðåñßðôùóç
ç äïìÞ óôçí ïðïßá êáôáëÞîáìå åßíáé ç Cs. Áîßæåé íá óçìåéùèåß üôé óôç âéâëéïãñáößá
ìüíï ðñüóöáôá åìöáíßóôçêáí åñãáóßåò ðïõ ðñáãìáôïðïéïýí õðïëïãéóìïýò óõ÷íïôÞôùí óôï
åßäïò áõôü ôùí óõóóùìáôùìÜôùí, ìå óõíÝðåéá áñêåôÝò áðü ôéò ãåùìåôñßåò ðïõ óõíáíôÞóáìå
íá ðáñïõóéÜæïõí áóôÜèåéåò ÷ùñßò öõóéêÜ íá áíáöÝñåôáé óôéò áíôßóôïé÷åò åñãáóßåò. Ï
óçìáíôéêüôåñïò ëüãïò ãéá ìéá ôÝôïéá ðáñÜëåéøç åßíáé ôï õðïëïãéóôéêü êüóôïò ôÝôïéùí
õðïëïãéóìþí, ðïõ áí óõíäõáóôåß ìå ôï ðëÞèïò ôùí ãåùìåôñéþí ðïõ êáëåßôå êáíåßò íá
åîåôÜóåé ãßíåôáé áðáãïñåõôéêü.

Ðßíáêáò 4.1: ÅíåñãåéáêÝò éäéüôçôåò éóïìåñþí ôïõ Ni@Si12, ÇëåêôñïíéêÞ åíÝñãåéá (Üíåõ ôçò åíÝñãåéáò
ìçäåíéêïý óçìåßïõ), äéüñèùóç ìçäåíéêïý óçìåßïõ ε, ÅíÝñãåéá óõíï÷Þò BE (binding energy) áíÜ Üôïìï,
åíåñãåéáêü ÷Üóìá HOMO-LUMO, HL, ÅíÝñãåéá ÅíóùìÜôùóçò (embedding energy) EE, EE2 (âëÝðå
êåßìåíï ãéá ôéò äéáöïñÝò óôïõò ïñéóìïýò). Ç äéÜôáîç ôùí éóïìåñþí åßíáé áýîïõóáò åíÝñãåéáò.
ÐåñéëáìâÜíåôáé ôï ðëÞèïò ôùí ôñüðùí ôáëÜíôùóçò ðïõ âñÝèçêáí ìå ìéãáäéêÝò óõ÷íüôçôåò (óôï
åðßðåäï DFT/B3LYP). Ïé ôéìÝò åíÝñãåéáò åíôüò ðáñåíèÝóåùí áíôéóôïé÷ïýí óå MP4(SDTQ) single point
õðïëïãéóìïýò ôçò âåëôéóôïðïéçìÝíçò ìå MP2 ãåùìåôñßáò. Ôá éóïìåñÞ ÷áñáêôçñßæïíôáé áðü ôçí ïìÜäá
óçìåßïõ ôïõò.

Óõì. Spin Im. ÅíÝñãåéá ε HL ÷Üóìá ∆E áðü Cs BE / Üôïìï EE EE2
state (Hy) (eV) (eV) (eV) (eV/Üôïìï) (eV) (eV)

CS s 0
-4981.784
(-4976.779)

0.56 1.55 0.00 3.17 5.43 3.32

D2d s 0
-4981.783
(-4976.829)

0.55 1.60 0.04 3.17 6.02 3.28

C1 (chair) s 0 -4981.765 0.54 1.53 0.51 3.13 5.43 2.82
C2h s 3 -4981.764 0.52 1.02 0.52 3.13 5.44 2.80
C2v t 0 -4981.759 0.53 1.20 0.69 3.12 5.44 2.64
C2v s 0 -4981.755 0.50 1.55 0.78 3.11 5.69 2.54
C2 s 0 -4981.719 0.46 1.68 1.76 3.03 5.11 1.56
C5v s 2 -4981.719 0.46 1.67 1.76 3.03 5.13 1.56
C5v (FK) s 2 -4981.708 0.41 1.16 2.06 3.01 4.49 1.26

Óôïí ðßíáêá 4.1 âñßóêïíôáé ïé åíÝñãåéåò ôùí äïìþí ôïõ ó÷Þìáôïò 4.2. Ïé åíåñãåéáêÝò äéá-
öïñÝò ôùí ëßãùí ðñþôùí äïìþí åßíáé ìéêñÝò. Áõôü, óå óõíäõáóìü ìå ôçí êõêëéêÞ äéáäéêáóßá
ðïõ ðñïáíáöÝñáìå ìå ôçí ïðïßá ïäçãïýìáóôå óôçí Cs, õðïäçëþíåé üôé ç õðåñåðéöÜíåéá åíÝñ-
ãåéáò åßíáé ó÷åôéêÜ åðßðåäç, ãåãïíüò ðïõ äçìéïõñãåß äõóêïëßåò óôïí åíôïðéóìü ôïõ ïëéêïý
åëÜ÷éóôïõ. Ç åíåñãåéáêÞ äéáöïñÜ ôùí éóïìåñþí D2d êáé Cs óôï åðßðåäï B3LYP/TZVP åßíáé
ìüëéò 0.04 eV. Ç äéáöïñÜ áõôÞ ìéêñáßíåé áêüìá ðåñéóóüôåñï üôáí óõìðåñéëçöèïýí äéïñèþóåéò
ìçäåíéêïý óçìåßïõ (zero-point corrections) êáé ãßíåôáé ðåñßðïõ 0.03 eV. Ìå óêïðü íá îåêá-
èáñéóôåß ðïéá äïìÞ åßíáé åíåñãåéáêÜ ÷áìçëüôåñç ðñáãìáôïðïéÞóáìå åðéðëÝïí õðïëïãéóìïýò
÷ñçóéìïðïéþíôáò èåùñßá äéáôáñá÷þí Møller-Plesset Ýùò êáé ôåôÜñôçò ôÜîçò (MP4(SDTQ) Þ
full MP4) ìå ôï óýíïëï âÜóçò TZVP. Ç ðñáãìáôïðïßçóç âåëôéóôïðïéÞóåùí ãåùìåôñßáò ìå full
MP4 åßíáé åêôüò ôùí õðïëïãéóôéêþí ìáò äõíáôïôÞôùí. Óôç èÝóç áõôïý, âåëôéóôïðïéÞóáìå ôéò
äýï äïìÝò ìå MP2/TZVP êáé ãéá ôéò äïìÝò ðïõ ðñïÝêõøáí õðïëïãßóáìå ôéò åíÝñãåéåò (single
point) óå åðßðåäï èåùñßáò MP3 êáé MP4(SDTQ). Áîßæåé íá óçìåéùèåß üôé ç MP2 åßíáé ãíùóôÞ
ãéá ôçí êáëÞ ðïéüôçôá ôùí ãåùìåôñéþí ðïõ äßíåé, ôïõëÜ÷éóôïí üôáí äåí õðÜñ÷ïõí ìáêñïß
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äåóìïß. Ôá áðïôåëÝóìáôá äåß÷íïõí üôé ç åíåñãåéáêÞ äéÜôáîç ôùí äïìþí áëëÜæåé óôéò MP2
êáé MP4(SDTQ), åíþ ðáñáìÝíåé ßäéá óôï åðßðåäï Hartree-Fock êáé MP3. ÓõãêåêñéìÝíá, ç MP4
äßíåé óçìáíôéêÞ åíåñãåéáêÞ äéáöïñÜ ìåôáîý ôùí äïìþí, ìå ôçí D2d íá åßíáé ÷áìçëüôåñç áðü
ôçí Cs êáôÜ 1.3 eV. ÌåãÜëç åíåñãåéáêÞ äéáöïñÜ ðñïêýðôåé åðßóçò êáé áðü õðïëïãéóìïýò ìå
full MP4 óôéò ãåùìåôñßåò ðïõ Ýäùóå ç B3LYP. Ïé ðáñáôçñïýìåíåò äéáêõìÜíóåéò ôçò åíÝñãåéáò
óôá äéÜöïñá åðßðåäá èåùñßáò èõìßæåé ðïëý ôçí ðåñßðôùóç ôïõ Si6 [84], êáé åßíáé åíäåéêôéêÝò
ôçò óçìáóßáò ôçò çëåêôñïíéáêÞò óõó÷Ýôéóçò ðïõ ðåñéëáìâÜíåôáé óôïí õðïëïãéóìü ãéá ôçí
åíåñãåéáêÞ äéÜôáîç ôùí äïìþí.

ÅíåñãåéáêÜ ÷áìçëÞ äïìÞ åßíáé êáé áõôÞ ðïõ öáßíåôáé óôï ó÷Þìá 4.2(i), óõììåôñßáò C2v ,
êáé ç ïðïßá áðïôåëåß ôç ìüíç åíåñãåéáêÜ ÷áìçëÞ äïìÞ ðïõ âñÞêáìå ìå triplet êáôÜóôáóç spin.
Ç áñ÷éêÞ ãåùìåôñßá áðü ôçí ïðïßá ðñïÝêõøå åßíáé ôï åîáãùíéêü ðñßóìá ìå triplet êáôÜëçøç.
Áðïôåëåßôáé áðü äýï óôñåâëùìÝíá ðåíôÜãùíá, ôá ïðïßá äåí öáßíïíôáé óôï ó÷Þìá 4.2(i) êáèþò
âñßóêïíôáé áñéóôåñÜ êáé äåîéÜ ôçò äïìÞò, ôá ïðïßá ãåéôïíåýïõí ìå Ýîé óôñåâëïìÝíïõò ñüìâïõò
êáé ìå Ýíá áêñáßï Si.

Ôï éóïìåñÝò ìå óõììåôñßá C5v ðïõ öáßíåôáé óôï ó÷Þìá 4.2(h) åßíáé ãíùóôü êáé ùò
äïìÞ Frank-Kasper (FK) äþäåêá ãåéôüíùí [32]. Ç äïìÞ áõôÞ Ý÷åé ìåëåôçèåß óôï ðáñåëèüí
ìå tight binding molecular dynamics (TBMD) êáé DFT [61]. Ïé äéêïß ìáò õðïëïãéóìïß
äåß÷íïõí üôé äåí ðáñïõóéÜæåé ôçí óôáèåñüôçôá ðïõ áíáöÝñåôáé óôçí ðñïçãïýìåíç áõôÞ
åñãáóßá. Õðïëïãéóìïß óõ÷íïôÞôùí áðïêáëýðôïõí ôçí ýðáñîç êáíïíéêþí ôñüðùí ôáëÜíôùóçò
ìå ìéãáäéêÝò óõ÷íüôçôåò êáé êáôÜ óõíÝðåéá ôï éóïìåñÝò áõôü äåí áðïôåëåß ðñáãìáôéêü
åëÜ÷éóôï. Ùóôüóï, üðùò Ý÷ïõìå Þäç áíáöÝñåé, ç äïìÞ áõôÞ Ý÷åé ÷ñçóéìïðïéçèåß ùò âáóéêü
äïìéêü óôïé÷åßï óôçí êáôáóêåõÞ íáíïóùëÞíùí ðõñéôßïõ [61]. Ç äïìéêÞ óôáèåñüôçôá ôùí
íáíïóùëÞíùí áõôþí åíäå÷ïìÝíùò íá ìçí ó÷åôßæåôáé Üìåóá ìå ôçí óôáèåñüôçôá ôïõ éóïìåñïýò
FK, üðùò õðÝèåóáí ïé óõããñáöåßò ôçò [22], áëëÜ íá áðïôåëåß åããåíÞ éäéüôçôá ôùí ßäéùí ôùí
íáíïóùëÞíùí.

4.3.2 ÊáôáíïìÞ ìçêþí äåóìïý

Ôá äïìéêÜ ÷áñáêôçñéóôéêÜ ôùí óõóóùìáôùìÜôùí ìðïñïýí íá áðåéêïíéóôïýí êáôÜ ôñüðï
ïéêïíïìéêü ìå ôç ÷ñÞóç äéáãñáììÜôùí êáôáíïìÞò ìçêþí äåóìïý. Ç óýãêñéóç ôÝôïéùí
äéáãñáììÜôùí ìðïñåß íá áðïêáëýøåé ÷ñÞóéìåò ðïéïôéêÝò ôÜóåéò ó÷åôéêÜ ìå ôç ãåùìåôñßá ôùí
éóïìåñþí, ðïõ íá äßíïõí åñìçíåßá óôéò ðáñáôçñïýìåíåò åíåñãåéáêÝò äéáöïñÝò. Óôï ó÷Þìá
4.3 ðáñáèÝôïõìå äéáãñÜììáôá êáôáíïìÞò äåóìþí Si-Si ãéá ôá ðÝíôå åíåñãåéáêÜ ÷áìçëüôåñá
éóïìåñÞ ðïõ äåí ðáñïõóéÜæïõí ìéãáäéêÝò óõ÷íüôçôåò, óõãêåêñéìÝíá ãéá ôá éóïìåñÞ Cs, D2d,
‘‘Chair’’, C2v triplet êáé C2v , êáèþò åðßóçò ãéá ôï éóïìåñÝò C5v FK. Ç ðáñáãùãÞ ôùí
äéáãñáììÜôùí Ýãéíå ìå êáôÜëëçëï Gaussian broadening óôï öÜóìá ôùí ìçêþí äåóìïý (âë.
ðáñÜãñáöï 4.5.3). ¼ðùò öáßíåôáé óôï ó÷Þìá, ãéá ôá éóïìåñÞ Cs êáé D2d ç êáôáíïìÞ ôùí
ìçêþí äåóìïý åßíáé óôåíÞ ìå ôçí ìÝóç ôéìÞ ôïõò íá Ý÷åé õðïëïãéóôåß êïíôÜ óôá 2.4 Å . Ãéá ôï
éóïìåñÝò C5v FK ç ýðáñîç ìáêñþí äåóìþí åßíáé åìöáíÞò. Ç ôéìÞ 2.8 Å ãéá ìÞêïò äåóìïý Si-Si
ðïõ åìöáíßæåôáé óôï éóïìåñÝò áõôü åßíáé áñêåôÜ ìåãÜëç. ÁíÜëõóç ðëçèõóìþí (population
analysis) Ýäåéîå üôé ôï ðëÞèïò êïéíþí çëåêôñïíßùí (share electron number) ãéá ôïõò äåóìïýò
áõôïýò åßíáé 0.6, ôéìÞ áñêåôÜ ìåãÜëç ãéá íá ÷áñáêôçñéóôïýí ùò «äåóìïß».

×áñáêôçñéóôéêü ôùí äéáãñáììÜôùí åßíáé ç åìöÜíéóç ìáêñþí äåóìþí óôçí áíôßóôïé÷ç
êáôáíïìÞ êáèþò ìåôáâáßíïõìå ðñïò éóïìåñÞ üëï êáé ìåãáëýôåñçò åíÝñãåéáò. ÂÜóç áõôÞò
ôçò ðáñáôÞñçóçò, ç ÷áìçëÞ óôáèåñüôçôá ôïõ éóïìåñïýò FK ìðïñåß íá áðïäïèåß óå áóèåíÞ
äåóìïýò ìåôáîý ôùí ðõñéôßùí. Ìå Üëëá ëüãéá, ôï ðëÝãìá ôùí ðõñéôßùí äåí åßíáé éó÷õñÜ
äåìÝíï. ÅðéðëÝïí, ôï FK éóïìåñÝò ðáñïõóéÜæåé óöáéñéêÞ óõììåôñßá, ç ïðïßá äåí åßíáé åõíïúêÞ
ùò ÷ùñïäéÜôáîç ãéá ôï ðõñßôéï. Èåùñïýìå ôçí äïìÞ ðïõ ðñïêýðôåé áöáéñþíôáò ôï êåíôñéêü
Üôïìï Ni, äçëáäÞ ôï êïýöéï C5v êëïõâß ðõñéôéþí. Ôá äýï ÷áñáêôçñéóôéêÜ ðïõ ðñïáíáöÝñáìå,
äçëáäÞ ôï ÷áëáñü äÝóéìï ìåôáîý ôùí ðõñéôßùí êáé ç óöáéñéêüôçôá ôçò äïìÞ, ïäçãïýí óôï
óõìðÝñáóìá üôé ôï êïýöéï êëïõâß C5v åõíïåßôáé åíåñãåéáêÜ ðåñéóóüôåñï áðü ü,ôé ïé Cs êáé
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Ó÷Þìá 4.3: ÄéáãñÜììáôá êáôáíïìÞò äåóìþí Si-Si ãéá ôá äõíáìéêÜ óôáèåñÜ éóïìåñÞ Cs, D2d, ‘‘Chair’’,
C2v triplet êáé C2v , êáèþò êáé ãéá ôï éóïìåñÝò C5v FK. Ç ýðáñîç ìáêñþí äåóìþí åßíáé åìöáíÞò óôçí
ðåñßðôùóç ôïõ éóïìåñïýò C5v . Ç äéÜôáîç ôùí äéáãñáììÜôùí åßíáé áýîïõóáò åíÝñãåéáò áðü êÜôù ðñïò
ôá ðÜíù

D2d áðü ôçí åéóáãùãÞ ó’ áõôü åíüò áôüìïõ Ni. ÁíáìÝíïõìå äçëáäÞ ï ñüëïò ôçò åéóáãùãÞò
ôïõ áôüìïõ Ni óôç óôáèåñïðïßçóç ôïõ éóïìåñïýò C5v íá åßíáé ðéï êáèïñéóôéêüò áð’ üôé óôá
Üëëá äýï éóïìåñÞ. ¼ðùò èá äïýìå ðáñáêÜôù üôáí åîåôÜóïõìå ôéò åíÝñãåéåò åíóùìÜôùóçò,
áõôü ôï äéáéóèçôéêÜ áíáìåíüìåíï áðïôÝëåóìá äåí åðáëçèåýåôáé.

4.3.3 ÅíÝñãåéá åíóùìÜôùóçò

Ìéá óçìáíôéêÞ ðïóüôçôá ðïõ ó÷åôßæåôáé åéäéêÜ ìå ôï åßäïò ôùí óõóóùìáôùìÜôùí ðïõ
åîåôÜæïõìå åßíáé ç åíÝñãåéá åíóùìÜôùóçò (embedding energy, EE). Ç åíÝñãåéá åíóùìÜôùóçò
ðïóïôéêïðïéåß, ùò Ýíá âáèìü, ôç óôáèåñïðïßçóç ðïõ åðéöÝñåé ç åéóáãùãÞ åíüò ìåôÜëëïõ ìåôÜ-
ðôùóçò óå êáèáñÜ óõóóùìáôþìáôá ðõñéôßïõ ôýðïõ êëùâïý. Ç åíÝñãåéá åíóùìÜôùóçò ïñßæåôáé
ùò ç åíåñãåéáêÞ äéáöïñÜ ìåôáîý ôùí óõóóùìáôùìÜôùí ðõñéôßïõ ðïõ Ý÷ïõí åíóùìáôùìÝíï
ìÝôáëëï ìåôÜðôùóçò, áðü áõôÞ ôïõ áôüìïõ ôïõ ìåôÜëëïõ êáé ôïõ áìéãïýò óõóóùìáôþìáôïò
ðõñéôßïõ . Óôç âéâëéïãñáößá óõíáíôþíôáé äýï îå÷ùñéóôïß ïñéóìïß ãéá ôçí åíÝñãåéá åíóùìÜ-
ôùóç. Ïé äýï ïñéóìïß äéáöÝñïõí ìüíï óå ó÷Ýóç ìå ôç äïìÞ ðïõ ëáìâÜíåôáé ùò ôï áìéãÝò
óõóóùìÜôùìá ðõñéôßïõ êáé ôéò óõìâïëßæïõìå åäþ ùò EE êáé EE2. Ãéá ôçí ðåñßðôùóç ôïõ
óõóóùìáôþìáôïò Ni@Si12 ðïõ åîåôÜæïõìå, ïé ïñéóìïß ãßíïíôáé:

EE = [E(Si12)κκ + E(Ni)]− E(Ni@Si12) (4.1)

êáé

EE = [E(Si12)ϑκ + E(Ni)]− E(Ni@Si12) (4.2)
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üðïõ (Si12)κκ åßíáé ï êïýöéïò êëùâüò áôüìùí ðõñéôßïõ ðïõ ìÝíåé ìå ôçí áöáßñåóç ôïõ êåíôñéêïý
áôüìïõ Ni, êáé (Si12)ϑκ åßíáé ç äïìÞ ôçò èåìåëéþäïõò êáôÜóôáóçò ôïõ óõóóùìáôþìáôïò
Si12 [86]. ÅÜí èåùñÞóïõìå äýï éóïìåñÞ isom1 êáé isom2, ìðïñïýìå íá äåßîïõìå üôé ïé äéáöïñÜ
óôéò åíÝñãåéåò åíóùìÜôùóÞò ôïõò óýìöùíá ìå ôïí ïñéóìü EE2 éóïýôáé ìå ôçí äéáöïñÜ óôéò
åíÝñãåéåò óõíï÷Þò ôïõò:

∆EE2 = EEisom1 − EEisom2

= {[E(Si12)ϑκ + E(Ni)]− E(Ni@Si12)isom1}
−{[E(Si12)ϑκ + E(Ni)]− E(Ni@Si12)isom2}

= E(Ni@Si12)isom2 − E(Ni@Si12)isom1

= {[E(Ni) + 12E(Si12)]−BE(Ni@Si12)isom2}
−{[E(Ni) + 12E(Si12)]−BE(Ni@Si12)isom1}

= BE(Ni@Si12)isom1 −BE(Ni@Si12)isom2

= ∆BE (4.3)

Áõôü ôï áðïôÝëåóìá ìáò ëÝåé üôé Ýíá åíåñãåéáêü äéÜãñáììá EE2 ãéá äéÜöïñá éóïìåñÞ
áêïëïõèåß áêñéâþò Ýíá áíôßóôïé÷ï äéÜãñáììá åíåñãåéþíBE , óå Üëëç åíåñãåéáêÞ êëßìáêá. Ôï
óçìåßï áõôü öáßíåôáé üôé äåí Ý÷åé ãßíåé óáöÝò áöïý óôç âéâëéïãñáößá Ý÷ïõí ÷ñçóéìïðïéçèåß
[57] ôáõôü÷ñïíá êáé ïé äýï ôýðïé äéáãñáììÜôùí, åíþ ç ïìïéüôçôÜ ôïõò ó÷ïëéÜæåôáé ùò
áîéïóçìåßùôï êáé ü÷é ùò êÜôé åíôåëþò áíáìåíüìåíï.

Ï ðñþôïò ïñéóìüò ìáò äßíåé ðëçñïöïñßá ãéá ôçí óôáèåñïðïßçóç ðïõ åðéöÝñåé óå óõãêå-
êñéìÝíç äïìÞ ç åíóùìÜôùóç áôüìïõ Ni, åíþ ï äåýôåñïò ïñéóìüò ìðïñåß íá ÷ñçóéìïðïéçèåß
ùò ìÝôñï óýãêñéóçò ôçò óôáèåñüôçôáò ôùí äéáöüñùí éóïìåñþí Ni@Si12. Ï äåýôåñïò ïñéóìüò
óõíáíôÜôáé êáé ùò åíÝñãåéá ó÷çìáôéóìïý (formation energy, FE) [74]. Êáèþò êáé ïé äýï áõôÝò
ðïóüôçôåò óõíáíôþíôáé óôç óýã÷ñïíç âéâëéïãñáößá ðáñáèÝôïõìå ôéìÝò êáé ãéá ôéò äýï. Ðéï
ó÷åôéêüò óôçí ðáñïýóá åñãáóßá åßíáé ìÜëëïí ï ðñþôïò ïñéóìüò.

Óôïí ðßíáêá 4.1 âñßóêïíôáé ïé ôéìÝò ãéá ôéò åíÝñãåéåò åíóùìÜôùóçò üðùò ðñïÝêõøáí áðü
ôïõò õðïëïãéóìïýò ðïõ ðñáãìáôïðïéÞóáìå ìå DFT óôá ðëáßóéá ôçò B3LYP êáé ìå ôï óýíïëï
âÜóçò TZVP. Ïé ôéìÝò EE äéáöÝñïõí óçìáíôéêÜ ìåôáîý ôùí éóïìåñþí. ÔÝóóåñá áðü ôá
éóïìåñÞ Ý÷ïõí ôéìÞ EE ãýñù óôá 5.4 eV. Ôç ìåãáëýôåñç EE ôçí âñßóêïõìå ãéá ôï éóïìåñÝò
D2d, ãåãïíüò ðïõ ìáñôõñåß ôïí óçìáíôéêü óôáèåñïðïéçôéêü ñüëï ôïõ åíóùìáôùìÝíïõ áôüìïõ
Ni. ÅðéðëÝïí, âëÝðïõìå üôé ôï éóïìåñÝò áõôü Ý÷åé õøçëÞ åíÝñãåéá óõíï÷Þò BE êáé áñêåôÜ
ìåãÜëï åíåñãåéáêü ÷Üóìá (HOMO-LUMO gap). Ïé ðáñÜãïíôåò áõôïß åßíáé åíäåéêôéêïß ôçò
óôáèåñüôçôáò ôçò äïìÞò. Ôï éóïìåñÝò Cs ðïõ Ý÷åé ïñéáêÜ õøçëüôåñç åíÝñãåéá óõíï÷Þò óôï
åðßðåäï DFT Ý÷åé ùóôüóï ìéêñüôåñç EE êáé åëáöñþò ìéêñüôåñï HL ÷Üóìá. Ôï éóïìåñÝò ìå
ôçí ÷áìçëüôåñç EE åßíáé ôï C5v FK, êáé êáôÜ óõíÝðåéá ï êïýöéïò C5v êëùâüò åðùöåëåßôáé
åíåñãåéáêÜ ôï ëéãüôåñï áðü ôçí åéóáãùãÞ ôïõ Ni. ÂÜóç ôçò óõæÞôçóçò ðïõ êÜíáìå íùñßôåñá,
áõôü ôï áðïôÝëåóìá äåí åßíáé áíáìåíüìåíï. Ïé äåóìïß ðïõ äçìéïõñãåß ôï ðõñßôéï äåí åõíïïýí
ôï ó÷çìáôéóìü äïìþí ìå ôç óöáéñéêüôçôá ôçò C5v FK êáé êáôÜ óõíÝðåéá èá Þôáí áíáìåíüìåíï
(äéáéóèçôéêÜ) ç äïìÞ áõôÞ íá åðùöåëåßôáé ôï ðåñéóóüôåñï.

4.3.4 Ðõêíüôçôá êáôáóôÜóåùí

Ç óýãêñéóç ôùí åíåñãåéáêþí åðéðÝäùí ôùí äéáöüñùí éóïìåñþí ìðïñåß íá õðïâïçèçèåß
áðü ôç ÷ñÞóç äéáãñáììÜôùí ïëéêÞò êáé ìåñéêÞò ðõêíüôçôáò êáôáóôÜóåùí (total and partial
density of states, DOS, PDOS). Óôï ó÷Þìá 4.4 ðáñáèÝôïõìå ôá äéáãñÜììáôá åíåñãåéáêþí
êáôáóôÜóåùí ìáæß ìå ôá äéáãñÜììáôá DOS (äéáêåêïììÝíåò ãñáììÝò) êáé PDOS (óõìðáãÞò
ãñáììÝò) ãéá ôñßá éóïìåñÞ ôïõ Ni@Si12, óõãêåêñéìÝíá ãéá ôá C5v FK, D2d êáé Cs. Ôá
äéáãñÜììáôá PDOS áíôéóôïé÷ïýí óôç óõíåéóöïñÜ ôïõ Ni óôá áíôßóôïé÷á åíåñãåéáêÜ åðßðåäá.
Ïé êáìðýëåò áõôÝò Ý÷ïõí äçìéïõñãçèåß ìå êáôÜëëçëo Gaussian broadening (âë. ðáñÜãñáöï
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4.5.3) óôéò åíÝñãåéåò ôùí ôñï÷éáêþí ðïõ ðñïÝêõøáí áðü õðïëïãéóìïýò ìå DFT óôá ðëáßóéá
ôïõ óõíáñôçóéáêïý B3LYP êáé ÷ñçóéìïðïéþíôáò ôï óýíïëï âÜóçò TZVP.

Ãéá üëá ôá éóïìåñÞ (ü÷é ìüíï ãéá áõôÜ ðïõ áíôéóôïé÷ïýí óôá äéáãñÜììáôá ðïõ ðáñáèÝôïõìå)
ïé êáìðýëåò PDOS åìöáíßæïõí óçìáíôéêÝò ïìïéüôçôåò, ìå óçìáíôéêüôåñç ìéá áé÷ìÞ (êáé äýï
ðëåõñéêÝò áé÷ìÝò) óôçí åíåñãåéáêÞ ðåñéï÷Þ áðü -9.5 Ýùò -7.5 eV. Ç óõíåéóöïñÜ áðü ôá
d-ôñï÷éáêÜ ôïõ Ni óå áõôÜ ôá åíåñãåéáêÜ åðßðåäá åßíáé ìåãÜëç, ìå ôçí ïëéêÞ óõíåéóöïñÜ (üëá
ôá ôñï÷éáêÜ) ôïõ Ni íá êõìáßíåôáé áðü 51% Ýùò 78%. Ãéá ôá éóïìåñÞ Cs êáé D2d âëÝðïõìå
üôé ïé êáôáóôÜóåéò áõôÞò ôçò åíåñãåéáêÞò ðåñéï÷Þò Ý÷ïõí õðïóôåß óçìáíôéêü äéá÷ùñéóìü
åðéðÝäùí (level splitting). Ãéá ôç äïìÞ Cs ï äéá÷ùñéóìüò áõôüò åßíáé ðéï åìöáíÝò áð’ üôé ãéá
ôçí D2d. Áõôü ìðïñåß íá áðïäïèåß óôï áíïìïéïãåíÝò (ìç éóïôñïðéêü) ðåäßï ðïõ äçìéïõñãïýí
ôá Üôïìá Si ðïõ ðåñéóôïé÷ßæïõí ôï Ni. Ôï öáéíüìåíï äåí ðáñáôçñåßôáé óôçí ðåñßðôùóç ôçò
C5v äïìÞò, ç ïðïßá Ý÷åé ðéï óöáéñéêü ó÷Þìá êáé õøçëüôåñç óõììåôñßá êáé êáôÜ óõíÝðåéá
äçìéïõñãåß ïìïéüìïñöï ðåäßï óôï êÝíôñï.

Óôï ó÷Þìá 4.5 öáßíïíôáé ïé ðõêíüôçôåò ôùí åðéìÝñïõò Ni-3d êáôáóôÜóåùí, äçëáäÞ
êáèåíüò åê ôùí dz2 , dx2−y2 (eg) êáé dxy, dxz, dyz (t2g). Ç äéåñåýíçóç ôçò äåóìéêüôçôáò ôùí
êáôáóôÜóåùí Ýãéíå ìå ôá äéáãñÜììáôá Crystal Orbital Overlap Population (COOP) [41, 42]
ôïõ ó÷Þìáôïò 4.6. Ïé óõìðáãåßò ãñáììÝò áíôéóôïé÷ïýí óôçí åðéêÜëõøç ôùí d áôïìéêþí
ôñï÷éáêþí ôïõ Ni ìå üëá ôá ôñï÷éáêÜ üëùí ôùí Si. Oé äéáêåêïììÝíåò ãñáììÝò áíôéóôïé÷ïýí
óôçí åðéêÜëõøç üëùí ôùí ôñï÷éáêþí ôïõ Ni ìå üëá ôá ôñï÷éáêÜ üëùí ôùí Si. ËåðôïìÝñåéåò
ãéá ôïí ôñüðï êáôáóêåõÞò ôùí äéáãñáììÜôùí áõôþí äßíïíôáé óôçí ðáñÜãñáöï 4.5.3. Ãéá
ôïí õðïëïãéóìü ÷ùñßæïõìå ôá ôñï÷éáêÜ óå äýï ïìÜäåò (óõíÞèùò ïé ïìÜäåò áõôÝò êáëïýíôáé
fragments), ìßá ðïõ ðåñéÝ÷åé ôá áôïìéêÜ ôñï÷éáêÜ (Þ ìüíï ôá d-ôñï÷éáêÜ, ãéá ôéò óõìðáãåßò
ãñáììÝò) ôïõ Ni, êáé ìßá ðïõ ðåñéÝ÷åé üëá ôá ôñï÷éáêÜ üëùí ôùí ðõñéôßùí êáé óôç óõíÝ÷åéá
åöáñìüæïõìå ôç ó÷Ýóç (4.41). Óå åíåñãåéáêÝò ðåñéï÷Ýò üðïõ ç êáìðýëç ðáßñíåé èåôéêÝò ôéìÝò ôá
ôñï÷éáêÜ óõíåéóöÝñïõí äåóìéêÜ, åíþ üðïõ ðáßñíåé áñíçôéêÝò ôéìÝò óõíåéóöÝñïõí áíôéäåóìéêÜ.
Ãßíåôáé åìöáíÝò üôé, ãéá ôá éóïìåñÞ Cs êáé D2d, ïé êáôáóôÜóåéò ðïõ ó÷åôßæïíôáé ìå ôï Ni
óôçí ðåñéï÷Þ -9.5 Ýùò - 7.5 eV ðáñïõóéÜæïõí éó÷õñÜ áíôéäåóìéêü ÷áñáêôÞñá. ÁíôéèÝôùò, ãéá
ôï éóïìåñÝò C5v , üëåò ïé êáôáóôÜóåéò ðïõ ó÷åôßæïíôáé ìå ôï Ni óôçí åí ëüãù åíåñãåéáêÞ
ðåñéï÷Þ åßíáé äåóìéêÝò. Áõôü ìðïñåß íá åñìçíåõôåß ùò áðïôÝëåóìá ôçò ýðáñîçò ìáêñþí
äåóìþí ðïõ áíáöÝñáìå ðáñáðÜíù, ç ýðáñîç ôùí ïðïßùí äçìéïõñãåß ÷áëáñïýò äåóìïýò ìåôáîý
ôùí ðõñéôßùí. ÓõíÝðåéá áõôïý åßíáé ìéá áíáêáôáíïìÞ ôçò ðõêíüôçôáò öïñôßïõ Ýôóé þóôå íá
äçìéïõñãçèïýí äåóìïß Ni-Si.

Ï äéá÷ùñéóìüò ôùí êáôáóôÜóåùí öáßíåôáé êáèáñÜ óôï ó÷Þìá 4.5 êáé åßíáé åìöáíÝóôåñïò
óôçí ðåñßðôùóç ôïõ éóïìåñïýò Cs. Óôçí ðåñßðôùóç áõôÞ, ç ðõêíüôçôá ôùí Ni-d êáôáóôÜóåùí
Ý÷åé ôñåéò êïñõöÝò, åê ôùí ïðïßùí ç êõñßá (ìåóáßá) áðïôåëåßôáé áðü Ni dxy, dxz, dyz êáé
dx2−y2 êáôáóôÜóåéò, åíþ ïé äýï ðëåõñéêÝò áíôéóôïé÷ïýí óå óõíåéóöïñÝò ôçò Ni-dz2 , áðü ôéò
ïðïßåò ç ìßá åßíáé äåóìéêÞ (óôá -9.2 eV) êáé ç Üëëç áíôéäåóìéêÞ (óôá -7.3 eV). Ç Ýíèåôç
åéêüíá óôï ó÷Þìá 4.5 ãéá ôçí Cs áíôéóôïé÷åß óôçí Ni-dz2 äåóìéêÞ êáôÜóôáóç. Óôçí åéêüíá
áõôÞ öáßíåôáé êáé ç äåóìéêÞ åðéêÜëõøç ôïõ Ni-dz2 ìå ôá Si-p ôñï÷éáêÜ, êáèþò åðßóçò êáé ç
äåóìéêÞ åðéêÜëõøç ìåôáîý ôùí Si-p ôñï÷éáêþí ôùí ðõñéôßùí ðïõ áðïôåëïýí ôï ðÜíù åîÜãùíï
êáé áõôþí ðïõ áðïôåëïýí ôï êÜôù. ¼ðùò ìðïñïýìå íá äïýìå áðü ôï áíôßóôïé÷ï äéÜãñáììá
COOP (äçë. ãéá ôçí Cs), ç êïñõöÞ áõôÞ áíôéóôïé÷åß óôçí ìåãáëýôåñç èåôéêÞ ôéìÞ.

Óôçí ðåñßðôùóç ôïõ éóïìåñïýò D2d ç ìåóáßá êïñõöÞ áðïôåëåßôáé áðü Ni dyz, dxz, dz2

êáé dx2−y2 êáôáóôÜóåéò, åíþ ïé ðëåõñéêÝò êïñõöÝò áíôéóôïé÷ïýí Ni-dxy êáôáóôÜóåéò. Ïé
ðëåõñéêÝò êïñõöÝò åßíáé ëéãüôåñï åìöáíåßò áð’ üôé óôçí ðåñßðôùóç ôïõ éóïìåñïýò Cs. Áðü
áõôÝò, ç êáôÜóôáóç ìå äåóìéêÞ óõíåéóöïñÜ âñßóêåôáé óôá -8.8 eV êáé ìå áíôéäåóìéêÞ óôá -7.5
eV. Ç êåíôñéêÞ êïñõöÞ Ý÷åé óçìáíôéêÞ óõíåéóöïñÜ áðü ôéò Ni-dxz êáé dyz êáôáóôÜóåéò, ïé
ïðïßåò ðáñáìÝíïõí åêöõëéóìÝíåò, üðùò åßíáé áíáìåíüìåíï, ëüãù ôùí åðéðÝäùí óõììåôñßáò
óôá ïðïßá âñßóêïíôáé. Óôçí Ýíèåôç åéêüíá óôï ó÷Þìá 4.5 ãéá ôçí ðåñßðôùóç ôïõ éóïìåñïýòD2d

öáßíïíôáé ôá äýï áõôÜ ôñï÷éáêÜ. Ïé äéïãêùìÝíïé d-ëïâïß äåß÷íïõí ôçí äåóìéêÞ óõíåéóöïñÜ
ôùí êáôáóôÜóåùí áõôþí ôïõ Ni.
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Ó÷Þìá 4.4: ÅíåñãåéáêÜ äéáãñÜììáôá êáé äéáãñÜììáôá ïëéêÞò êáé ìåñéêÞò ðõêíüôçôáò êáôáóôÜóåùí
(DOS, PDOS), ãéá åðéëåãìÝíá éóïìåñÞ ôïõ Ni@Si12, óõãêåêñéìÝíá ãéá ôá éóïìåñÞ C5v FK, D2d êáé
Cs . Ïé óõìðáãåßò ãñáììÝò áíôéóôïé÷ïýí óôç óõíåéóöïñÜ óôéò êáôáóôÜóåéò áðü ôï Üôïìï Ni, åíþ ïé
äéáêåêïììÝíåò ãñáììÝò áíôéóôïé÷ïýí óôçí ïëéêÞ ðõêíüôçôá êáôáóôÜóåùí.

Ó÷Þìá 4.5: ÄéáãñÜììáôá ìåñéêÞò ðõêíüôçôáò êáôáóôÜóåùí (PDOS) ôçò óõíåéóöïñÜò ôïõ Ni óôéò êá-
ôáóôÜóåéò êáé ïé ðñïâïëÝò ôùí Ni d-êáôáóôÜóåùí, ãéá åðéëåãìÝíá éóïìåñÞ ôïõ Ni@Si12, óõãêåêñéìÝíá
ãéá ôá éóïìåñÞ C5v FK, D2d êáé Cs. Óôç ëåæÜíôá öáßíïíôáé ïé áíôéóôïé÷ßåò ôùí äéáöüñùí ôýðùí
ãñáììþí. Ôï åíåñãåéáêü åðßðåäï ôïõ HOMO óçìåéþíåôáé ìå EH .



4.3 ÁðïôåëÝóìáôá 77

Ó÷Þìá 4.6: ÄéáãñÜììáôá Crystal Orbital Overlap Population (COOP) ãéá åðéëåãìÝíá éóïìåñÞ ôïõ
Ni@Si12, óõãêåêñéìÝíá ãéá ôá éóïìåñÞ C5v FK, D2d êáé Cs. Óôçí åíåñãåéáêÞ ðåñéï÷Þ ìåôáîý -9.5 Ýùò
-7.5 eV õðÜñ÷ïõí êáôáóôÜóåéò ôïõ Ni ðïõ óõíåéóöÝñïõí áíôéäåóìéêÜ ìå ôá Si, ãéá üëá ôá éóïìåñÞ åêôüò
ôïõ C5v FK. Ôï åíåñãåéáêü åðßðåäï ôïõ HOMO óçìåéþíåôáé ìå EH .

ÊïíôÜ óôï åðßðåäï Fermi ç ìüíç ðåñßðôùóç üðïõ Ý÷ïõìå åìöáíþò áíôéäåóìéêÞ óõíåéóöïñÜ
áðü ôéò d êáôáóôÜóåéò ôïõ Ni, áí êáé óå ìéêñü ðïóïóôü, åßíáé óôçí ðåñßðôùóç ôïõ éóïìåñïýò
C5v . Óôçí Ýíèåôç åéêüíá ôïõ ó÷Þìáôïò 4.5 ãéá ôçí ðåñßðôùóç áõôÞ öáßíåôáé ôï HOMO ôïõ
C5v üðïõ äéáêñßíïíôáé ôá ÷áñáêôçñéóôéêÜ áõôÜ (ïìéëþíôáò åê ôïõ áóöáëïýò áöïý ôá Ý÷ïõìå
äéáðéóôþóåé åê ôùí ðñïôÝñùí áðü ôá äéáãñÜììáôá COOP).

Ðïëý óõ÷íÜ ç áëëçëåðßäñáóç ìåôáîý äýï ìïñßùí êáèïñßæåôáé áðïêëåéóôéêÜ áðü ôï HOMO
(Þ Ýíá ìéêñü õðïóýíïëï ôùí õøçëüôåñùí êáôåéëëçìÝíùí åðéðÝäùí) êáé áðü ôï LUMO (Þ
Ýíá ìéêñü õðïóýíïëï ôùí ÷áìçëüôåñùí ìç êáôåéëçììÝíùí ìïñéáêþí ôñï÷éáêþí) [41]. Áðü
ôá äéáãñÜììáôá PDOS âëÝðïõìå üôé ç óõíåéóöïñÜ ôïõ Ni óôéò êáôáóôÜóåéò öèßíåé êáèþò ç
åíÝñãåéá ðëçóéÜæåé ôï åðßðåäï Fermi. Ôï ðïóïóôü ôçò óõíåéóöïñÜò áõôÞò äåí åßíáé ßäéá óå
üëá ôá éóïìåñÞ. Ç óõíåéóöïñÜ ôïõ Ni óôï HOMO óôçí ðåñßðôùóç ôïõ éóïìåñïýò C5v åßíáé
êïíôÜ óôï 6% êáé ãéá ôï Cs êïíôÜ óôï 7%. Êáé óôéò äýï ðåñéðôþóåéò, óôï HOMO, ç åðéêÜëõøç
ôùí êáôáóôÜóåùí ôïõ Ni ìå áõôÝò ôùí Si åßíáé áíôéäåóìéêÞ (áñíçôéêÞ åðéêÜëõøç). Óôçí
ðåñßðôùóç ôïõ éóïìåñïýò D2d äåí õðÜñ÷åé êáèüëïõ (ìçäåíéêÞ) óõíåéóöïñÜ ôïõ Ni óôï HOMO.
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ÅðéðëÝïí, üðùò öáßíåôáé áðü ôá äéáãñÜììáôá COOP, ç Ni-sp óõíåéóöïñÜ óôéò êáôáóôÜóåéò
óôçí åíåñãåéáêÞ ðåñéï÷Þ ðÜíù áðü -7.5 eV êáé Ýùò ôï åðßðåäï Fermi, åßíáé êõñßùò äåóìéêÞ,
åíþ ôùí Ni-d êáôáóôÜóåùí ìç-äåóìéêÞ (Þ åëáöñþò áíôéäåóìéêÞ). Ôá áðïôåëÝóìáôá áõôÜ
åßíáé óå óõìöùíßá ìå ôá óõìðåñÜóìáôá ôùí Mpourmpakis et al. [64], ïé ïðïßïé âñÞêáí
üôé ðçãáßíïíôáò áðü áñéóôåñÜ ðñïò ôá äåîéÜ óôç 3d-óåéñÜ ôùí ìåôÜëëùí ìåôÜðôùóçò, ï
÷áñáêôÞñáò ôùí óõíïñéáêþí ôñï÷éáêþí1 ìåôáôñÝðåôáé áðü ìåôÜëëïõ ôýðïõ-d óå ðõñéôßïõ
ôýðïõ-sp. Ï éó÷õñüò sp-ðõñéôßïõ ÷áñáêôÞñáò ôïõ HOMO óôçí ðåñßðôùóç ôïõ éóïìåñïýò C5v

öáßíåôáé óôçí áíôßóôïé÷ç Ýíèåôç åéêüíá ôïõ ó÷Þìáôïò 4.5.
Óôá äéáãñÜììáôá COOP ãéá êÜèå éóïìåñÝò ðáñáôçñïýìå äéá÷ùñéóìü ôùí äåóìéêþí áðü

ôá áíôéäåóìéêÜ Ni-d ôñï÷éáêÜ. ¼ðùò áíáöÝñáìå êáé íùñßôåñá, óå êÜèå ðåñßðôùóç óôçí
åíåñãåéáêÞ ðåñéï÷Þ áðü -9.5 Ýùò 7.5 eV õðÜñ÷ïõí êáôáóôÜóåéò ìå áíôéäåóìéêÞ óõíåéóöïñÜ ôïõ
Ni. Áðü ôá äéáãñÜììáôá COOP ôùí Ni d-êáôáóôÜóåùí (óõìðáãåßò ãñáììÝò) óõìðåñáßíïõìå
üôé ïé áíôéäåóìéêÝò áõôÝò êáôáóôÜóåéò äåí åßíáé Ni-d êáôáóôÜóåéò, áëëÜ ìÜëëïí êáôáóôÜóåéò
ôýðïõ-s êáé ôýðïõ-p. ÂÜóç áõôïý, êáé åðåéäÞ åí ãÝíåé ôá d-çëåêôñüíéá ôùí ìåôÜëëùí
ìåôÜðôùóçò óõíåéóöÝñïõí ìåôÜ áðü êÜèå Üëëï óå s Þ p êáôÜóôáóç, óõìðåñáßíïõìå ïé
óõãêåêñéìÝíåò êáôáóôÜóåéò äåí èá åîáñôþíôáé áðü ôï ðëÞèïò ôùí d-çëåêôñïíßùí, äçëáäÞ
äåí èá åîáñôþíôáé áðü ôï åßäïò ôïõ ìåôÜëëïõ ìåôÜðôùóçò. Ôï óçìåßï áõôü áîßæåé íá
äéåñåõíçèåß ìå ìåëëïíôéêïýò õðïëïãéóìïýò óå äïìÝò ìå äéáöïñåôéêÜ ìÝôáëëá ìåôÜðôùóçò.

4.3.5 IR êáé Raman öÜóìáôá

Ï õðïëïãéóìüò ôùí infrared (IR, õðÝñõèñï) êáé Raman öáóìÜôùí ôùí éóïìåñþí Ýãéíå ìå
óêïðü ôç äéåõêüëõíóç ôçò ðåéñáìáôéêÞò áíáãíþñéóçò ôùí éóïìåñþí. Óôï ó÷Þìá 4.7 öáßíïíôáé
ôá IR êáé Raman öÜóìáôá ãéá ôá ôñßá åíåñãåéáêÜ ÷áìçëüôåñá éóïìåñÞ ôïõ Ni@Si12, äçëáäÞ
ãéá ôá Cs, D2d êáé chair-like. Óôïí ðßíáêá 4.2 äßíïíôáé ïé êõñßáñ÷åò óõ÷íüôçôåò (ìå ôéò
õøçëüôåñåò ôéìÝò åíôÜóåùí) êáèþò êáé ôá IR intensities êáé Raman activities ãéá ôá éóïìåñÞ
Cs êáé D2d.

Ó÷Þìá 4.7: ÕðÝñõèñá êáé Raman öÜóìáôá ôùí ôñéþí åíåñãåéáêÜ ÷áìçëüôåñùí éóïìåñþí ôïõ Ni@Si12,
óõãêåêñéìÝíá ôùí Cs, D2d êáé chair-like. Ïé õðïëïãéóìïß åßíáé óå åðßðåäï èåùñßáò DFT/B3LYP

Óå üëåò ôéò ðåñéðôþóåéò ç óõíåéóöïñÜ ôïõ Ni óôéò õøçëÝò óõ÷íüôçôåò ôùí IR êáé Raman
öáóìÜôùí åßíáé áìåëçôÝá (Þ áíýðáñêôç). ÐÜíù áðü Ýíá êáôþöëé, ôï ïðïßï åßíáé äéáöïñåôéêü
ãéá êÜèå éóïìåñÝò, ôï öÜóìá êõñéáñ÷åßôáé áðü äïíÞóåéò ôïõ êëùâïý ôùí áôüìùí Si. Óôçí
ðåñßðôùóç ôïõ éóïìåñïýò Cs ôï êáôþöëé áõôü åßíáé 335 cm−1 åíþ ãéá ôï éóïìåñÝò D2d åßíáé
261 cm−1. Ôï ãåãïíüò áõôü ó÷åôßæåôáé ìå ôçí ìåãáëýôåñç ìÜæá ôïõ áôüìïõ Ni, ðïõ Ý÷åé ùò
áðïôÝëåóìá ÷áìçëÝò ôéìÝò ôùí óõ÷íïôÞôùí äüíçóçò óôïõò êáíïíéêïýò ôñüðïõò ôáëÜíôùóçò
ðïõ êõñéáñ÷ïýíôáé áðü äïíÞóåéò ôïõ áôüìïõ Ni. ÅðéðëÝïí, ôï Ni óõìâÜëëåé êõñßùò óôï öÜóìá
IR, åíþ ïé äïíÞóåéò ôïõ êëùâïý ôùí Si óõìâÜëëïõí êõñßùò óôï Raman öÜóìá.

1Ôá HOMO êáé LUMO ôñï÷éáêÜ óõëëïãéêÜ êáëïýíôáé óõíïñéáêÜ ôñï÷éáêÜ (frontier orbitals)
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Ðßíáêáò 4.2: Êõñßáñ÷åò IR êáé Raman óõ÷íüôçôåò, Raman activities êáé IR intensities ôùí äýï
åíåñãåéáêÜ ÷áìçëüôåñùí éóïìåñþí, óõììåôñßáò Cs êáé D2d.

Cs D2d

ω Raman A IR I ω Raman A IR I
(cm−1) (Å4/amu) (km/mole) (cm−1) (Å4/amu) (km/mole)
133.6 27 0 71.5 27 2
133.8 8 0 71.5 27 2
148.4 10 0 112.0 13 0
159.5 4 2 112.0 13 0
170.8 24 3 155.9 56 0
193.4 25 0 185.9 54 0
200.6 30 5 186.5 20 0
220.6 6 8 214.0 1 26
228.8 2 7 214.0 1 26
230.9 3 4 221.0 1 24
241.0 1 3 261.6 2 15
266.6 6 6 261.6 2 15
269.3 3 2 321.8 72 0
296.5 62 0 329.2 4 0
325.7 2 2 329.2 4 0
329.5 31 1 353.9 47 0
365.2 7 2 355.6 6 0
373.4 64 0 382.3 1 3
376.5 3 2 382.3 1 3
391.1 16 0 418.6 0 3
405.5 0 2 418.6 0 3
408.0 1 2 439.5 5 1
421.8 5 4 448.7 19 0
450.0 8 3 - - -
133.6 27 0 - - -

Êñßíåôáé óêüðéìç ç óõíïðôéêÞ ðåñéãñáöÞ ôùí éó÷õñüôåñùí êïñõöþí, êáèþò êáé ï åíôï-
ðéóìüò ÷áñáêôçñéóôéêþí ôñüðùí ôáëÜíôùóçò (üðùò åßíáé ï ôñüðïò «áíáðíïÞò» - breathing
mode). Ôï éóïìåñÝò D2d Ý÷åé äýï åêöõëéóìÝíïõò ôñüðïõò óôï IR öÜóìá ìå óõ÷íüôçôåò 214
êáé 261 cm−1 êáèþò êáé Ýíáí áêüìá óôï 221 cm−1, êáèÝíáò áðü ôïõò ïðïßïõò êõñéáñ÷åßôáé
áðü ôáëáíôþóåéò ôïõ áôüìïõ Ni. Ï ôñüðïò ôáëÜíôùóçò áíáðíïÞò äßíåé êïñõöÞ óôï 322 cm−1

åíþ Ýíáò ðáñüìïéïò ôñüðïò åíôïðßæåôáé óôï 354 cm−1. Ç êïñõöÞ óôï öÜóìá Raman óôï 449
cm−1 áíôéóôïé÷åß óå ôñüðï óôïí ïðïßï ôá äýï Üôïìá ðõñéôßïõ óôï êÜôù ìÝñïò (âëÝðå ó÷Þìá
4.2a) ôáëáíôþíïíôáé ðñïò êáé áðü ôï Ýíá óôï Üëëï (áíôéóõììåôñéêÞ êßíçóç), êáèþò êáé óôçí
êßíçóç ôùí óõììåôñéêÜ éóïäýíáìùí áôüìùí ôïõò óôï ðÜíù ìÝñïò ôçò äïìÞò (êßíçóç ðÜíù
êáé êÜôù áðü ôï åðßðåäï ôçò óåëßäáò). Ãéá ôï éóïìåñÝò Cs ç êïñõöÞ óôï öÜóìá Raman óôï
373 cm−1 ìðïñåß íá èåùñçèåß ùò ï ôñüðïò áíáðíïÞò, áí êáé äåí óõìâÜëëïõí åîßóïõ üëá ôá
Üôïìá ðõñéôßïõ óôïí ôñüðï ôáëÜíôùóçò. Ïé êïñõöÝò óôá 296 êáé 329 cm−1 áíôéóôïé÷åß óå
óôñÝøç ôùí áôüìùí Si åðß ôùí åðéðÝäùí ôùí åîÜãùíùí Áðü ôç óýãêñéóç ôùí áíôßóôïé÷ùí
öáóìÜôùí ôùí éóïìåñþí Cs êáé D2d âëÝðïõìå üôé ôüóï ôá IR üóï ôá Raman öÜóìáôá ðáñïõ-
óéÜæïõí ïìïéüôçôåò, ïé ïðïßåò ßóùò äõóêïëÝøïõí ôïí ðåéñáìáôéêü ÷áñáêôçñéóìü ôùí äïìþí.
Ãßíåôáé öáíåñü üôé ãéá ôïí ðåéñáìáôéêü ÷áñáêôçñéóìü ôùí äïìþí ÷ñåéÜæïíôáé êáé ôá äýï åßäç
öáóìÜôùí. Ç chair-like äïìÞ ìðïñåß åýêïëá íá áíáãíùñéóôåß áðü ôçí Ýíôïíç êïñõöÞ ôïõ IR
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öÜóìáôïò óôï 447 cm−1, ç ïðïßá áíôéóôïé÷åß óå äïíÞóåéò ôïõ êïñõöáßïõ (áõôü ðïõ åîÝ÷åé)
áôüìïõ ðõñéôßïõ

4.3.6 ÌÝóï ìåôáöïñÜò öïñôßïõ

Ìéá ðïëý åíäéáöÝñïõóá ðéèáíÞ ôå÷íéêÞ åöáñìïãÞ ôùí óõóóùìáôùìÜôùí ðõñéôßïõ ìå
åíóùìáôùìÝíï ìÝôáëëï ìåôÜðôùóçò, Þ õëéêþí ðïõ Ý÷ïõí ðñïêýøåé áðü áõôÜ, åßíáé íá
÷ñçóéìïðïéçèïýí ãéá ôç ìåôáöïñÜ öïñôßïõ óå Üëëá ìéêñïóêïðéêÜ Þ ìáêñïóêïðéêÜ óþìáôá. Ç
ìåôáöïñÜ öïñôßïõ ìðïñåß ãéá ðáñÜäåéãìá íá ðñïóöÝñåé ìéá ðéèáíÞ åñìçíåßá óôï ðñüâëçìá ôïõ
õðïëïãéóìïý ôïõ ýøïõò ôùí öñáãìÜôùí Schottky (âëÝðå ðáñÜãñáöï 4.5.2) ìÝóïõ ôùí åíåñãþí
óõíáñôÞóåùí Ýñãïõ êáé ôçò äçìéïõñãßáò ìéêñïóêïðéêïý äßðïëïõ. ¸÷åé ðñïôáèåß üôé óþìáôá
áõôïý ôïõ ôýðïõ ßóùò íá áðïôåëïýí ôá ðñþôá ðñïúüíôá áíôéäñÜóåùí ìåôÜëëïõ-çìéáãùãïý
(ì-ç) óå äéåðéöÜíåéåò ì-ç [24, 25]. Ï óõóôçìáôéêüò êáèïñéóìüò ôïõ ýøïõò ôùí öñáãìÜôùí
Schottky åßíáé óçìáíôéêü èÝìá óôç âéïìç÷áíßá ôùí ïëïêëçñùìÝíùí êõêëùìÜôùí.

Ðßíáêáò 4.3: ÅíåñãåéáêÝò éäéüôçôåò ôùí éóïìåñþí ôïõ Ni@Si12, (vertical) åíÝñãåéá éïíéóìïý IP,
(vertical) çëåêôñïóõããÝíåéá EA, ÷çìéêü äõíáìéêü µ, ÷çìéêÞ óêëçñüôçôá η. Ôá éóïìåñÞ ÷áñáêôçñßæïíôáé
áðü ôçí ïìÜäá óçìåßïõ ôïõò.

Sym IP (eV) EA (eV) µ (eV) η (eV) µ/η

Cs 6.69 2.54 -4.62 2.07 -2.23
D2d 6.57 1.92 -4.24 2.33 -1.82
C1 (chair) 6.70 2.59 -4.64 2.06 -2.26
C2h 5.90 2.31 -4.10 1.80 -2.28
C2v t 6.59 2.67 -4.63 1.96 -2.37
C2v 6.89 2.64 -4.76 2.13 -2.24
C2 7.05 2.69 -4.87 2.18 -2.23
C5v 7.31 2.69 -5.00 2.31 -2.16
C5v (FK) 7.16 3.05 -5.11 2.05 -2.49

Ïé ðïóüôçôåò ìå ôéò ïðïßåò åñãáæüìáóôå åßíáé ç ôï ÷çìéêü äõíáìéêü (chemical potential)
µ, ç ÷çìéêÞ óêëçñüôçôá (chemical hardness) η, êáèþò êáé ç åíÝñãåéá éïíéóìïý (ionization
potential) IP êáé ç çëåêôñïóõããÝíåéá (electron affinity) EA. ¸íáò ôñüðïò ðñüâëåøçò ðåñé-
ðôþóåùí üðïõ ìðïñåß íá óõìâåß åýêïëç ìåôáöïñÜ öïñôßïõ ìåôáîý äýï ÷çìéêþí óõóôçìÜôùí
1 êáé 2 åßíáé áõôÜ íá Ý÷ïõí ìåãÜëç äéáöïñÜ óå ÷çìéêü äõíáìéêü µ åíþ ðáñÜëëçëá íá Ý÷ïõí
ìéêñÝò ôéìÝò η1 êáé η2. Ï ôñüðïò ìå ôïí ïðïßï ðñïêýðôïõí ôá ðáñáðÜíù äßíïíôáé áíáëõôéêÜ
óôï ó÷åôéêü èåùñçôéêü óõìðëÞñùìá êáé óôéò áíáöïñÝò [17, 63].

Óôá ðëáßóéá ôçò èåùñßáò óõíáñôçóéáêïý ðõêíüôçôáò, ôï ÷çìéêü äõíáìéêü êáé ç ÷çìéêÞ
óêëçñüôçôá ïñßæåôáé ùò ç ðñþôç êáé äåýôåñç ðáñÜãùãïò ôçò çëåêôñïíéáêÞò åíÝñãåéáò ôïõ
óõóôÞìáôïò ùò ðñïò ôï ðëÞèïò ôùí çëåêôñïíßùí êáé õðü óôáèåñü åîùôåñéêü äõíáìéêü [17].
Ï õðïëïãéóìüò ôïõò ãßíåôáé ìå ðñïóÝããéóç äéáöïñþí ôñéþí óçìåßùí (three-point finite-
difference approximation) ç ïðïßá äßíåé ôéò åîéóþóåéò (4.26) êáé (4.25):

µ = −IP + EA

2

êáé

η =
IP − EA

2

üðïõ ôï äõíáìéêü éïíéóìïý IP êáé ç çëåêôñïóõããÝíåéá EA õðïëïãßæïíôáé áðü ôéò åíÝñãåéåò ôùí
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óõóôçìÜôùí (Í-1), Í êáé (Í+1) çëåêôñïíßùí óôç ãåùìåôñßá ôïõ ïõäÝôåñïõ óõóóùìáôþìáôïò:

IP = E(N − 1)− E(N)

êáé

EA = E(N)− E(N + 1)

Ï õðïëïãéóìüò ôïõ äõíáìéêïý éïíéóìïý ìðïñåß íá ãßíåé ìå ðïëý êáëÞ áêñßâåéá. Ùóôüóï,
óå ðåñéðôþóåéò üðïõ ï ç ðåéñáìáôéêÞ çëåêôñïóõããÝíåéá åßíáé áñíçôéêÞ, ï õðïëïãéóìüò ôçò
çëåêôñïóõããÝíåéáò åíÝ÷åé ðñïâëÞìáôá [78]. ÅðåéäÞ ôá óýíïëá âÜóçò ðïõ ÷ñçóéìïðïéïýíôáé
óôïõò õðïëïãéóìïýò åßíáé ðåðåñáóìÝíá, äçìéïõñãåßôáé ìéá ôå÷íçôÞ äÝóìåõóç ôïõ åðéðëÝïí
çëåêôñïíßïõ. ¼ôáí ç âÜóç åìðåñéÝ÷åé äéÜ÷õôåò óõíáñôÞóåéò ôüôå ôï åðéðëÝïí çëåêôñüíéï Ý÷åé
ôç äõíáôüôçôá äéáöõãÞò, êáé êáôÜ óõíÝðåéá ç õðïëïãéæüìåíç ôéìÞ ôçò EA ðëçóéÜæåé ôï ìçäÝí,
êáé ç ÷çìéêÞ óêëçñüôçôá ðëçóéÜæåé ôï IP/2. Ãéá ôÝôïéåò ðåñéðôþóåéò Ý÷ïõí ðñïóöÜôùò
ðñïôáèåß åíáëëáêôéêÝò ìÝèïäïé õðïëïãéóìïý ôçò ÷çìéêÞò óêëçñüôçôáò [78]. Óôç äéêÞ ìáò
ðåñßðôùóç, üðïõ ïé ôéìÝò ôçò EA åßíáé îåêÜèáñá èåôéêÝò, ïé ó÷Ýóåéò (4.26) êáé (4.25) äßíïõí ôá
ðéï áêñéâÞ áðïôåëÝóìáôá.

Óôïí ðßíáêá 4.3 ðáñáèÝôïõìå ôá áðïôåëÝóìáôá ôùí õðïëïãéóìþí ìáò ãéá ôï (vertical)
äõíáìéêü éïíéóìïý êáé çëåêôñïóõããÝíåéá, êáèþò êáé ãéá ôï ÷çìéêü äõíáìéêü êáé ôç ÷çìéêÞ
óêëçñüôçôá, ãéá üëá ôá éóïìåñÞ. ÓõìðåñéëáìâÜíïõìå êáé áðïôåëÝóìáôá ãéá éóïìåñÞ ðïõ
Ý÷ïõìå äåßîåé üôé åßíáé äõíáìéêÜ áóôáèÞ (ð.÷. C5v FK) ãéá ëüãïõò óýãêñéóçò ìå ôçí õðÜñ÷ïõóá
âéâëéïãñáößá, üðïõ óôï ìåãÜëï ôïõò ìÝñïò äåí Ý÷åé ãßíåé Ýëåã÷ïò äõíáìéêÞò åõóôÜèåéáò.
Óçìåéþíïõìå üôé ïé ôéìÝò ôùí ðïóïôÞôùí ðïõ õðïëïãßóáìå áíôéóôïé÷ïýí óôç ãåùìåôñßá ôùí
ïõäÝôåñùí óõóóùìáôùìÜôùí. Ãéá ôï ëüãï áõôü, ç üðïéá óýãêñéóç ìå ôï ðåßñáìá (Þ ìå
Üëëïõò õðïëïãéóìïýò) èá ðñÝðåé íá ãßíåé ìå ðñïóï÷Þ (åéäéêÜ ãéá ôçí EA) ãéá íá áðïöåõ÷èåß
ïðïéáäÞðïôå óýã÷õóç ìå ôçí áäéáâáôéêÞ çëåêôñïóõããÝíåéá Þ ôçí åíÝñãåéá áðïêüëëçóçò
(vertical detatchment energy), áöïý ïé ðïóüôçôåò áõôÝò åíÝ÷ïõí äïìéêÞ ÷áëÜñùóç ôùí
öïñôéóìÝíùí óõóóùìáôùìÜôùí. ¸íáò äïêéìáóôéêüò õðïëïãéóìüò ôïõ vertical äõíáìéêïý
éïíéóìïý ãéá ôç äïìÞ èåìåëéþäïõò êáôÜóôáóçò ôïõ óõóóùìáôüìáôïò Si12 [86] Ýäùóå ôéìÞ 7.39
eV, ç ïðïßá åßíáé óå Üñéóôç óõìöùíßá ìå ôï ðåéñáìáôéêü åýñïò áðü 7.17 Ýùò 7.46 eV [34].

Ôá óõóóùìáôþìáôá ðïõ Ý÷ïõí ôçí éêáíüôçôá íá äÝ÷ïíôáé çëåêôñüíéá åíþ ôáõôü÷ñïíá
Ý÷ïõí ìéêñÞ ÷çìéêÞ óêëçñüôçôá åßíáé áõôÜ ãéá ôá ïðïßá ï ëüãïò |µ/η| åßíáé ìåãÜëïò
(|µ/η| > 3, üðùò ðñïôåßíïõí ïé Miyazaki et al. [63]). Óôçí ôåëåõôáßá óôÞëç ôïõ ðßíáêá 4.3
Ý÷ïõìå õðïëïãßóåé ôï ëüãï µ/η ãéá üëá ôá éóïìåñÞ. Áðü ôéò ôéìÝò áõôÝò äéáðéóôþíïõìå üôé
ôï êáôáëëçëüôåñï éóïìåñÝò ãéá íá ÷ñçóéìïðïéçèåß ùò äÝêôçò ìåôáöïñÜò öïñôßïõ (charge-
transfer-type acceptor) óå Üëëá ìáêñïóêïðéêÜ õëéêÜ èá ìðïñïýóå íá åßíáé ôï C5vFK åÜí Þôáí
äõíáìéêÜ óôáèåñü. Ùóôüóï, áêüìá êáé óå áõôÞ ôçí õðïèåôéêÞ ðåñßðôùóç, ç ó÷åôéêÜ õøçëÞ
ôéìÞ ôçò óêëçñüôçôáò ôï êáèéóôÜ áêáôÜëëçëï.

4.4 ÓõìðåñÜóìáôá

Óôá ðëáßóéá ôçò èåùñßáò óõíáñôçóéáêïý ðõêíüôçôáò êáé ÷ñçóéìïðïéþíôáò ôï óõíáñ-
ôçóéáêü B3LYP âñÞêáìå ôç äïìÞ ôçò èåìåëéþäïõò êáôÜóôáóçò ôïõ éóïìåñïýò Ni@Si12 ìå
óõììåôñßá D2d. Óå åðßðåäï èåùñßáò äéáôáñá÷þí Møller-Plesset ôåôÜñôçò ôÜîçò ç äïìÞ áõôÞ
åßíáé åíåñãåéáêÜ ÷áìçëüôåñç êáôÜ 1.3 eV áðü ôçí äïìÞ ìå Cs óõììåôñßá. Óôï åðßðåäï
DTF/B3LYP ïé äýï äïìÝò åßíáé ðñáêôéêÜ éóïåíåñãåéáêÝò ìå äéáöïñÜ 0.04 eV, ç ïðïßá ìéêñáß-
íåé ëßãï üôáí óõìðåñéëçöèïýí äéïñèþóåéò ìçäåíéêïý óçìåßïõ, êáé ãßíåôáé 0.03 eV. Ç íÝá äïìÞ
D2d ðëçñïß ôïí êáíüíá IRR ùò êñéôÞñéï óôáèåñüôçôáò óõóóùìáôùìÜôùí ðõñéôßïõ ôýðïõ
êëùâïý (ðéï óõãêåêñéìÝíá ãéá öïõëåñåíïåéäÞ óõóóùìáôþìáôá ôýðïõ êëùâïý) ðïõ Ý÷åé ðñï-
ôåßíåé ï V. Kumar. Ç åíåñãåéáêÞ êáôÜôáîç ôùí Cs êáé D2d öáßíåôáé íá åîáñôÜôáé óçìáíôéêÜ
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áðü ôçí çëåêôñïíéáêÞ óõó÷Ýôéóç ðïõ ðåñéëáìâÜíåôáé óôïõò õðïëïãéóìïýò. ÓõãêåêñéìÝíá ôï
éóïìåñÝò Cs åßíáé åíåñãåéáêÜ ÷áìçëüôåñï óå åðßðåäï èåùñßáò Hartree-Fock êáé MP3, åíþ
óôï åðßðåäï MP4 ôï éóïìåñÝò D2d åßíáé óçìáíôéêÜ ÷áìçëüôåñï åíåñãåéáêÜ. Óå áíôßèåóç ìå
ðñïçãïýìåíåò åñãáóßåò áðü Üëëåò åñåõíçôéêÝò ïìÜäåò, âñÞêáìå üôé ôï éóïìåñÝò C5v Frank-
Kasper åßíáé äõíáìéêÜ áóôáèÝò åíþ âñßóêåôáé óçìáíôéêÜ õøçëüôåñá åíåñãåéáêÜ. Ìå óêïðü
ôïí ìåëëïíôéêü ðåéñáìáôéêü ÷áñáêôçñéóìü ôùí äïìþí ðáñáèÝôïõìå ôï IR êáé Raman öÜóìá
ôùí äýï åíåñãåéáêÜ ÷áìçëüôåñùí éóïìåñþí. ÔÝëïò, õðïëïãßæïíôáò ôï äõíáìéêü éïíéóìïý,
çëåêôñïóõããÝíåéá, ÷çìéêü äõíáìéêü êáé ôç ÷çìéêÞ óêëçñüôçôá, åîåôÜóáìå ôç äõíáôüôçôá
÷ñÞóçò ôùí óõóóùìáôïìÜôùí áõôþí ùò äÝêôåò ìåôáöïñÜò öïñôßïõ ðñïò Üëëá õëéêÜ.

¼ëïé ïé õðïëïãéóìïß Ýãéíáí óôç óõóôïé÷ßá õðïëïãéóôþí Moly ôçò ïìÜäáò ìïñéáêïý
ó÷åäéáóìïý õëéêþí, óôï ôìÞìá öõóéêÞò ôïõ ðáíåðéóôçìßïõ Ðáôñþí. Ðåñéóóüôåñá óôïé÷åßá ãéá
ôç óõóôïé÷ßá Moly, áëëÜ êáé ãåíéêüôåñá ãéá óõóôïé÷ßåò ôýðïõ Beowulf äßíïíôáé óôï åðüìåíï
êåöÜëáéï.

4.5 Èåùñçôéêü óõìðëÞñùìá

Óôï óçìåßï áõôü èá ðáñïõóéÜóïõìå èÝìáôá óôá ïðïßá áíáöåñèÞêáìå ðñïçãïõìÝíùò ç
êáôáíüçóç ôùí ïðïßùí, áí êáé äåí åßíáé êñßóéìç, âïçèÜåé ùóôüóï óôçí êáëýôåñç åêôßìçóç
ôçò óðïõäáéüôçôáò ôïõò óå ó÷Ýóç ìå ôï èÝìá ôçò åñãáóßáò.

4.5.1 ÖñÜãìá Schottky

Ôï öñÜãìá Schottky (Schottky barrier, SB) áðïôåëåß åîÝ÷ïí ðáñÜäåéãìá ôçò óðïõäáéüôçôáò
ôùí ÷çìéêþí äéåñãáóéþí ðïõ ëáìâÜíïõí ÷þñá óôçí åðéöÜíåéá äéåðáöÞò ìåôÜëëùí-çìéáãùãþí
(metal-semiconductor, M-S). Ôï áðëïýóôåñï ðáñÜäåéãìá ßóùò áðïôåëåß ç êáôáóêåõÞ çìéáãù-
ãþí äéüäùí åðáöÞò pn. Ãéá íá ìðïñåß íá ÷ñçóéìïðïéçèåß ìéá äßïäïò pn ùò óôïé÷åßï
êõêëþìáôïò èá ðñÝðåé íá öÝñåé ìåôáëëéêïýò áêñïäÝêôåò. Ìå ôïí ôñüðï áõôü ó÷çìáôßæïíôáé
äýï íÝåò åðáöÝò M-S óôá Üêñá ôçò äéüäïõ pn. ÁíÜëïãá ìå ôïí ôñüðï êáôáóêåõÞò, ç M-S åðáöÞ
÷áñáêôçñßæåôáé åßôå ùò ùìéêÞ åðáöÞ (ohmic junction), ïðüôå äéÝñ÷åôáé ñåýìá ïðïéáóäÞðïôå
öïñÜò, åßôå ùò áíïñèþíïõóá åðáöÞ (rectifying junction), ðåñßðôùóç êáôÜ ôçí ïðïßá ç ßäéá
ç M-S åðáöÞ ëåéôïõñãåß ùò äßïäï ðïõ êáëåßôáé äßïäïò Schottky (Schottky diode). Óå ìéá
áðëïõóôåõìÝíç éäáíéêÞ ðåñßðôùóç üðïõ ïé M-S åðáöÝò åßíáé áíïñèþíïõóåò, ç äßïäïò pn äåí
èá ëåéôïõñãïýóå åðåéäÞ èá áðïôåëåßôï áðü ôñåéò äéüäïõò åíáëëÜî ðïëùìÝíåò óå óåéñÜ. Óôçí
ðñÜîç üìùò, ëüãù äïìéêþí áôåëåéþí, åðéöáíåéáêÞò áíáäüìçóçò (surface reconstruction) êáé
ðñïóìßîåùí ôïõ çìéáãùãïý êïíôÜ óôç äéåðáöÞ M-S, áõôÞ ëåéôïõñãåß ùò ùìéêÞ êáé ç åðáöÞ
pn èá ëåéôïõñãÞóåé ùò äßïäïò. Áðü ìüíåò ôïõò ïé äßïäïé Schottky åßíáé óçìáíôéêÝò êáèþò
ëåéôïõñãïýí óå ìéêñüôåñåò ôÜóåéò åíþ Ý÷ïõí ìéêñüôåñïõò ÷ñüíïõò áíÜóôñïöçò åðáíáöïñÜò.

Ç ìåëÝôç äéåðáöþí M-S áðïôåëåß áíôéêåßìåíï Ýíôïíçò Ýñåõíáò [23, 69], åíþ ìüëéò ðñü-
óöáôá âñÝèçêå ìéá éêáíïðïéçôéêÞ, ðåñéóóüôåñï ðïéïôéêÞ ðáñÜ ðïóïôéêÞ, åñìçíåßá ãéá ôïõò
ìç÷áíéóìïýò ó÷çìáôéóìoý ôïõ öñÜãìáôïò Schottky [79]. Ùóôüóï, ãéá ïðïéáäÞðïôå áñéèìçôéêÞ
óýãêñéóç ìå ôï ðåßñáìá èá ðñÝðåé íá óõìðëçñùèåß ìå õðïëïãéóìïýò áðü ðñþôåò áñ÷Ýò.

Ôï ýøïò ôïõ öñÜãìáôïò Schottky (Schottky Barrier Height, SBH) áíôéóôïé÷åß óôçí
åíåñãåéáêÞ äéáöïñÜ ìåôáîý ôïõ åðéðÝäïõ Fermi ôïõ ìåôÜëëïõ êáé ôïõ Üêñïõ ôçò æþíçò ôùí
öïñÝùí ðëåéïíüôçôáò. Óå äéåðáöÞ ìåôÜëëïõ ìå çìéáãùãü ôýðïõ-n ôï SBH åßíáé ç äéáöïñÜ
ìåôáîý ôïõ åëÜ÷éóôïõ ôçò æþíçò áãùãéìüôçôáò êáé ôïõ åðéðÝäïõ Fermi ôïõ ìåôÜëëïõ, åíþ ãéá
äéåðáöÞ ìå ôýðïõ-p çìéáãùãü ôï SBH åßíáé ç äéáöïñÜ ìåôáîý ôïõ ìÝãéóôïõ ôçò æþíçò óèÝíïõò
êáé ôïõ åðéðÝäïõ Fermi. Ï óõíÞèçò óõìâïëéóìüò ôïõ SBH åßíáé ΦB . Óõ÷íÜ ÷ñçóéìïðïéïýíôáé
åðéðëÝïí äåßêôåò üðùò Üíù äåßêôçò 0 üôáí áãíïïýìå ôçí êÜìøç ôùí æùíþí (band bending)2

êáé ïé äåßêôåò n êáé p ãéá ôïí ðñïóäéïñéóìü ôïõ ôýðï ôïõ çìéáãùãïý ð.÷., Φ0
B,n.

2Ç óõíèÞêç ãéá flatband, üðùò êáëåßôáé, åßíáé ç áðïõóßá êÜìøçò ôùí æùíþí ðëçóßïí ôùí äéåðéöáíåéþí M-S.
¼ôáí Ý÷ïõìå êÜìøç æùíþí áðáéôåßôáé åöáñìïãÞ åîùôåñéêÞ ôÜóçò (bias) ãéá åðéóôñïöÞ óå flatband.
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Ïé ðñþôåò ðñïóðÜèåéåò ãéá ôçí åñìçíåßá ôïõ öñÜãìáôïò Schottky Ýãéíáí áðü ôïõò W.
Schottky êáé sir Mott. Óýìöùíá ìå ôç èåùñßá Schottky-Mott üóï ôï ìÝôáëëï êáé ï çìéáãùãüò
åßíáé ìåìïíùìÝíá âñßóêïíôáé óå èåñìïäõíáìéêÞ éóïññïðßá, êáé óõíåðþò ôï êáèÝíá Ý÷åé ôï
äéêü ôïõ åðßðåäï Fermi, üðùò öáßíåôáé óôï ó÷Þìá 4.8(á). Åñ÷üìåíá óå åðáöÞ äéáôáñÜóóåôáé
ç èåñìïäõíáìéêÞ éóïññïðßá ôùí óõóôçìÜôùí, êáé ðñïêåéìÝíïõ íá åðáíÝëèïõí óå éóïññïðßá
áðáéôåßôáé ç åîßóùóç ôùí åðéðÝäùí Fermi, üðùò öáßíåôáé óôï ó÷Þìá 4.8(â). Áõôü åðéôõã÷Üíåôáé
ìå ôç äçìéïõñãßá åíüò çëåêôñéêïý äßðïëïõ áðü ôç ìåôáöïñÜ öïñôßïõ ìåôáîý ôïõ ìåôÜëëïõ
êáé ôïõ çìéáãùãïý êáôÜ ôï ó÷çìáôéóìü ôçò ðåñéï÷Þò Ýëëåéøçò öïñÝùí Þ ðåñéï÷Þ åêêÝíùóçò
(depletion region). Ôï ýøïò ôïõ öñÜãìáôïò õðïëïãßæåôáé áðü ôéò ìáêñïóêïðéêÝò ôéìÝò ôùí
õëéêþí, óõãêåêñéìÝíá áðü ôçí çëåêôñïóõããÝíåéá ôïõ çìéáãùãïý χsc êáé ôç óõíÜñôçóç Ýñãïõ
(work function) ôïõ ìåôÜëëïõ φm êáé äßíåôáé áðü ôç ó÷Ýóç:

ΦB,n = χsc − φm (4.4)

Ç ó÷Ýóç 4.4 åßíáé ãíùóôÞ ùò ó÷Ýóç Schottky-Mott.
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Ó÷Þìá 4.8: (á) Ôï ìÝôáëëï êáé ï çìéáãùãüò äåí åßíáé óå åðáöÞ. Ôá åðßðåäá Fermi åßíáé äéáöïñåôéêÜ.
(â) Ó÷çìáôéóìüò ôçò åðáöÞò M-S åðéöÝñåé åîßóùóç ôùí åðéðÝäùí Fermi

Ç ó÷Ýóç Schottky-Mott ðñïêýðôåé ÷ùñßò êáìßá áíáöïñÜ óôçí ýðáñîç åðéöáíåéáêþí
êáôáóôÜóåùí. Ç êÜìøç ôùí æùíþí ðïõ öáßíåôáé óôï ó÷Þìá 4.8 ðñïêýðôåé åðåéäÞ ïé
êáôáóôÜóåéò ðïõ âñßóêïíôáé åíôüò ôïõ ÷Üóìáôïò ôïõ çìéáãùãïý ðñÝðåé íá áðïóâÝíïõí ìÝóá
óôïí çìéáãùãü.

Ïé ðñïâëÝøåéò ôçò èåùñßáò Schottky-Mott üìùò äåí åðéâåâáéþíïíôáé ðëÞñùò áðü ôï
ðåßñáìá. ÓõãêåêñéìÝíá, óå ðïëëÝò ðåñéðôþóåéò ç ÷ñÞóç ìåôÜëëùí ìå õøçëÝò ôéìÝò óõíáñ-
ôÞóåùí Ýñãïõ ïäçãåß óå ìéêñüôåñåò ìåôáâïëÝò ôïõ SBH áðü áõôÞ ðïõ ðñïâëÝðåé ç ó÷Ýóç
Schottky-Mott. H áóèåíÞò åîÜñôçóç ôïõ ýøïõò ôïõ öñÜãìáôïò Schottky áðü ôç óõíÜñôçóç
Ýñãïõ êáëåßôáé Fermi level pinning, êáèþò ôï åðßðåäï Fermi êáôÝ÷åé ðáñüìïéá èÝóç åíôüò ôïõ
÷Üóìáôïò áíåîÜñôçôá ôïõ ìåôÜëëïõ ðïõ ÷ñçóéìïðïéåßôáé. ÅðéðëÝïí, ôï ðåßñáìá äåß÷íåé ìåãÜëç
åîÜñôçóç ôïõ SBH ôüóï áðü ôçí ðñïåôïéìáóßá ôçò åðáöÞò üóï êáé áðü ôïí ðñïóáíáôïëéóìü
ôùí õëéêþí. Áõôü Ýñ÷åôáé íá èõìßóåé ôç êâáíôéêÞ èåþñçóç ðåñß äçìéïõñãßáò äåóìþí óôç
äéåðéöÜíåéá. Ìå ôï óêåðôéêü áõôü, ï C.B. Duke ðñüôåéíå üôé åêôüò ôïõ äßðïëïõ ôçò ðåñéï÷Þò
åêêÝíùóçò, äçìéïõñãåßôáé Ýíá åðéðëÝïí çëåêôñéêü äßðïëï, ôï ìéêñïóêïðéêü, ðïëý ìéêñüôåñçò
Ýêôáóçò, ðåñßðïõ óôï 1 nm ãýñù áð’ ôç äéåðéöÜíåéá. Õðïëïãéóìïß ðïõ ðñáãìáôïðïßçóå óôá
ðëáßóéá ôçò LDA êáé ôïõ jellium ìïíôÝëïõ äßíïõí åëÜ÷éóôç åîÜñôçóç áðü ôï ìéêñïóêïðéêü
äßðïëï. Óôç óõíÝ÷åéá, ïé J.L. Freeouf êáé J.M Woodall åîåôÜæïõí ôçí åîÜñôçóç ôïõ ôïõ
SBH áðü ôéò áíôéäñÜóåéò ðïõ óõìâáßíïõí óôç äéåðéöÜíåéá. Ðñïôåßíïõí üôé ï çìéáãùãüò äåí
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âñßóêåôáé óå åðáöÞ ìå ôï áñ÷éêü ìÝôáëëï ìå óõíÜñôçóç Ýñãïõ φm, áëëÜ ìå Ýíá ìåßãìá
áðü ìéêñï-óõóóùìáôþìáôá (microclusters). ¸ôóé, èá ðñÝðåé íá ÷ñçóéìïðïéçèåß ç ìÝóç ôéìÞ
ôùí óõíáñôÞóåùí Ýñãïõ áõôþí ôùí ìéêñïóõóóùìáôùìÜôùí êáé íá ÷ñçóéìïðïéçèåß ìéá åíåñãÞ
óõíÜñôçóç Ýñãïõ φeff

m áíôß ôçò φm:

ΦB,n = χsc − φeff
m (4.5)

Óôï óêåðôéêü áõôü êéíåßôáé åí ìÝñåé êáé ï Beck [24,25], ðïõ áíáöÝñåé üôé óõóóùìáôþìáôá, üðùò
áõôÜ ðïõ ìåëåôÜìå óôç ðáñïýóá åñãáóßá, ßóùò íá áðïôåëïýí ôá ðñþôá ðñïúüíôá áíôéäñÜóåùí
óôç äéåðéöÜíåéá M-S. ¼ìùò, áõôü äåí áðïôåëåß ðáñÜ åéêáóßá êáèþò óõóôçìáôéêÞ ìåëÝôç óôï
èÝìá áõôü äåí Ý÷åé ãßíåé.

¼ìùò, óêïðüò ìáò åäþ äåí åßíáé íá åîáíôëÞóïõìå üëåò ôéò ðñïóðÜèåéåò ðïõ Ý÷ïõí ãßíåé ãéá
ôçí åñìçíåßá êáé õðïëïãéóìü ôïõ SBH. Áîßæåé ðÜíôùò íá áíáöÝñïõìå ìéá ðïëëÜ õðïó÷üìåíç
èåùñßá ôïõ R.T. Tung [79] ðïõ ðáñïõóéÜóôçêå ôï 2001 ç ïðïßá, êÜíïíôáò ÷ñÞóç ìåèüäùí
ìïñéáêÞò öõóéêÞò, öáßíåôáé íá äßíåé éêáíïðïéçôéêÝò ôéìÝò ãéá ôï SBH, åíþ åñìçíåýåé ôï Fermi
level pinning êáé ôçí åîÜñôçóç ôïõ SBH áðü ôç äïìÞ ôçò äéåðéöÜíåéáò. Ðéï óõãêåêñéìÝíá,
èåùñåß üôé üôáí ôï ìÝôáëëï êáé ï çìéáãùãüò åíùèïýí êáé åðÝëèåé èåñìïäõíáìéêÞ éóïññïðßá
(ïðüôå êáé åîéóþíïíôáé ïé åíÝñãåéåò Fermi), èá ó÷çìáôéóôïýí ÷çìéêïß äåóìïß. Ç ãåùìåôñßá
ôùí äåóìþí èá åßíáé äéáöïñåôéêÞ áðü ðåñéï÷Þ óå ðåñéï÷Þ ìå óõíÝðåéá íá äçìéïõñãçèåß äßðïëï
ìå ôïðéêÝò äéáêõìÜíóåéò. Ôï SBH ôüôå èá åßíáé ç æõãéóìÝíç ìÝóç ôéìÞ (weighted average) ôùí
äéáêõìÜíóåùí áõôþí. Ç èåùñßá åßíáé ãíùóôÞ ùò èåùñßá ðüëùóçò äåóìïý (bond polarization
theory). Óôï ó÷Þìá 4.9 öáßíåôáé ï ó÷çìáôéóìüò ôùí äåóìþí ìåôáîý áôüìùí ôïõ ìåôÜëëïõ
êáé ôïõ çìéáãùãïý óôç äéåðéöÜíåéá. ÌåôáöïñÜ öïñôßïõ ãßíåôáé ìüíïí ìåôáîý áôüìùí ôçò
äéåðéöÜíåéáò ðïõ ìåôÝ÷ïõí óå äåóìü.

Ó÷Þìá 4.9: ÔïìÞ ôïõ ìïíôÝëïõ ìéáò äéåðéöÜíåéáò M-S üðùò ÷ñçóéìïðïéåßôáé óôç èåùñßá ðüëùóçò
äåóìïý. Ïé ðá÷ïß äåóìïß ó÷çìáôßæïíôáé ìåôáîý ôïõ ìåôÜëëïõ (êÜôù) êáé ôïõ çìéáãùãïý (ðÜíù).
ÌåôáöïñÜ öïñôßïõ óõìâáßíåé ìüíï ìåôáîý áôüìùí ðïõ ìåôÝ÷ïõí óôïõò äåóìïýò ôçò äéåðéöÜíåéáò.

ÐñïêåéìÝíïõ íá åêôéìÞóåé ôï çëåêôñéêü äßðïëï óôç äéåðéöÜíåéá, èåùñåß üôé ç åíÝñãåéá ôïõ
i-éïóôïý áôüìïõ, óôï ïðïßï Ý÷åé ìåôáöåñèåß öïñôßï Qi, äßíåôáé óå äåýôåñçò ôÜîçò ðñïóÝããéóç
áðü:

Ei(Qi) = E0
i + Ui +

1
2
YiQ

2
i + . . . (4.6)

üðïõ E0
i åßíáé ç åíÝñãåéá ôçò èåìåëéþäïõò êáôÜóôáóçò ôïõ ïõäÝôåñïõ áôüìïõ, −eQi ôï ïëéêü

öïñôßï, êáé ôá Ui, Yi ïé ðñþôåò êáé äåýôåñåò ðáñÜãùãïé ôçò åíÝñãåéáò åíüò áôüìïõ ùò ðñïò
ôï Qi, äçë. Ui = (∂Ei/∂Qi)Qi=0 êáé Yi = (∂Ei

2/∂Qi
2)Qi=0. ¼ðùò åßäáìå íùñßôåñá, óôá

ðëáßóéá ôçò èåùñßáò óõíáñôçóéáêïý ðõêíüôçôáò, Ý÷ïõìå Ui = 1
2(χi + Ii) êáé Yi = 1

2(Ii − χi),
üðïõ χi, Ii åßíáé áíôßóôïé÷á ç çëåêôñïóõããÝíåéá êáé ôï äõíáìéêü éïíéóìïý ôïõ áôüìïõ, åíþ ôï
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Yi åßíáé ôï chemical hardness. Ç ïëéêÞ åíÝñãåéá ôïõ óõóôÞìáôïò ôüôå äßíåôáé áðü ôç ó÷Ýóç:

Etot(Q1, Q2, . . . , QN ) =
N∑
i

(E0
i + Ui +

1
2
YiQ

2
i ) +

N∑
i6=j

QiQjJij

2
(4.7)

üðïõ Jij ç áëëçëåðßäñáóç Coulomb ìåôáîý åíüò çëåêôñïíßïõ óôç èÝóç i êáé åíüò Üëëïõ óôç

èÝóç j , äçë. Jij = e2

4πε0dij
, êáé dij ç áðüóôáóç ìåôáîý ôùí äýï áôüìùí. Ç áðáßôçóç íá

äéáôçñåßôáé ïëéêÜ ïõäÝôåñï ôï äåßãìá,
∑

iQi = 0, ïäçãåß, ìå ôç ÷ñÞóç ðïëëáðëáóéáóôþí
Lagrange, óôçí åýñåóç ôùí Qi ðïõ åëá÷éóôïðïéïýí ôçí åíÝñãåéá ôïõ óõóôÞìáôïò. Ðñïêýðôåé
Ýôóé ìéá ðñþôç åêôßìçóç ãéá ôï ìéêñïóêïðéêü äßðïëï êáé ôï SBH ðïõ ìåôÜ áðü ìåñéêÝò
ðñÜîåéò èá åßíáé:

Φ0
B,n = γB(φM − χS) + (1− γB)

Eg

2
(4.8)

åíþ

Φ0
B,p = γB(Is − φM ) + (1− γB)

Eg

2
(4.9)

ìå

γB = 1− e2NBdMS

eit(Eg + κ)
(4.10)

üðïõ dMS ç áðüóôáóç ìåôáîý ôùí áôüìùí óôç äéåðéöÜíåéá,NB åßíáé ç ðõêíüôçôá ôùí ÷çìéêþí
äåóìþí (ðïõ åí ãÝíåé åßíáé ìéêñüôåñïò ôïõ óõíïëéêïý ðëÞèïõò áôüìùí ôïõ çìéáãùãïý áíÜ
ìïíÜäá åðéöÜíåéáò), êáé eit ç äéçëåêôñéêÞ óôáèåñÜ óôç ðåñéï÷Þ ôçò äéåðéöÜíåéáò.

Ïé ó÷Ýóåéò (4.8) êáé (4.9) äßíïõí ìéêñÞ åîÜñôçóç ôïõ SBH áðü ôç óõíÜñôçóç Ýñãïõ,
ðñïâëÝðïõí üôé ôï SBH ôåßíåé óôï ìéóü ôïõ ÷Üóìáôïò åíþ ôï ßäéï ôï ìïíôÝëï ðñïâëÝðåé ôçí
åîÜñôçóç áðü ôïí ðñïóáíáôïëéóìü.

Óôçí åéêüíá 4.10 öáßíåôáé ôïìÞ ðñáãìáôéêÞò äéåðéöÜíåéáò ìåôáîý ðõñéôßïõ êáé íéêåëßïõ,
ðïõ Ý÷åé ðñïêýøåé åðéôáîéáêÜ. Ç åðéôáîéáêÞ êáôáóêåõÞ äéåðéöáíåéþí ðïëý óõ÷íÜ äßíåé
ïìïãåíÞ äïìÝò êáé êáôÜ óõíÝðåéá ìðïñïýí íá ÷ñçóéìïðïéçèïýí ãéá ôé äéåñåýíçóç ôçò ó÷Ýóçò
ôïõ SBH ìå ôç ãåùìåôñßá ôçò äéåðéöÜíåéáò. Óôçí åéêüíá öáßíåôáé ï ðñïóáíáôïëéóìüò (111)
ôïõ Si êáé NiSi2 (êïéíüò ðñïóáíáôïëéóìüò, óõíåðþò ôýðïò Á silicide). Ìå Üëëåò óõíèÞêåò
åíáðüèåóçò ï êñýóôáëëïò áíáðôýóóåôáé äéáöïñåôéêÜ.
Ç åîÜñôçóç ôïõ SBH áðü ôïí ðñïóáíáôïëéóìü ôùí åðéðÝäùí, êáé êáôÜ óõíÝðåéá ôùí ÷çìéêþí
äåóìþí óôç äéåðéöÜíåéá, öáßíåôáé óôï ó÷Þìá 4.11, ãéá ôñåéò äéáöïñåôéêïýò ðñïóáíáôïëéóìïýò.
ÓõãêåêñéìÝíá ãéá NiSi2/Si(100), êáé äýï NiSi2/Si(111) (ôýðïõ Á êáé Â).

4.5.2 ÌåôáöïñÜ öïñôßïõ

Ìéá éäéüôçôá ðïõ åíäéáöÝñåé åßíáé ç äõíáôüôçôá ôùí óõóóùìáôùìÜôùí ìå åíóùìáôùìÝíï
ìÝôáëëï ìåôÜðôùóçò íá åíåñãÞóïõí ùò ìïíÜäåò ìåôáöïñÜò öïñôßïõ. Óôá üóá áêïëïõèïýí,
ï õðïëïãéóìüò ôçò éäéüôçôáò ãßíåôáé âÜóç ôïõ ÷çìéêïý äõíáìéêïý êáé ôçò ÷çìéêÞò óêëç-
ñüôçôáò, ï ïðïßïò üìùò áíÜãåôáé ðñáêôéêÜ óå õðïëïãéóìü ôïõ äõíáìéêïý éïíéóìïý êáé
çëåêôñïóõããÝíåéáò ôùí éóïìåñþí.

Ç Ýííïéá ôïõ ÷çìéêïý äõíáìéêïý ðïõ ÷ñçóéìïðïéïýìå åäþ åßíáé üðùò áõôÞ åìöáíßæåôáé
óôç èåùñßá óõíáñôçóéáêïý ðõêíüôçôáò [17], êáé óôçí ïðïßá Ý÷åé êåíôñéêü ñüëï. Ôï ÷çìéêü
äõíáìéêü ïñßæåôáé áðü ôçí ó÷Ýóç:

µ =
δEv[ρ]
δρ

∣∣∣∣
v

= v(r) +
δFHK [ρ]
δρ(r)

(4.11)
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Ó÷Þìá 4.10: ÕøçëÞò áíÜëõóçò åéêüíá áðü ÔÅÌ (çëåêôñïíéêü ìéêñïóêüðéï) ôçò ôïìÞò ðñáãìáôéêÞò
äéåðéöÜíåéáò Ni-Si.

Ó÷Þìá 4.11: ÄéÜãñáììá ñåýìáôïò-ôÜóçò, óôïõò 190K, åðéöáíåéþí NiSi2 ðïõ ðñïÝêõøáí áðü åðéôáîßá
ìå ìïñéáêÝò äÝóìåò óå õðüóôñùìá Si. Ôá ìåôñïýìåíá ýøç ôùí öñáãìÜôùí Schottky åîáñôþíôáé áðü
ôïí ó÷åôéêü ðñïóáíáôïëéóìþí ôùí åðéðÝäùí

åíþ ðñïêýðôåé üôé

µ =
∂E

∂N

∣∣∣∣
v

(4.12)

üðïõ, ρ(r), ç çëåêôñïíéáêÞ ðõêíüôçôá,
N , ôï ðëÞèïò ôùí çëåêôñïíßùí,
E[ρ], ç ïëéêÞ åíÝñãåéá,
v(r), ôï åîùôåñéêü äõíáìéêü (äåí ðåñéïñßæåôáé óôï äõíáìéêü Coulomb ôùí ðõñÞíùí)
T [ρ], ç êéíçôéêÞ åíÝñãåéá,
FHK [ρ] = T [ρ] + Vee[ρ],
Vee[ρ] = J [ρ] + ìç êëáóóéêüò üñïò

Ï üñïò J åßíáé ç êëáóóéêÞ (áõôï)Üðùóç ôçò ðõêíüôçôáò ρ:

J [ρ] =
1
2

∫∫
1
r12

ρ(r1)ρ(r2)dr1dr2 (4.13)
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åíþ ï ìç êëáóóéêüò üñïò åìðåñéÝ÷åé ôçí åíÝñãåéá áíôáëëáãÞò êáé óõó÷Ýôéóçò (exchange-
correlation). Ç ìåãáëýôåñç äõóêïëßá óôçí åðßôåõîç õðïëïãéóìþí áêñéâåßáò ìå ôçí DFT
åéóÜãåôáé áðü ôç äõóêïëßá íá âñåèåß ç ìïñöÞ ôçò FHK . Ïé ðïóüôçôåò ìå áãêýëåò [] áðïôåëïýí
óõíáñôçóéáêÜ ôçò çëåêôñïíéáêÞò ðõêíüôçôáò. Ç åîßóùóç (4.11) áðïôåëåß ôç âáóéêÞ åîßóùóç
ôçò èåùñßáò óõíáñôçóéáêïý ðõêíüôçôáò.

Óå êÜèå ìüñéï (Þ óõóóùìÜôùìá) ôï ÷çìéêü äõíáìéêü áðïôåëåß ïëéêÞ éäéüôçôá ôïõ óõóôÞ-
ìáôïò, óôáèåñü óå üëç ôçí Ýêôáóç ôïõ ìïñßïõ, êáé êáô’ áñ÷Þí õðïëïãßóéìï áðü ôï ðëÞèïò
ôùí çëåêôñïíßùí N êáé ôï åîùôåñéêü äõíáìéêü v, µ = µ[N, v]. ¼ôáí ìüñéá ìå äéáöïñåôéêÜ
÷çìéêÜ äõíáìéêÜ åíùèïýí ãéá íá ó÷çìáôßóïõí Ýíá íÝï ìüñéï ðïõ êáé áõôü Ý÷åé êÜðïéï
åí ãÝíåé äéáöïñåôéêü ÷çìéêü äõíáìéêü, êáé èåùñþíôáò üôé ôá áñ÷éêÜ ìüñéá äéáôçñïýí ôçí
ôáõôüôçôá ôïõò, ôï ÷çìéêü äõíáìéêü ôïõò åîéóþíåôáé. Áõôü áðïôåëåß ôçí áñ÷Þ åîßóùóçò
ôçò çëåêôñáñíçôéêüôçôáò ôïõ Sanderson.

Ç óõìðåñéöïñÜ áõôÞ èõìßæåé ôï ÷çìéêü äõíáìéêü óôç êëáóóéêÞ ìáêñïóêïðéêÞ èåñìïäõ-
íáìéêÞ. ¼ôáí äýï óõóôÞìáôá Ýñèïõí óå åðáöÞ êáé åðÝëèåé éóïññïðßá, ôï ÷çìéêü äõíáìéêü
ôùí åðéìÝñïõò óõóôçìÜôùí åîéóþíåôáé. Èåùñïýìå äýï ìüñéá (Þ ãåíéêüôåñá óõóôÞìáôá áôü-
ìùí) A êáé Â. ¼ðùò áêñéâþò óôç êëáóóéêÞ èåñìïäõíáìéêÞ äçìéïõñãåßôáé ñïÞ ïõóßáò áðü
ôï õðïóýóôçìá ìå õøçëü ÷çìéêü äõíáìéêü ðñïò áõôü ìå ÷áìçëü ÷çìéêü äõíáìéêü, Ýôóé êáé
óôçí ðåñßðôùóÞ ìáò, üôáí µ0

B > µ0
A, äçìéïõñãåßôáé ñïÞ çëåêôñïíßùí áðü ôï Â óôï Á ðñïò

ó÷çìáôéóìïý ôïõ ÁÂ. Áõôü ìðïñïýìå íá ôï äåßîïõìå ùò åîÞò:
¸óôù E(N) ç ïëéêÞ åíÝñãåéá óõóôÞìáôïò N çëåêôñïíßùí, ôüôå ãéá ∆N � N Ý÷ïõìå:

E(N + ∆N) ' E(N) +
∂E

∂N

∣∣∣∣
v

∆N +
1
2
∂2E

∂N2

∣∣∣∣
v

(∆N)2 + . . . (4.14)

Åöáñìüæïíôáò ôçí ðáñáðÜíù ó÷Ýóç óå äýï ìüñéá Á êáé Â, êáé áíôéêáèéóôþíôáò ôïõò ïñéóìïýò
ôïõ ÷çìéêïý äõíáìéêïý êáé ÷çìéêÞò óêëçñüôçôáò (äåýôåñç ìåñéêÞ ðáñÜãùãïò ùò ðñïò ôï
ðëÞèïò çëåêôñïíßùí), Ý÷ïõìå:

EA = E0
A + µ0

A(NA −N0
A) + ηA(NA −N0

A)2 + . . . (4.15)

EB = E0
B + µ0

B(NB −N0
B) + ηB(NB −N0

B)2 + . . . (4.16)

üðïõ

η =
1
2
∂2E

∂N2

∣∣∣∣
v

=
1
2
∂µ

∂N

∣∣∣∣
v

(4.17)

Ïé ðïóüôçôåò ìå Üíù äåßêôåò 0 áíáöÝñïíôáé óå ìüñéá Ýîù áðü ôï óýíèåôï óýóôçìá ÁÂ.
Ç ïëéêÞ åíÝñãåéá ôïõ óýíèåôïõ óõóôÞìáôïò ÁÂ èá åßíáé:

EA + EB = E0
A + E0

B + (µ0
A − µ0

B)∆N + (ηA + ηB)(∆N)2 + . . . (4.18)

üðïõ

∆N = N0
B −NB = NA −N0

A (4.19)

Óõíåðþò, ãéá µ0
B > µ0

A, ìéá ñïÞ çëåêôñïíßùí áðü ôï B óôï Á, äçëáäÞ èåôéêü ∆N ,
èá óôáèåñïðïéÞóåé ôï óýóôçìá. Óôç óõíÝ÷åéá ðïóïôéêïðïéïýìå ôçí óôáèåñïðïßçóç áõôÞ
õðïëïãßæïíôáò ôçí ìåôáâïëÞ ∆E . Åëá÷éóôïðïßçóç ôçò åíÝñãåéáò EA +EB ùò ðñïò ∆N óôçí
ó÷Ýóç (4.18) äßíåé:

µA = µB (4.20)



88 Óõóóùìáôþìáôá ðõñéôßïõ ôýðïõ êëùâïý

üðïõ

µA =
∂EA

∂NA

∣∣∣∣
v

= µ0
A + 2ηA∆NA + . . . (4.21)

µB =
∂EB

∂NB

∣∣∣∣
v

= µ0
B − 2ηB∆NB + . . . (4.22)

Áðü ôéò ðáñáðÜíù, ðñïêýðôåé Üìåóá üôé:

∆N =
µ0

B − µ0
A

2(ηA + ηB)
(4.23)

Ç ìåôáöïñÜ öïñôßïõ, äçëáäÞ, åßíáé åõèÝùò áíÜëïãç ôçò äéáöïñÜò ôùí ÷çìéêþí äõíáìéêþí
ôùí áñ÷éêþí óõóôçìÜôùí. Áðü ôéò ó÷Ýóåéò (4.18) êáé (4.23) ðñïêýðôåé üôé ç ìåôáâïëÞ óôçí
åíÝñãåéá ëüãù ìåôáöïñÜò öïñôßïõ åßíáé:

∆E = −
(µ0

B − µ0
A)2

4(ηA + ηB)
(4.24)

Ç åíÝñãåéá óõíäÝóåùò (4.24) óôçí ïðïßá êáôáëÞîáìå ìðïñåß íá èåùñçèåß ùò ìéá ðñþôç
ðñïóÝããéóç ôïõ áðïôåëÝóìáôïò ðïõ äßíåé ç ðëÞñçò èåùñßá óõíáñôçóéáêïý ðõêíüôçôáò. Áðü
ôéò ó÷Ýóåéò (4.23) êáé (4.24) ðñïêýðôåé üôé ãéá ôçí åýêïëç ìåôáöïñÜ öïñôßïõ áðü ôï óýóôçìá
Â óôï óýóôçìá Á èá ðñÝðåé ôá äýï óõóôÞìáôá íá Ý÷ïõí ìåãÜëç äéáöïñÜ óôï ÷çìéêü äõíáìéêü
µ êáé ìéêñÝò ôéìÝò ÷çìéêÞò óêëçñüôçôáò ηA êáé ηB .

Ï õðïëïãéóìüò ôïõ ÷çìéêïý äõíáìéêïý êáé ôçò ÷çìéêÞò óêëçñüôçôáò ìðïñåß íá ãßíåé
ìå ðñïóÝããéóç äéáöïñþí ôñéþí óçìåßùí (three-point finite-difference approximation). Ôá
ôñßá óçìåßá åðéëÝãïíôáé íá áíôéóôïé÷ïýí óôéò åíÝñãåéåò ôùí óõóôçìÜôùí (Í-1), Í êáé (Í+1)
çëåêôñïíßùí. ¼ìùò, ôï äõíáìéêü éïíéóìïý ïñßæåôáé ùò I = E(N − 1) − E(N) êáé ç
çëåêôñïóõããÝíåéá ùò A = E(N) − E(N + 1). Óõíåðþò, ôï ÷çìéêü äõíáìéêü êáé ç ÷çìéêÞ
óêëçñüôçôá ìðïñïýí íá õðïëïãéóôïýí áðü ôéò ó÷Ýóåéò:

µ = −I +A

2
(4.25)

êáé

η =
I −A

2
(4.26)

4.5.3 ÄéáãñÜììáôá DOS, PDOS êáé COOP

Ç ïðôéêïðïßçóç ôùí åíåñãåéáêþí åðéðÝäùí áðïäåéêíýåôáé ðïëý óõ÷íÜ ÷ñÞóéìç ìÝèïäïò
ãéá äéåñåýíçóç ôùí éäéïôÞôùí åíüò ìïñéáêïý óõóôÞìáôïò. Ç ðõêíüôçôá êáôáóôÜóåùí (Density
of States) ïñßæåôáé ùò ôï ðëÞèïò ôùí åíåñãåéáêþí êáôáóôÜóåùí ìå åíÝñãåéåò ìåôáîý E êáé
E + dE :

DOS(E)dE = ðëÞèïò êáôáóôÜóåùí ìå åíÝñãåéåò ìåôáîý E êáé E + dE

Ãéá Ýíá óýóôçìá ìå éäéïêáôáóôÜóåéò åíÝñãåéáò εi ç ðõêíüôçôá êáôáóôÜóåùí åßíáé:

DOS(ε) =
∑

i

δ(ε− εi) (4.27)

Ôá åíåñãåéáêÜ äéáãñÜììáôá ðïõ ðñïêýðôïõí áðü ôçí ðáñáðÜíù ó÷Ýóç áíáðáñéóôïýí
ôá åíåñãåéáêÜ åðßðåäá ìå äéáêñéôü ôñüðï. ¸íá äéáêñéôü äéÜãñáììá ìðïñåß íá ìåôáôñáðåß
óå êáìðýëç åöáñìüæïíôáò ìéá êáôÜëëçëç Gaussian äéåýñõíóç (Gaussian broadening) óôéò
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éäéïôéìÝò ôçò åíÝñãåéáò. Ç ìÝèïäïò áõôÞ ìðïñåß íá åöáñìïóôåß óå êÜèå ðåñßðôùóç ðïõ Ý÷ïõìå
äéáêñéôü öÜóìá ôéìþí êáé èÝëïõìå íá áíáðáñáóôÞóïõìå ôçí ðõêíüôçôá ôùí ôéìþí áõôþí
ìå óõíå÷Þ êáìðýëç. Åöáñìüæåôáé ãéá ðáñÜäåéãìá êáé óå ðåñéðôþóåéò ðïõ Ý÷ïõìå äéáêñéôü
öÜóìá ìå ìÞêç äåóìþí ìåôáîý ôùí áôüìùí åíüò ìïñßïõ êáé èÝëïõìå íá âñïýìå ìéá óõíå÷Þ
ðõêíüôçôá ìçêþí äåóìïý, Þ áêüìá êáé ðõêíüôçôá ãùíéþí äåóìþí. Ç Gaussian äéåýñõíóç
ðñáãìáôïðïéåßôáé âÜóç ôçò ó÷Ýóçò:

DOS(ε) =
∑

i

exp
[
−(ln 2)(ε− εi)2

Γ2

]
=

∑
i

exp(−k(ε− εi)2) (4.28)

ìå

k = 4 ln 2/(FWHM)2

êáé

Γ = FWHM/2

üðïõ FWHM (Full Width at Half Maximum) åßíáé ôï ðëÜôïò ôçò Gaussian êáìðÜíáò óôï
ìéóü ôçò êïñõöÞò. Áðïôåëåß ôçí ðïóüôçôá ðïõ ñõèìßæïõìå êáôÜ ðåñßðôùóç þóôå íá åðéôý÷ïõìå
ìïñöÞ óõíå÷ïýò êáìðýëçò ÷ùñßò íá ÷Üíåôáé êÜèå ðëçñïöïñßá ãéá ôçí õöÞ ôçò.

Óôçí ðåñßðôùóç ðïõ ôï äéáêñéôü öÜóìá ôéìþí áðïôåëïýí öáóìáôïóêïðéêÜ äåäïìÝíá, óõíÞ-
èùò ÷ñçóéìïðïéåßôáé Lorentzian äéåýñõíóç (Lorentzian broadening), ç ïðïßá ðñáãìáôïðïéåßôáé
âÜóç ôçò ó÷Ýóçò:

DOS(ε) =
∑

i

Γ2

Γ2 + (ε− εi)2
(4.29)

Óôç ãåíéêÞ ðåñßðôùóç, óõìâïëßæïíôáò ìå F ôçí Gaussian Þ Lorentzian óõíÜñôçóç, Ý÷ïõìå
óå áíôéóôïé÷ßá ìå ôçí åîßóùóç (4.27):

DOS(ε) =
∑

i

F (ε− εi) (4.30)

Ãéá íá âñïýìå êáôÜ ðüóï Ýíá ôåìÜ÷éï (fragment) Á (Ýíá ôñï÷éáêü, Ýíá Üôïìï, ïìÜäá
ôñï÷éáêþí, Þ ïìÜäá áôüìùí) óõìâÜëëåé óå êÜèå åíåñãåéáêü åðßðåäï, ðïëëáðëáóéÜæïõìå ôá
åíåñãåéáêÜ åðßðåäá ìå óõíôåëåóôÞ âÜñïõò ôïí ÷áñáêôÞñá ôïõ ôåìá÷ßïõ CA,i. Ïé ÷áñáêôÞñåò
CA,i ìðïñåß íá ðñïêýøïõí ìå ðïëëÝò ìåèüäïõò, ç ðéï óõíçèéóìÝíç áðü ôéò ïðïßåò åßíáé
áíÜëõóç ðëçèõóìþí Mulliken (Mulliken Population Analysis, MPA). ¸ôóé ðñïêýðôåé ç
ìåñéêÞ ðõêíüôçôá êáôáóôÜóåùí (Partial Density of States, PDOS):

PDOSA(ε) =
∑

i

CA,iF (ε− εi) (4.31)

Ôï Üèñïéóìá ôùí PDOS üëùí ôùí ôåìá÷ßùí éóïýôáé ìå ôçí ïëéêÞ ðõêíüôçôá êáôáóôÜóåùí,
ïðüôå éó÷ýåé ï êáíüíáò Üèñïéóçò:

DOS(ε) =
∑
A

PDOSA(ε) (4.32)

Ãéá íá õðïëïãßóïõìå ôéò ôéìÝò ôùí óõíôåëåóôþí CA,i ÷ñçóéìïðïéïýìå ôïí öïñìáëéóìü
LCAO-MO êáé áíáðôýóóïõìå ôï i-ïóôü ÷ùñéêü ìïñéáêü ôñï÷éáêü ψi óå óýíïëï âÜóçò
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áôïìïêåíôñéêþí (atom centered) ÷ùñéêþí áôïìéêþí ôñï÷éáêþí φµ:

ψi(r) =
∑

µ

cµiφµ (4.33)

üðïõ ï äåßêôçò µ áèñïßæåé ðÜíù óå áôïìéêÜ ôñï÷éáêÜ.
Ôï ïëïêëÞñùìá åðéêÜëõøçò ìåôáîý äýï óõíáñôÞóåùí âÜóçò èá åßíáé:

Sij =
∫
drφ∗i (r)φj(r) (4.34)

Ãéá åõêïëßá èåùñïýìå ôçí ðéï áðëÞ ðåñßðôùóç, Ýíá ìïñéáêü ôñï÷éáêü äýï êÝíôñùí:

ψ = c1φ1 + c2φ2 (4.35)

ôï ïðïßï êáíïíéêïðïéïýìå:∫
|ψ(r)|2dτ = 1 =

∫
|c1φ1 + c2φ2|2dτ

= c21 + c22 + 2c1c2S12 (4.36)

¼ôáí èåùñïýìå ôçí åðéêÜëõøç Sij ßóç ìå ìçäÝí (ð.÷. óôçí çìéåìðåéñéêÞ ìÝèïäï Zero
Differential Overlap, ZDO) ç óõìâïëÞ ôïõ áôïìéêïý ôñï÷éáêïý φµ óôï i-ïóôü ìïñéáêü
ôñï÷éáêü äßíåôáé áðü ôï ôåôñÜãùíï ôïõ áíôßóôïé÷ïõ óõíôåëåóôÞ LCAO, (cµi)2. Óôç ãåíéêÞ
ðåñßðôùóç ìå ìç ìçäåíéêü ïëïêëÞñùìá åðéêÜëõøçò, êáôÜ ôçí áíÜëõóç ôùí ôñï÷éáêþí ðñÝðåé
íá ëáìâÜíåôáé õðüøç ç ðïóüôçôá 2c1c2S12 ðïõ êáëåßôáé ðëçèõóìüò åðéêÜëõøçò Mulliken
(Mulliken overlap population). Óôçí MPA ï ðëçèõóìüò åðéêÜëõøçò ìïéñÜæåôáé åîßóïõ óôá äýï
Üôïìá, ïðüôå ç óõìâïëÞ ôïõ áôïìéêïý ôñï÷éáêïý φµ óôï i-ïóôü ìïñéáêü ôñï÷éáêü äßíåôáé ôüôå
áðü: ∑

ν

cµicνiSµν (4.37)

Ìå ôçí MPA ìðïñïýìå íá áíáëýóïõìå ôá ìïñéáêÜ ôñï÷éáêÜ ùò ðñïò ôá ôåìÜ÷éá ðïõ
óõìâÜëëïõí ó’ áõôü. Ôï ðïóïóôü óõìâïëÞò ôïõ ôåìá÷ßïõ A óôï i-ïóôü ìïñéáêü ôñï÷éáêü åßíáé:

%A,i = 100 ∗
∑
α∈A

∑
ν

cαicνiSαν (4.38)

üðïõ ôï α áèñïßæåé óå üëá ôá áôïìéêÜ ôñï÷éáêÜ ôïõ ôåìá÷ßïõ A êáé ôï ν áèñïßæåé óå üëá ôá
áôïìéêÜ ôñï÷éáêÜ ôïõ ìïñßïõ. Ç ðñïçãïýìåíç ó÷Ýóç ìðïñåß íá ÷ùñéóôåß óå äýï åðéìÝñïõò
üñïõò, äßíïíôáò ôåëéêÜ:

%A,i = 100 ∗

∑
α∈A

∑
α′∈A

cαicα′iSαα′ +
∑
α∈A

∑
β /∈A

cαicβiSαβ

 (4.39)

Ïé ó÷Ýóåéò (4.38) êáé (4.39) äßíïõí ôéò ôéìÝò ôùí ÷áñáêôÞñùí CA,i ðïõ ÷ñåéÜæïíôáé ãéá ôïí
õðïëïãéóìü ôçí ìåñéêÞò ðõêíüôçôáò êáôáóôÜóåùí (4.31).

Åíáëëáêôéêüò ôñüðïò õðïëïãéóìïý ôùí ÷áñáêôÞñùí CA,i åßíáé ìå ôç ìÝèïäï squared-c
population analysis (SCPA), ôùí P. Ros êáé G.C.A. Schuit. Óôç ìÝèïäï áõôÞ äåí ëáìâÜíïíôáé
õðüøç ïé ðëçèõóìïß åðéêÜëõøçò êáé ç óõìâïëÞ åíüò ôñï÷éáêïý φµ óôï i-ïóôü ìïñéáêü
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ôñï÷éáêü åßíáé:

c2µi∑
ν c

2
νi

(4.40)

üðïõ ôï ν áèñïßæåé óå üëá ôá áôïìéêÜ ôñï÷éáêÜ.

COOP Þ OPDOS

ÁíÜëõóç êáé ÷áñáêôçñéóìüò ôùí åíåñãåéáêþí åðéðÝäùí åíüò ìïñßïõ ìðïñåß íá ãßíåé ìå
ôç ÷ñÞóç äéáãñáììÜôùí COOP. Ôá äéáãñÜììáôá áõôÜ åéóÞ÷èçóáí áðü ôïõò Hoffmann êáé
Hughbanks [41,42] ôï 1983 ùò ìÝèïäïò áíÜëõóçò ôçò äåóìéêüôçôáò ôùí åíåñãåéáêþí åðéðÝäùí.
Ï Hughbanks êáôÜ ôïí ïñéóìü ôùí äéáãñáììÜôùí COOP ÷ñçóéìïðïéåß Ýíá ëïãïðáßãíéï
êáé áíáöÝñåé üôé ìðïñïýìå íá èåùñÞóïõìå üôé ôá áôïìéêÜ ôñï÷éáêÜ óõíåñãÜæïíôáé ãéá
ôïí ó÷çìáôéóìü äåóìþí êáé ðñïôåßíåé ôï áêñùíýìéï COOP íá ðñïöÝñåôáé ‘‘o-op’’. Ôá
äéáãñÜììáôá COOP óõíáíôþíôáé óôç âéâëéïãñáößá êáé ùò äéáãñÜììáôá OPDOS [19] áðü ôï
Overlap Population Density of States.

Áðü ôç ó÷Ýóç (4.37) ãßíåôáé åìöáíÝò üôé ï üñïò åðéêÜëõøçò 2c1c2S12 ó÷åôßæåôáé ìå ôç
äåóìéêüôçôá. ¼ôáí ï üñïò áõôüò åßíáé èåôéêüò, ôüôå ï äåóìüò åßíáé äåóìéêüò (bonding), åíþ
üôáí åßíáé áñíçôéêüò ï äåóìüò åßíáé áíôéäåóìéêüò (antibonding).

Ôá äéáãñÜììáôá COOP áðïôåëïýí êáìðýëåò ðõêíüôçôáò êáôáóôÜóåùí óôéò ïðïßåò ïé
óõíôåëåóôÝò âÜñïõò ôùí êáôáóôÜóåùí åßíáé ïé ðëçèõóìïß åðéêÜëõøçò (orbital-population
weigted density of states). Óôç ãåíéêÞ ðåñßðôùóç üðïõ Ý÷ïõìå äýï ôåìÜ÷éá A êáé Â êÜíïíôáò
÷ñÞóç ôçò (4.31) ìå óõíôåëåóôÝò âÜñïõò ôïõò ðëçèõóìïýò åðéêÜëõøçò OPAB,i ôùí ôåìá÷ßùí
Á êáé B óôï i-ïóôü ìïñéáêü ôñï÷éáêü, Ý÷ïõìå:

COOPAB(ε) =
∑

i

OPAB,iF (ε− εi) (4.41)

ìå

OPAB,i =
∑
α∈A

∑
β∈B

2cαcβSαβ (4.42)
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ÌÝñïò III

Õëïðïßçóç õðïëïãéóôéêïý
óõóôÞìáôïò ðáñÜëëçëçò

åðåîåñãáóßáò ôýðïõ óõóôïé÷ßáò
Beowulf





Ê Å Ö Á Ë Á É Ï 5

Óõóôïé÷ßåò õðïëïãéóôþí ôýðïõ Beowulf

Famed was this Beowulf: far flew the boast of him,
son of Scyld, in the Scandian lands.

So becomes it a youth to quit him well
with his father’s friends, by fee and gift,

that to aid him, aged, in after days,
come warriors willing, should war draw nigh,

liegemen loyal: by lauded deeds

shall an earl have honor in every clan.

---Beowulf

Ïé åýñåóç ôùí éäéïôÞôùí ìïñßùí, óõóóùìáôùìÜôùí êáé ãåíéêüôåñá õëéêþí Ý÷åé õøçëü
õðïëïãéóôéêü êüóôïò. Ç ôå÷íïëïãßá õðïëïãéóôþí ðñï÷ùñÜåé ìå ñõèìïýò ôÝôïéïõò ðïõ ç
õðïëïãéóôéêÞ éó÷ýò äéðëáóéÜæåôáé ðåñßðïõ êÜèå 18 ìÞíåò (íüìïò ôïõ Moore), áí êáé ôá
ôåëåõôáßá ÷ñüíéá Ý÷ïõìå êÜðïéåò áðïêëßóåéò áðü ôïí êáíüíá áõôü. Ôï áðïôÝëåóìá áõôÞò
ôçò åîÝëéîçò åßíáé ç ãåùìåôñéêÞ áýîçóç ôçò éó÷ýïò ôùí ðñïóùðéêþí õðïëïãéóôþí (personal
computer, PC) ðïõ óå óõíäõáóìü ìå ôï ÷áìçëü ôïõò êüóôïò äçìéïýñãçóå ìéá íÝá ôÜóç óôçí
áãïñÜ, áõôÞ ôùí óõóôïé÷éþí Beowulf (Beowulf clusters). ÓõóôÞìáôá áõôïý ôïõ ôýðïõ âñÞêáí
Üìåóá åöáñìïãÞ óôç èåùñçôéêÞ ìåëÝôç õëéêþí.

5.1 ÉóôïñéêÜ óôïé÷åßá

Ç éäÝá ãéá ôç äçìéïõñãßá åíüò õðïëïãéóôéêïý óõóôÞìáôïò ðáñÜëëçëçò åðåîåñãáóßáò
õøçëþí åðéäüóåùí êáé ÷áìçëïý êüóôïõò åìöáíßóôçêå ãýñù óôá ôÝëç ôïõ 1993. Ïé Donald
Becker êáé Thomas Sterling, ó÷åäßáóáí êáé õëïðïßçóáí, ãéá ëïãáñéáóìü ôçò NASA, ôï ðñþôï
ôÝôïéï õðïëïãéóôéêü óýóôçìá ÷ñçóéìïðïéþíôáò áðïêëåéóôéêÜ Üìåóá äéáèÝóéìá åìðïñåýìáôá
(Commodity Off The Shelf, COTS). Ôï ðñùôüôõðï áõôü óýóôçìá áðïôåëåßôï áðü 16 åðåîåñ-
ãáóôÝò i486DX óõíäåäåìÝíïé ìåôáîý ôïõò ìÝóù äéêôýïõ Ethernet ôùí 10Mbps. Ðïëý óýíôïìá
óõóôÞìáôá áõôïý ôïõ ôýðïõ åîáðëþèçêáí êáé óå Üëëïõò ïñãáíéóìïýò êáé éäñýìáôá, éäßùò
üðïõ õðÞñ÷å ìåãÜëç áíÜãêç ãéá õðïëïãéóôéêÞ éó÷ý ÷ùñßò íá õðÜñ÷ïõí áíÜëïãá êïíäõëßá.

Ç ìåãÜëç åðéôõ÷ßá áõôþí ôùí óõóôçìÜôùí ïöåßëåôáé óå óõãêõñßá ðïëëþí ãåãïíüôùí.
Ïé ðñïóùðéêïß õðïëïãéóôÝò åéó÷þñçóáí óôá ãñáöåßá, óôá óðßôéá êáé óôç âéïìç÷áíßá ôïõ
ðáé÷íéäéïý äçìéïõñãþíôáò ìéá ìáæéêÞ áãïñÜ ðïõ åß÷å ùò áðïôÝëåóìá ôçí åìöÜíéóç öèçíþí
õðïóõóôçìÜôùí õøçëÞò ðïéüôçôáò êáé åðéäüóåùí. Ôçí ßäéá ðåñßðïõ åðï÷Þ Ýêáíå ôçí åìöÜíéóÞ
ôïõ ôï ëåéôïõñãéêü óýóôçìá Linux, ðïõ ìáæß ìå Üëëá åñãáëåßá áíïé÷ôïý ëïãéóìéêïý (open
source software) üðùò ïé óõìâïëïìåôáöñáóôÝò GNU (gcc, g77, ê.á.), ïé âéâëéïèÞêåò MPI
(Message Passing Interface) êáé PVM (Parallel Virtual Machine), êÜëõøáí ôéò üðïéåò áíÜãêåò
ëïãéóìéêïý õðïäïìÞò. ¼óïí áöïñÜ ôéò áíÜãêåò ãéá åîåéäéêåõìÝíï êþäéêá, Þôáí Þäç äéáèÝóéìïò
óå åñåõíçôÝò ôçò êïéíüôçôáò ÷ñçóôþí õðïëïãéóôþí õøçëþí åðéäüóåùí (High Performance
Computer Community, HPCC).
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ÊáôÜ ôï ó÷åäéáóìü óõóôçìÜôùí Beowulf, êýñéïò óôü÷ïò åßíáé ç åðßôåõîç ôçò ìåãáëýôåñçò
äõíáôÞò õðïëïãéóôéêÞò éó÷ýïò ìå ôï ìéêñüôåñï äõíáôü êüóôïò. Ï óõíäõáóìüò áõôüò ðïëëÝò
öïñÝò äçìéïõñãåß ðñïâëÞìáôá ôç ëýóç ôùí ïðïßùí êáëåßôáé íá äþóåé ï ó÷åäéáóôÞò ôÝôïéùí
óõóôçìÜôùí. ×áñáêôçñéóôéêü ðáñÜäåéãìá åßíáé Ýíá ðñüâëçìá ðïõ åìöáíßóôçêå óôï ðñüôõðï
óýóôçìá ôùí Becker êáé Sterling. Ç õðïëïãéóôéêÞ éó÷ýò ôùí åðåîåñãáóôþí i486DX Þôáí
ðïëý ìåãÜëç ãéá ìïíÞ ãñáììÞ Ethernet ôùí 10Mbps. Ôçí åðï÷Þ åêåßíç ïé Ethernet äéáêüðôåò
(switches) åß÷áí áêüìá õøçëü êüóôïò. Ôç ëýóç Ýäùóå ï Becker ãñÜöïíôáò Ýíáí ïäçãü ãéá
ôéò êÜñôåò äéêôýïõ ðïõ ÷þñéæáí ôçí êßíçóç ôïõ äéêôýïõ óå äýï ìÝñç, äçìéïõñãþíôáò Ýôóé äýï
óõæåõãìÝíá êáíÜëéá Ethernet (channel bonded Ethernet) ðïõ ðáñåß÷áí ôåëéêÜ äéêôýùóç ìå
óõíïëéêÜ äéðëÜóéï åýñïò

Ìå ôçí ðÜñïäï ôïõ ÷ñüíïõ ç ôå÷íéêÞ ó÷åäéáóìïý óõóôïé÷éþí Beowulf ùñßìáóå, åìöá-
íßóôçêáí öèçíïß äéáêüðôåò Fast Ethernet, äçëáäÞ ìå ôá÷ýôçôåò ìåôáãùãÞò 100 Mbps, êáé
ðñüóöáôá Gigabit Ethernet äéáêüðôåò, åíþ ðñïôõðïðïéÞèçêå ç ìåôÜäïóç ìçíõìÜôùí ìå ôá
MPI êáé PVM. Ç ó÷åäßáóç êáé õëïðïßçóç üëï êáé ìåãáëýôåñùí Beowulf óõóôçìÜôùí ïäÞãçóå
óå óõóôÞìáôá ðïõ áíôáãùíßæïíôáé åðÜîéá ôïõò ðáñáäïóéáêïýò õðåñõðïëïãéóôÝò, üðùò ôï
Marylou4 ôïõ ðáíåðéóôçìßïõ Brigham Young University (http://marylou.byu.edu/) ðïõ áðïôåëåß
ôï éó÷õñüôåñï Beowulf óýóôçìá ìå Gigabit Ethernet äéêôýùóç (èÝóç 66 óôç top500.org ëßóôá
Íïåìâñßïõ 2005). ÊáôáóêåõÜóôçêå áðü ôçí Dell êáé áðïôåëåßôáé áðü 1260 åðåîåñãáóôÝò Intel
EM64T Xeon óôá 3600 MHz óå 630 êüìâïõò, Ý÷åé óõíïëéêÜ 2520 GB ìíÞìçò RAM (4 GB áíÜ
êüìâï) êáé åðéäþóåéò óôá 5.44 Tflops êáôÜ LINPACK (Rmax).

Ó÷Þìá 5.1: Ç óõóôïé÷ßá ôýðïõ Beowulf, Marylou4. Óôçí 66η èÝóç ôçò top500 ëßóôáò, áðïôåëåß ôï
éó÷õñüôåñï óýóôçìá Beowulf ìå gigabit ethernet äéêôýùóç.

Áîßæåé ôÝëïò íá áíáöÝñïõìå üôé ï üñïò ‘‘Beowulf’’ ðñïÝñ÷åôáé áðü ôïí ìõèéêü Þñùá ôïõ
ïìþíõìïõ åðéêïý ðïéÞìáôïò, ðïõ èåùñåßôáé üôé åßíáé ôï ðñþôï óùæüìåíï áããëéêü ðïßçìá.
Áðïôåëåß ôçí éóôïñßá åíüò èáññáëÝïõ Þñùá ìå ìåãÜëç äýíáìç ï ïðïßïò íßêçóå Ýíá èçñßï ìå
üíïìá Grendel.

5.2 Ó÷åäßáóç êáé õëïðïßçóç ôçò Moly

Ïäçãüò óôç ó÷åäßáóç åíüò ôÝôïéïõ óõóôÞìáôïò åßíáé ôï åßäïò ôùí ðñïâëçìÜôùí ðïõ
åðéèõìïýìå íá åðéëýóïõìå óå áõôü êáèþò êáé ôï åîåéäéêåõìÝíï ëïãéóìéêü ðïõ äéáèÝôïõìå.
Óôç ðñþôç öÜóç ôçò ó÷åäßáóçò ãíùñßæáìå üôé ç ðáñÜëëçëç Ýêäïóç ôïõ êõñßïõ ðñïãñÜììáôïò
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(TURBOMOLE 5.6) ðïõ ÷ñçóéìïðïéïýóáìå ìðïñïýóå íá äïõëÝøåé áðïäïôéêÜ óå ôÝôïéï óýóôçìá.
Ôï áñ÷éêü óêåðôéêü Þôáí íá êáëýøïõìå ôï äõíáôüí ðåñéóóüôåñï ôéò áðáéôÞóåéò ãéá

åðéêïéíùíßá ìåôáîý ôùí êüìâùí. Ïé ïðôéêïß äéáêüðôåò Myrinet êáé ïé áíôßóôïé÷åò êÜñôåò
äéêôýïõ ðñïóöÝñïõí ôïõò êáëýôåñïõò ñõèìïýò ìåôáãùãÞò êáé ìå ðïëý ìéêñü ÷ñüíï áðüêñéóçò
êáèéóôþíôáò ôçò ëýóç áõôÞ éäáíéêÞ. Ôï êüóôïò åíüò ôÝôïéïõ äéáêüðôç üðùò äéáðéóôþèçêå
Þôáí áðáãïñåõôéêü, ïðüôå êáôáöýãáìå óôç åðéëïãÞ Gigabit Ethernet äéáêüðôç, ðïõ ìüëéò åß÷áí
áñ÷ßóåé íá åìöáíßæïíôáé óôçí åëëçíéêÞ áãïñÜ. ÐñïêåéìÝíïõ íá ìåéùèåß áêüìá ðåñéóóüôåñï ï
äéêôõáêüò öüñôïò ïé êüìâïé èá Ýöåñíáí óêëçñü äßóêï ãéá ôïðéêÞ áðïèÞêåõóç äåäïìÝíùí üðïôå
áõôü Þôáí äõíáôü, áí êáé ç áðüöáóç áõôÞ áýîçóå óçìáíôéêÜ ôï ïëéêü êüóôïò ôïõ óõóôÞìáôïò.
¼ðùò äéáðéóôþèçêå åê ôùí õóôÝñùí, ôï õðïëïãéóôéêü üöåëïò åßíáé ðñáãìáôéêÜ ðïëý ìåãÜëï
êáèþò ôï TURBOMOLE äýíáôáé íá áðïèçêåýåé ôïðéêÜ ôá ïëïêëçñþìáôá äýï çëåêôñïíßùí. Ç
åíáëëáêôéêÞ ëýóç èá Þôáí êüìâïé ÷ùñßò äßóêïõò ç åêêßíçóç (boot) ôùí ïðïßùí èá ãéíüôáí
ìÝóïõ äéêôýïõ ÷ñçóéìïðïéþíôáò ðñùôüêïëëï ôïõ Preboot Execution Environment (PXE) üðùò
ôï TFTP Þ BOOTP. Ç ëýóç áõôÞ åßíáé ïéêïíïìéêÞ êáé áðü Üðïøç ÷þñïõ, ðáñÜãïíôáò ðïõ
åßíáé êñßóéìïò óå ðïëý ìåãÜëá óõóôÞìáôá.

ÐïëëÝò öïñÝò êñßíåôáé óêüðéìç ç ÷ñÞóç äýï õðïäéêôýùí ãéá ôçí åðéêïéíùíßá ìåôáîý
ôùí êüìâùí, Ýíáò äßáõëïò ìåãÜëïõ åýñïõò ãéá ôç ìåôáãùãÞ äåäïìÝíùí êáé Ýíáò äåýôåñïò,
ìéêñüôåñçò ôá÷ýôçôáò, ãéá ôç ìåôáâßâáóç åíôïëþí. Ç õøçëÞ ôá÷ýôçôá ôïõ Gbps Ethernet ðïõ
åðéëÝîáìå ìáò åðéôñÝðåé ôç ÷ñÞóç åíüò ìüíï äéáýëïõ êáé ãéá ôéò äýï ëåéôïõñãßåò.

¸íá óçìáíôéêü èÝìá åßíáé ç åðéëïãÞ ìåôáîý êüìâùí åíüò Þ äýï åðåîåñãáóôþí. Ç êÜèå
ðåñßðôùóç Ý÷åé ôá èåôéêÜ êáé ôá áñíçôéêÜ ôçò. Ç åðéëïãÞ êüìâùí ôùí äýï åðåîåñãáóôþí êÜíåé
ïéêïíïìßá óôïí áðáéôïýìåíï ÷þñï ðïõ èá öéëïîåíÞóåé ôï óýóôçìá, áðáéôåß ëéãüôåñï åîïðëéóìü
õðïäïìÞò (ð.÷. êáôáëáìâÜíåé ìßá èÝóç óôïõò Gbps äéáêüðôåò áíÜ æåýãïò åðåîåñãáóôþí,
áðáéôåßôáé Ýíáò óêëçñüò äßóêïò áíÜ äýï åðåîåñãáóôÝò ê.ï.ê.). ÐñÝðåé üìùò íá ëÜâïõìå
õðüøç üôé (÷ñçóéìïðïéþíôáò ëåéôïõñãéêü óýóôçìá Linux) ç õðïëïãéóôéêÞ éó÷ýò åíüò ôÝôïéïõ
óõóôÞìáôïò äåí åßíáé äéðëÜóéá óå ó÷Ýóç ìå ôï áíôßóôïé÷ï áðëü, áëëÜ ôåßíåé óôï 160-180%
ôçò éó÷ýïò ôïõ. Ôï êüóôïò ôùí åðåîåñãáóôþí ðïõ ðáñáëëçëßæïíôáé (XEON) åßíáé óçìáíôéêÜ
áõîçìÝíï óå ó÷Ýóç ìå ôïõò áíôßóôïé÷ïõò áðëïýò (iP4). Åðßóçò, ç áýîçóç ôïõ çëåêôñïíéêïý
èïñýâïõ óôïõò äéáýëïõò ìíÞìçò ëüãù ðñïóðÝëáóÞò ôçò êáé áðü ôïõò äýï (Þ ðåñéóóüôåñïõò)
åðåîåñãáóôÝò XEON êáèéóôÜ áíáãêáßá ôç ÷ñÞóç åéäéêÞò ìíÞìçò ðïõ äéáèÝôïõí áëãüñéèìïõò
åíôïðéóìïý êáé äéüñèùóçò ëáèþí ECC (Error-Correction Codes). ÔÝôïéåò ìíÞìåò åßíáé åí ãÝíåé
äýï öïñÝò áêñéâüôåñåò ôùí áðëþí ìíçìþí. Ç ÷ñÞóç êüìâùí åíüò åðåîåñãáóôÞ Ý÷åé ùò êýñéï
ðñïôÝñçìá ôï ÷áìçëü êüóôïò ôüóï ôùí åðåîåñãáóôþí üóï êáé ôçò ìíÞìçò. Ç üðïéá áðüöáóç
èá ðñÝðåé íá ëáìâÜíåé õðüøç üëïõò ôïõ ðáñÜãïíôåò ðïõ ðñïáíáöÝñáìå. Óôç äéáäéêáóßá ôçò
åðéëïãÞò óçìáíôéêü âïÞèçìá ìðïñåß íá áðïäåé÷èåß Ýíá áðëü ëïãéóôéêü öýëëï ìå ìåôáâëçôÝò
ôéò åðéìÝñïõò ðáñáìÝôñïõò ôïõ óõóôÞìáôïò åðïðôåýïíôáò ôçí åðßäñáóç óôç óõíïëéêÞ éó÷ý ðïõ
åðéöÝñåé ç áëëáãÞ ôïõ óå êÜèå ðáñÜãïíôá. Ãéá ðåñéðôþóåéò üðùò ç äéêÞ ìáò, üðïõ óôü÷ïò Þôáí
ï ìåãáëýôåñïò ëüãïò õðïëïãéóôéêÞò éó÷ýïò áíÜ êüóôïò, ç åðéëïãÞ áðëþí êüìâùí ìÜëëïí
åßíáé ìïíüäñïìïò. Óôï ìÝëëïí ðÜíôùò, êáé ìå ôçí åìöÜíéóç ôùí åðåîåñãáóôþí ôçò AMD ìå
äéðëïýò ðõñÞíåò, ãéá ôïí ðáñáëëçëéóìü ôùí ïðïßùí (dual dual-core) ìÜëéóôá äåí áðáéôïýíôáé
ìíÞìåò ìå ECC, ç êáôÜóôáóç áõôÞ ßóùò áíôéóôñáöåß.

Óôï ó÷Þìá 5.2 öáßíåôáé äéÜãñáììá ìå ôá âáóéêÜ óôïé÷åßá ôçò óõóôïé÷ßáò Moly. Ç
ôïðïëïãßá ôçò äéêôýùóçò åßíáé ôýðïõ áóôÝñá (star network), üðùò öáßíåôáé óôï äéÜãñáììá
(óôïí äéáêüðôç êáôáëÞãïõí äÝêá êáëþäéá UTP). Ç óõíïëéêÞ ìíÞìç RAM ôïõ óõóôÞìáôïò
åßíáé 11 GB, ìå 1 GB íá áíáëïãåß óå êÜèå åðåîåñãáóôÞ. Ïé åðåîåñãáóôÝò ôùí êüìâùí åßíáé
ôçò Intel, P4/2.8GHz (Preskott core). ÊÜèå êüìâïò äéáèÝôåé óêëçñü äßóêï ôùí 80 GB åíþ ï
åîõðçñåôçôÞò ôùí 120 GB.

ÔÝëïò, ãéá ôïí ôá÷ý êáé åýêïëï ÷åéñéóìü ôùí êüìâùí ôï óýóôçìá åöïäéÜóôçêå ìå äýï
äéáêüðôåò KVM ôçò D-Link (DKVM-8E) ïé ïðïßïé åðéôñÝðïõí ôïí ÷åéñéóìü óõíïëéêÜ 16
êüìâùí ìÝóïõ åíüò ìüíïí ðëçêôñïëïãßïõ, ðïíôéêïý êáé ïèüíçò.
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Ó÷Þìá 5.2: ÄéÜãñáììá äéáóýíäåóçò ôçò óõóôïé÷ßáò ôýðïõ Beowulf, Moly. Óôïí äéáêüðôç êáôáëÞãïõí
äÝêá êáëþäéá UTP

5.3 Ñõèìßóåéò ôçò óõóôïé÷ßáò

5.3.1 Äßêôõï

Ç Moly (áò ìáò åðéôñáðåß ç ÷ñÞóç ôïõ èçëõêïý ãÝíïõò) áðïôåëåß ìéá óõóôïé÷ßá Beowulf
êáôçãïñßáò I (class I) êáèþò äåí Ý÷åé ÷ñçóéìïðïéçèåß åîåéäéêåõìÝíï õëéêü ðáñÜ ìüíï COTS. Óå
óõóôÞìáôá êáôçãïñßáò ÉÉ (class II) ÷ñçóéìïðïéåßôáé åéäéêü õëéêü êõñßùò óôï èÝìá äéêôýùóçò.
Ïé ðéï äéáäåäïìÝíåò åðéëïãÝò äéêôýùóçò ðïõ õðÜñ÷ïõí öáßíïíôáé óôïí ðáñáêÜôù ðßíáêá,
ìáæß ìå ôéò ìåôáãùãÝò ôïõò êáé ôï ôñÝ÷ïí êüóôïò ôïõò. ÌåñéêÝò áðü áõôÝò ÷ñçóéìïðïéïýíôáé
êáé áðü êáôáóêåõáóôÝò ìåãÜëùí óõóôçìÜôùí.

Äéêôýùóç ÌåôáãùãÞ (MB/sec) êüóôïò
Fast Ethernet 11.25 -
Gigabit Ethernet 110 $100 / êüìâï
Myrinet 200 $1000 / êüìâï
SCI 150 $1100 / êÜñôá 4-èõñþí
InfiniBand 800 $900 êÜñôá, $1000 / èýñá

Ç äéáäéêôýùóç ôçò Moly åßíáé ôýðïõ gigabit ethernet êáé ï äéáêüðôçò ðïõ ÷ñçóéìïðïéåßôáé
åßíáé ï 16 èõñþí 3COM 2816 (3C16478), ìå ÷ùñçôéêüôçôá (capacity) 48 GBps. Ïé êÜñôåò äéêôýïõ
(Network Interface Cards, NIC), åßíáé åíóùìáôùìÝíåò óôéò ìçôñéêÝò ôüóï ôùí êüìâùí, Asus
P4P800, üóï êáé ôïõ åîõðçñåôçôÞ, Intel SE7505VB2.

¸íá óçìáíôéêü óçìåßï óôéò äéêôõáêÝò ñõèìßóåéò ôùí gigabit NIC åßíáé ç ÷ñÞóç jumbo
frames (ãíùóôÜ êáé ùò jumbograms). Ç ðñïåðéëåãìÝíç ôéìÞ ôïõ ethernet frame åßíáé 1500 bytes
êáé óõíÞèùò öáßíåôáé óôï MTU (Maximum Transmission Unit) ôïõ ethernet (åîáñôÜôáé áðü ôïí
ïäçãü ôçò åêÜóôïôå NIC). Ôçí ôéìÞ ôïõ ìðïñïýìå íá ôç äïýìå ð.÷. ìå ôçí åíôïëÞ ifconfig ôïõ
Unix. Óå ðïëëÝò ðåñéðôþóåéò, ç ðñïåðéëåãìÝíç ôéìÞ åßíáé ðïëý ìéêñÞ ãéá íá ãßíåé áðïäïôéêÞ
áîéïðïßçóç ôïõ gigabit êáíáëéïý êáèþò áðáéôïýíôáé ðïëëÜ ðáêÝôá ãéá ôç ìåôáãùãÞ ôùí
äåäïìÝíùí. Ìéêñü frame óçìáßíåé ðåñéóóüôåñá interrupts ôçò CPU, áíÜëùóç ÷ñüíïõ óôçí
áíÜëõóç êáé äçìéïõñãßá ôùí êåöáëßäùí ðïëëþí ðáêÝôùí êáé óçìáíôéêÜ ðåñéóóüôåñåò
ðñïóðåëÜóåéò óôç ìíÞìç, Ý÷ïõìå äçëáäÞ ðåñéóóüôåñç åðåîåñãáóßá ãéá ìéá óõãêåêñéìÝíç



5.3 Ñõèìßóåéò ôçò óõóôïé÷ßáò 99

ìåôáöïñÜ äåäïìÝíùí. Ôá gigabit ethernet jumbo frames, ôá ïðïßá åßíáé 9000 bytes (ìåñéêÝò
öïñÝò êáé ëßãï ìåãáëýôåñá), ëýíïõí ôï ðñüâëçìá, äéðëáóéÜæïíôáò óôéò ðåñéóóüôåñåò ôùí
ðåñéðôþóåùí ôç ðñáãìáôéêÞ ìåôáãùãÞ êáé ôáõôü÷ñïíá ìåéþíïíôáò ôç ÷ñÞóç ôïõ åðåîåñãáóôÞ
(cpu utilization) óôï ìéóü [21]. Ìå ôá jumbo frames õðÜñ÷åé ìåãÜëï õðïëïãéóôéêü üöåëïò
êáé óôéò ðåñéðôþóåéò åöáñìïãþí ðïõ ÷åéñßæïíôáé ìåãÜëá datagrams, üðùò ãéá ðáñÜäåéãìá ôï
NFS (Network File System) ìå datagrams ôùí 8400 bytes. Ç ìåôáöïñÜ åíüò NFS datagram
áðáéôåß 6 ðáêÝôá ethernet frame åíþ áñêåß Ýíá ìüíï jumbo frame. Ç ÷ñÞóç ìåãÜëùí frames
âñßóêåé åöáñìïãÞ ü÷é ìüíï óôá ôïðéêÜ äßêôõá, áëëÜ êáé óôá WAN (Wide Area Network) [58].
Óçìåéþíïõìå üôé ç ÷ñÞóç ôùí jumbo frames äåí åíäåßêíõôáé áí ïé åöáñìïãÝò åßíáé åõáßóèçôåò
óå áðüôïìåò áõîïìåéþóåéò (bursts, drops) ôïõ ñõèìïý ìåôáãùãÞò äåäïìÝíùí, üðùò åßíáé ðïëëÝò
multimedia åöáñìïãÝò

Ç ñýèìéóç ôïõ jumbo frame ãßíåôáé ìå ôçí åíôïëÞ ifconfig :

# ifconfig eth0 mtu 9000
# ifconfig eth0
eth0 Link encap:Ethernet HWaddr 00:04:23:88:50:A5

inet addr:10.0.0.1 Bcast:10.255.255.255 Mask:255.0.0.0
inet6 addr: fe80::204:23ff:fe88:50a5/64 Scope:Link
UP BROADCAST RUNNING MULTICAST MTU:9000 Metric:1
RX packets:238795912 errors:0 dropped:0 overruns:0 frame:0
TX packets:236845488 errors:0 dropped:0 overruns:0 carrier:0
collisions:0 txqueuelen:100
RX bytes:3177542350 (3030.3 Mb) TX bytes:1341840225 (1279.6 Mb)
Interrupt:52 Base address:0x7000 Memory:f0200000-f0220000

áëëáãÞ ôïõ MTU êáé ethernet frame

Ãéá ôç äéåõèõíóéïäüôçóç ôùí êüìâùí åðéëÝãïíôáé äéåõèýíóåéò áðü Ýíá åýñïò ôéìþí ðïõ
Ý÷åé äåóìåõôåß ãéá éäéùôéêÜ äßêôõá (private address space) [70]. Ç åðéëïãÞ ãßíåôáé áðü ôéò
ôéìÝò ðïõ öáßíïíôáé óôïí ðáñáêÜôù ðßíáêá:

ÊëÜóç Åýñïò ip äéåõèýíóåùí
A 10.0.0.0 Ýùò 10.255.255.255
B 172.16.0.0 Ýùò 172.31.0.0
C 192.168.0.0 Ýùò 192.168.255.0

ÓõíÞèçò ôáêôéêÞ åßíáé íá äßíïíôáé ôÝôïéåò äéåõèýíóåéò þóôå íá ïìáäïðïéïýíôáé êüìâïé ìå ßäéá
÷áñáêôçñéóôéêÜ. Óôïõò êüìâïõò ôçò Moly äþóáìå ip: 10.0.1.1-9, åíþ óôïí åîõðçñåôçôÞ 10.0.0.1.

5.3.2 NFS êáé accounts

Ãéá íá åßíáé ðñáêôéêÜ äõíáôÞ ç óõíåñãáóßá ôùí êüìâùí ìå óôü÷ï ôçí ðáñÜëëçëç åðåîåñ-
ãáóßá, èá ðñÝðåé íá óõìöùíïýí êÜðïéåò ñõèìßóåéò ìåôáîý ôùí êüìâùí êáé ôïõ åîõðçñåôçôÞ.
ÕðÜñ÷ïõí ðïëëÝò óôñáôçãéêÝò ðïõ ìðïñåß íá ÷ñçóéìïðïéÞóåé êáíåßò ðïõ ðïéêßëïõí óå ðïëõ-
ðëïêüôçôá êáé åõêïëßá ÷ñÞóçò. ÊÜðïéåò äéáíïìÝò ëåéôïõñãéêþí äéáèÝôïõí áêüìá êáé óýóôçìá
ìå âÜóç äåäïìÝíùí (SQL) óôçí ïðïßá óþæïõí êÜèå ðôõ÷Þ ôùí ñõèìßóåùí ôùí êüìâùí (ãéá
ðáñÜäåéãìá ç äéáíïìÞ Rocks, www.rockscluster.org). Ëüãù ôïõ ìéêñïý ó÷åôéêÜ ìåãÝèïõò ôçò
óõóôïé÷ßáò ìáò äåí áó÷ïëçèÞêáìå ìå áõôïìáôéóìïýò óôç äçìéïõñãßá ôùí ëïãáñéáóìþí êáé
ôùí åãêáôáóôÜóåùí. Ïé ñõèìßóåéò Ýãéíáí üëåò «ìå ôï ÷Ýñé».

¼ëïé ïé ëïãáñéáóìïß ÷ñçóôþí ðïõ èá åêôåëïýí ðáñÜëëçëï êþäéêá ìå MPI Þ PVM èá
ðñÝðåé íá õðÜñ÷ïõí óå êÜèå êüìâï êáé ìå ôá ßäéá UID êáé GID. ×ñçóéìïðïéïýìå ôï óýóôçìá
NFS ãéá íá åßíáé êïéíïß ïé êáôÜëïãïé ôùí ÷ñçóôþí ìåôáîý ôùí êüìâùí êáé ôïõ åîõðçñåôçôÞ.
Óôïõò êáôáëüãïõò áõôïýò ôá ðáñÜëëçëá ðñïãñÜììáôá ãñÜöïõí äåäïìÝíá ðïõ ðñÝðåé íá åßíáé
ðñïóâÜóéìá áðü êÜèå êüìâï. Ôá õðüëïéðá ãñÜöïíôáé óå ôïðéêü êáôÜëïãï êáé Ýôóé ìåéþíåôáé
óçìáíôéêÜ ç ÷ñÞóç ôïõ äéêôýïõ. Ãéá íá ãßíåé Ýíáò êáôÜëïãïò êïéíüò óå üëï ôï óýóôçìá, èá
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ðñÝðåé íá õðÜñ÷åé óôï áñ÷åßï /etc/exports, ìéá ãñáììÞ óáí ôçí áêüëïõèç:

/home/koukaras/ node*(rw,no root squash,sync)
êáôá÷þñçóç óôï áñ÷åßï /etc/exports ðïõ áöïñÜ ôïí êáôÜëïãï /home/koukaras

Ãéá íá öïñôùèåß (mount) óôïõò êüìâïõò Ýíáò êáôÜëïãïò ðïõ Ý÷åé åîá÷èåß ìå NFS èá
ðñÝðåé íá õðÜñ÷åé óôï áñ÷åßï /etc/fstab üëùí ôùí êüìâùí ìéá êáôá÷þñçóç óáí ôçí áêüëïõèç:

10.0.0.1:/home/koukaras /home/koukaras nfs defaults 0 0
êáôá÷þñçóç óôï áñ÷åßï /etc/fstab ôùí êüìâùí ðïõ áöïñÜ ôïí êáôÜëïãï /home/koukaras

5.3.3 rsh êáé ssh

Ôá ðáêÝôá ìåôÜäoóçò ìçíõìÜôùí (PVM êáé MPI) ðïõ ÷ñçóéìïðïéïýíôáé áðü ôá ðáñÜëëçëá
ðñïãñÜììáôá óõíÞèùò êÜíïõí ÷ñÞóç åßôå ôïõ rsh (remote shell) åßôå ôïõ ssh (secure shell) ãéá
ôçí åêôÝëåóç êþäéêá óôïõò êüìâïõò.

Ç ñýèìéóç ôïõ rsh åßíáé ó÷åôéêÜ áðëÞ õðüèåóç. Ï åõêïëüôåñïò ôñüðïò åßíáé ç äçìéïõñãßá
ôïõ áñ÷åßïõ /etc/hosts.equiv. Ôï áñ÷åßï áõôü åðéôñÝðåé Þ áðïêëåßåé óõóôÞìáôá êáé ÷ñÞóôåò
óôï íá ÷ñçóéìïðïéïýí ôéò r-åíôïëÝò, äçëáäÞ ôéò rlogin, rsh êáé rcp, ÷ùñßò ôç ÷ñÞóç êùäéêïý
ðñüóâáóçò (password). Åíçìåñþíïõìå ôï áñ÷åßï ìå êáôá÷ùñÞóåéò ôçò ìïñöÞò:

+ node1 koukaras
+ node2 koukaras
+ node3 koukaras
+ node4 koukaras
+ node5 koukaras
+ node6 koukaras
+ node7 koukaras
+ node8 koukaras

êáôá÷þñçóç óôï áñ÷åßï /etc/hosts.equiv ôùí êüìâùí ðïõ áöïñÜ ôïí ÷ñÞóôç koukaras

Ðáñüìïéåò êáôá÷ùñÞóåéò èá ðñÝðåé íá õðÜñ÷ïõí ãéá êÜèå ÷ñÞóôç. ÅíáëëáêôéêÜ, ìðïñåß íá
ãßíåé åíçìÝñùóç ôïõ áñ÷åßïõ ~/.rhosts ôïõ êÜèå ÷ñÞóôç ìå ðáñüìïéï ôñüðï.

Ãéá ôç ñýèìéóç ôïõ ssh áêïëïõèÞóáìå ôçí ðáñáêÜôù ôáêôéêÞ: Äçìéïõñãïýìå Ýíá êëåéäß rsa
ãéá ôï ssh (ssh-keygen -t rsa) ôï ïðïßï èá âñßóêåôáé óôï áñ÷åßï /etc/ssh/ssh host rsa key, åíþ
ôï áíôßóôïé÷ï äçìüóéï êëåéäß (public key) óôï /etc/ssh/ssh host rsa key.pub. Öñïíôßæïõìå ôï
êëåéäß íá åßíáé ôï ßäéï óå üëïõò ôïõò êüìâïõò. Ãéá íá ìðïñïýí ïé ÷ñÞóôåò íá ðñïóðåëÜóïõí
ôïõò êüìâïõò áðü ïðïéïíäÞðïôå êüìâï, èá ðñÝðåé íá åíçìåñþóïõí ôï áñ÷åßï ~/.ssh/known hosts
êáôá÷ùñþíôáò ôï äçìüóéï áõôü êëåéäß ìéá öïñÜ ãéá êÜèå êüìâï. ÔÝëïò, ï êÜèå ÷ñÞóôçò
äçìéïõñãåß Ýíá æåýãïò êëåéäéþí (êñõöü êáé äçìüóéï). Ôï äçìüóéï êëåéäß ôùí ÷ñçóôþí èá
ðñÝðåé íá âñßóêåôáé óôï áñ÷åßï ~/.ssh/authorized keys. Ç äÞëùóç ôïõ êëåéäéïý óôï áñ÷åßï áõôü
èá ðñÝðåé íá ôåëåéþíåé ìå ôçí Ýíäåéîç localmachine, ð.÷. koukaras@localmachine. Ï ëüãïò
ãéá áõôü åßíáé üôé åðåéäÞ ï êáôÜëïãïò åßíáé mounted ìå NFS, ï êÜèå êüìâïò åêëáìâÜíåé ôç
äÞëùóç óáí íá ðñïïñéæüôáí ãéá ôïí ßäéï.

5.3.4 MPI

Ôï óýóôçìá ìåôÜäïóçò ìçíõìÜôùí MPI (Message Passing Interface) åßíáé ôï ðëÝïí êá-
èéåñùìÝíï êáé äéáäåäïìÝíï óýóôçìá ôïõ åßäïõò ôïõ. Ïé ðéï ãíùóôÝò open source ìïñöÝò ôïõ
åßíáé ôï LAM/MPI êáé ôï MPI-CH. Óôç Moly åßíáé åãêáôåóôçìÝíç êáé ëåéôïõñãåß ç Ýêäïóç
MPI-CH ðïõ Ý÷åé êáëýôåñç õðïóôÞñéîç êáé åßíáé ó÷åôéêÜ ðéï äéáäåäïìÝíç. Ùóôüóï, ç Ýêäïóç
LAM/MPI öÝñåôáé íá Ý÷åé êáëýôåñåò åðéäüóåéò. Ãéá ðáñÜäåéãìá, ôï LAM/MPI åðùöåëåßôáé
áðü ôç ÷ñÞóç jumbo frames ðåñéóóüôåñï áð’ üôé ôï MPI-CH. Áõôü ðçãÜæåé êõñßùò ëüãù ôï
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üôé êáôÜ ôçí áñ÷éêïðïßçóÞ ôïõ, ôï LAM/MPI ñõèìßæåé áíÜëïãá ôá socket buffers áðïóôïëÞò
êáé ëÞøçò, SOCK SNDBUF êáé SOCK RCVBUF, åíþ óôï MPI-CH Ý÷ïõí óôáèåñü ìÝãåèïò ßóï
ìå 4096 bytes.

Áöïý Ý÷ïõí ãßíåé ïé ñõèìßóåéò ðïõ Ý÷ïõìå áíáöÝñåé ùò ôþñá, ãéá ôç ñýèìéóç ôïõ MPI ìÝíåé
ìüíï ç äçìéïõñãßá åíüò áñ÷åßïõ ðïõ ðåñéÝ÷åé ôïõò êüìâïõò ôïõ óõóôÞìáôïò, machines.Linux
(ãéá Linux). Ï ðñïåðéëåãìÝíïò êáôÜëïãïò ôïõ áñ÷åßïõ áõôïý åßíáé <mpi homedir>/ch p4/share/.
Ç åêôÝëåóç ðáñÜëëçëùí ðñïãñáììÜôùí ðïõ ÷ñçóéìïðïéïýí MPI ãßíåôáé ìå ôçí åíôïëÞ:

mpirun –np <ðëÞèïò êüìâùí> <üíïìá ðñïãñÜììáôïò>

Áîßæåé íá óçìåéùèåß üôé êáôáâÜëëïíôáé ðñïóðÜèåéåò ãéá ôçí åíïðïßçóç ôùí äýï ðéï
äéáäåäïìÝíùí óõóôçìÜôùí ìåôÜäïóçò ìçíõìÜôùí MPI êáé PVM óå Ýíá ðñüôõðï, ôï PVMPI
[36].

5.4 ÓõìðëçñùìáôéêÝò ðëçñïöïñßåò

5.4.1 ÓõíÞèåéò üñïé

Áêïëïõèïýí óýíôïìåò åðåîçãÞóåéò üñùí ðïõ óõíáíôþíôáé óõ÷íÜ óôç èåùñßá ðáñÜëëçëùí
õðïëïãéóôéêþí óõóôçìÜôùí.

ASMP: Asymmetric multiprocessing. Áñ÷éôåêôïíéêÞ õðïëïãéóôþí äýï Þ ðåñéóóüôåñùí
åðåîåñãáóôþí üðïõ óå êÜèå åðåîåñãáóôÞ áíáôßèåíôáé áðïêëåéóôéêÜ óõãêåêñéìÝíåò åñãáóßåò.
Ç áñ÷éôåêôïíéêÞ áõôÞ ðñùôïåìöáíßóôçêå ìå ôá DEC’s VMS 3, åíþ ðëÝïí ëßãïé êáôáóêåõáóôÝò
ôçí õðïóôçñßæïõí. Ç ó÷åäßáóç ôÝôïéùí óõóôçìÜôùí åßíáé åõêïëüôåñç, áëëÜ ôáõôü÷ñïíá
èÝôïíôáé ðåñéïñéóìïß óôéò åðéäþóåéò ôïõò, êáèþò áðïõóéÜæïõí ìç÷áíéóìïß ðïõ ìïéñÜæïõí ôïí
õðïëïãéóôéêü öüñôï ìåôáîý ôùí åðåîåñãáóôþí.

Class I Beowulf: Êáôçãïñßá óõóôïé÷éþí ôýðïõ Beowulf êáôáóêåõáóìÝíá áðïêëåéóôéêÜ
áðü Üìåóá äéáèÝóéìï åìðïñéêü õëéêü.

Class IÉ Beowulf: Êáôçãïñßá óõóôïé÷éþí ôýðïõ Beowulf ãéá ôçí êáôáóêåõÞ ôùí ïðïßùí
ãßíåôáé ÷ñÞóç êáé åéäéêïý õëéêïý ãéá ôçí åðßôåõîç õøçëþí åðéäüóåùí. ÓõíÞèùò ôï õëéêü áõôü
ó÷åôßæåôáé ìå ôç äéáäéêôýùóç ôùí êüìâùí.

Distributed Shared Memory: Êáôçãïñßá ó÷åäßáóçò ëïãéóìéêïý êáé õëéêïý óôçí ïðïßá
êÜèå êüìâïò Ý÷åé ðñüóâáóç, ðÝñáí ôçò äéêÞò ôïõ, êáé óå ìéá êïéíÞ - ìïéñáóìÝíç - ìíÞìç.

Embarrassingly parallel: Êáôçãïñßá ðñïâëçìÜôùí ðïõ ìðïñïýí íá ÷ùñéóôïýí óå åðéìÝ-
ñïõò ðñïâëÞìáôá êáé óôç óõíÝ÷åéá ìïéñÜæïíôáé ìåôáîý ôùí åðåîåñãáóôþí ìå ëßãç Þ êáèüëïõ
áëëçëåðßäñáóç. Ï êáèïñéóôéêüò ðáñÜãïíôáò åðéäüóåùí óå áõôÝò ôéò ðåñéðôþóåéò åßíáé ç
õðïëïãéóôéêÞ éó÷ýò ôïõ êÜèå åðåîåñãáóôÞ. Êëáóóéêü ðáñÜäåéãìá áðïôåëåß ôï raytracing óôá
ãñáöéêÜ õðïëïãéóôþí (CGI, computer-generated imagery).

HPC: High-performance computing. ÊëÜäïò ôçò åðéóôÞìçò õðïëïãéóôþí ðïõ áó÷ïëåßôáé
ìå ôçí áíÜðôõîç õðåñõðïëïãéóôþí êáé ëïãéóìéêïý ðïõ åêôåëåßôáé óå áõôïýò. Óõóôïé÷ßåò
ôýðïõ Beowulf (åéäéêÜ êáôçãïñßáò É) áäõíáôïýí ðïëëÝò öïñÝò íá ëåéôïõñãÞóïõí áðïäïôéêÜ
ãéá ôçí åðßëõóç HPC ðñïâëçìÜôùí ëüãù ôùí õøçëþí åðéäüóåùí ðïõ áðáéôïýíôáé óå üëá ôá
õðïóõóôÞìáôá ôïõò. Óôéò ðåñéðôþóåéò áõôÝò ç ÷ñÞóç õðåñõðïëïãéóôÞ åßíáé ìïíüäñïìïò.

Message Passing: ÌïíôÝëï áëëçëåðßäñáóçò ìåôáîý åðåîåñãáóôþí åíüò ðáñÜëëçëïõ
óõóôÞìáôïò. Óôç ãåíéêÞ ðåñßðôùóç, Ýíá ìÞíõìá áðïóôÝëëåôáé áðü Ýíáí åðåîåñãáóôÞ óå
Üëëïí ìÝóïõ ìéáò äéáäéêôýùóçò. Áí êáé ç áðïóôïëÞ ðïëëþí ìçíõìÜôùí Ý÷åé áíôßêôõðï
óôéò åðéäüóåéò ôïõ óõóôÞìáôïò, åðéôõã÷Üíïíôáé õøçëïß ñõèìïß ìåôáãùãÞò äåäïìÝíùí êáèþò
õðÜñ÷ïõí ëßãïé ìüíïí ðåñéïñéóìïß óôï ìÝãåèïò ôùí ìçíõìÜôùí.

Multithreading: ÌïíôÝëï ðáñÜëëçëïõ ðñïãñáììáôéóìïý ôï ïðïßï ÷ñçóéìïðïéåß threads
ùò ôï âáóéêü åßäïò process.
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NUMA: Non-Uniform Memory Access Þ Non-Uniform Memory Architecture. Áñ÷éôå-
êôïíéêÞ ðáñÜëëçëùí õðïëïãéóôéêþí óõóôçìÜôùí óôçí ïðïßá êÜèå åðåîåñãáóôÞò äéáèÝôåé
ôç äéêÞ ôïõ ôïðéêÞ ìíÞìç. Ïé åðåîåñãáóôÝò åðéôõã÷Üíïõí õøçëïýò ñõèìïýò ðñüóâáóçò óôç
ôïðéêÞ ôïõò ìíÞìç, åíþ ðñüóâáóç óå ìç-ôïðéêÞ ìíÞìç åðéöÝñåé ðïéíÝò óôéò åðéäþóåéò. Ç
áñ÷éôåêôïíéêÞ áõôÞ áðïôåëåß ôï åðüìåíï ëïãéêü âÞìá ôùí SMP óõóôçìÜôùí.

Process: Äéåñãáóßá. ÅêôåëÝóéìç ðåñßóôáóç (instance) åíüò ðñïãñÜììáôïò. ÐåñéãñÜöåôáé
áðü ôï Üíõóìá êáôÜóôáóçò ðïõ ðåñéëáìâÜíåé ðëçñïöïñßåò üðùò ç ôñÝ÷ïõóá ôéìÞ ôïõ ìåôñçôÞ
ðñïãñÜììáôïò, ôéìÝò ôùí ìåôáâëçôþí, ôùí êáôá÷ùñçôþí ê.á.

SMP: Symmetric multiprocessing. Áñ÷éôåêôïíéêÞ õðïëïãéóôþí üðïõ äýï Þ ðåñéóóüôåñïé
åðåîåñãáóôÝò ìïéñÜæïíôáé êïéíÞ ìíÞìç. Áðïôåëåß ôçí ðéï êïéíÞ áñ÷éôåêôïíéêÞ óå ÷ñÞóç
óÞìåñá. Ôá õðïëïãéóôéêÜ áõôÜ óõóôÞìáôá åßíáé åöïäéáóìÝíá ìå ëåéôïõñãéêü óýóôçìá ðïõ
ìðïñåß íá éóïêáôáíåßìåé ôïí õðïëïãéóôéêü öüñôï ìåôáîý ôùí åðåîåñãáóôþí. ÅðåéäÞ ç ìíÞìç åí
ãÝíåé åßíáé áñãÞ, ç ÷ñÞóç êïéíÞò ìíÞìçò áðü üëïõò ôïõò åðåîåñãáóôÝò áðïôåëåß ôáõôü÷ñïíá êáé
ôï âáóéêü ìåéïíÝêôçìá ôçò áñ÷éôåêôïíéêÞò áõôÞò, êáèþò óå ðïëëÝò ðåñéðôþóåéò åðåîåñãáóôÝò
ðåñéìÝíïõí ãéá íá ðáñáëÜâïõí äåäïìÝíá.

Threads: ÍÞìáôá. Óõíåñãáæüìåíåò äéåñãáóßåò (processes) ðïõ ìïéñÜæïíôáé ôçí ßäéá ðåñéï÷Þ
ìíÞìçò (memory space). Èåùñïýíôáé «åëáöñÜ» êáèþò åíáëëáãÞ ìåôáîý ôïõò äåí óõíïäåýåôáé
áðü áëëáãÞ ðëáéóßïõ ìíÞìçò (memory context).
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Nothing makes a person more productive than the last minute.
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Abstract: The structural and electronic properties of the Ni@Si12 clusters are studied in the framework of 

the density functional theory using the hybrid functional B3LYP. A distorted hexagonal structure of Cs 

symmetry and a structure of S4 symmetry are identified as the best candidates for the ground state of 

Ni@Si12. The structures resulting by substitution of a Si atom in low lying Si13 isomers or by insertion of a 

Ni atom in an energetically low lying Si12 isomers, after a geometry optimization, are not energetically the 

lowest ones. We report energetic properties such as binding energies, ionization potentials, electron 

affinities and embedding energies. 
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1. Introduction 
In the past 20 years there has been a considerable amount of research, both theoretical and 
experimental, on silicon based materials. The intense interest on TM encapsulated Si clusters is 
initiated by both the promising applications in nanotechnology and nanoscale electronics as well as its 
pure scientific significance. For example, advancements in the electronics industry have led to silicon 
based integrated circuits with elements (MOSFETS) as small as a few nanometers. Furthermore, stable 
silicon structures may serve as building blocks for the construction of novel nanoscale silicon based 
materials with a tunable band gap depending on the encapsulated TMA. 
 Within this perspective, a subject of great concern is the chemistry that occurs at the interface 
between a metal and a silicon surface. An example of such a process is the introduction of energy states, 
that lie between the valence and conduction band energy in semiconductors, from the metal-
semiconductor reaction products. This type of energy states impede our ability to control Schottky 
barrier heights. The study of small and medium size silicon clusters reveals information related to the 
reaction at the interface. It has been speculated [1] that metal-containing stable silicon clusters may 
represent the earliest products formed at the interface. 
  Experimentally, the production and study of metal atom-silicon clusters was first reported by 
Beck[1]. In this work Beck et al. observed the formation of metal-containing silicon clusters for three 
types of transition metals atoms (TMA), specifically Tungsten (W), Molybdenum (Mo) and Chromium 
(Cr). The produced metal-containing silicon clusters exhibited increased stability compared to similar 
sized pure silicon clusters when subjected to photofragmentation. Hiura et al. report[2] that TMAs react 
with silane (SiH4) producing Si clusters with an encapsulated TM atom. The TMA, considered to be 
endohedral, stabilizes the Si cage. The TMAs that react with SiH4 to form stable cages have a partially 
filled d shell with d electrons ≥ 2 in the ground state. The TM@Sin clusters that were formed lost their 
reactivity to SiH4 when n reached 12 suggesting that TM@Si12 constitute stable clusters. 
 From a theoretical point of view, the structural stability and electronic properties of TM@Sin 
clusters have been heavily investigated the last few years with a large variety of theoretical methods. 
The difficulties entailed in such attempts can be readily appreciated when one considers that even for 
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small pure Si clusters (which have been under investigation for many years) there are still numerous 
fundamental issues to be resolved [8]. The incorporation of TMAs, such as Ni, introduce partially filled 
d-electrons (and possible different spin states) that makes the situation even more complex. 
 Up to date, there is little research done concerning specifically the Ni@Si12 cluster. Menon et al.[3] 
have performed a series of TBMD as well as DFT calculations in an effort to identify the energetically 
more stable isomer of Ni@Si12. The results of both theoretical approximations suggest that the lowest 
energy Ni-encapsulated Si structures is a cage of C5v symmetry as the one shown in figure 1(h). Thus 
far, this conclusion has only been questioned by Kumar et al. [4] who suggest that the structure of C5v 
symmetry of Menon et al. is the third lowest in energy, while a hexagonal prism and a chair structure 
are energetically more favorable than the former. Moreover, based on calculations on a double C5v 
structure they claim that icosahedral packing is not favorable for Ni doping.  
 In this work we examine the geometric structure and electronic properties of TM encapsulated Si 
clusters, with a particular emphasis on the Ni@Si12 cluster, which we present here. 
 

2. Calculations 
 Several different approaches were adopted for the construction of the initial candidate geometries. 
We started by considering ideal fcc and hcp cells, with up to second order neighbors from a center Ni 
atom, as well as two additional structures of hexagonal and icosahedral symmetry. In all cases we 
performed symmetry unconstrained (C1) geometry optimizations, using the gradient corrected BP86[] 
functional with the SVP basis set [4s3p1d] for Si and [5s3p2d] for Ni. In this stage of the calculations 
the resolution of the identity (RI)[12] approximation for the two-electron integrals was consistently 
employed. In order to characterize the resulting structures, we defined their symmetry using loose 
symmetry criteria. The final symmetric species were then reoptimized in the framework of the hybrid 
three parameter, non-local correlation functional Becke-Lee, Parr and Yang (B3LYP) with the large 
triple-zeta quality split valence basis set, TZVP[5s4p1d] for Si and [6s4p3d] for Ni. Based upon prior 
experience[5], the B3LYP functional gives exceptionally accurate results for both electronic[5] and 
structural[8] properties for Si. Moreover, for the case of silicon clusters[8], it has been shown that the 
quality of B3LYP results is comparable to more sophisticated and computationally demanding methods, 
such as CCSD(T). For the case of  TMA containing structures, the B3LYP functional (but even for 
other hybrid functionals) yields accurate binding energies, but rather short bond lengths[13]. 
Specifically for Ni, the bond lengths are rather elongated. 
 The geometric and electronic configuration of the clusters was determined by additional stability 
calculations, by performing calculations on different spin states (singlet, triplet, etc.), by employing 
occupation number optimization procedures using (pseudo-Fermi) thermal smearing and by comparing 
to other high level methods when it was considered necessary. 
 The bulk of our calculations were performed using the Turbomole[6] program. 
 
Table 1: Energetic properties of the Ni@Si12 isomers, Binding Energies (per atom) and Embedding 
Energies (see text for difference in definitions). The isomers are characterized by their symmetry group.  

Sym  Spin 
State 

BE / atom 
(eV) 

EE      
(eV) 

EE2     
(eV) 

Cs s 3.170 5.435 3.3244 
S4 s 3.166 6.017 3.2828 

basket s 3.131 5.432 2.8183 
C2h s 3.129 5.443 2.8015 
C2v s 3.109 5.687 2.5405 
C2~ s 3.034 5.106 1.5637 

C5v (g) s 3.034 5.132 1.5596 
C5v (h) s 3.011 4.486 1.2639 

C2v t 3.117 5.443† 2.6371 
†This value corresponds to the pure Si cluster being in a triplet occupation. 
 

3. Results and discussion 
 Our calculations reveal two distinct, nearly isoenergetic, low-energy structures for the Ni@Si12 
cluster of Cs and S4 symmetry. The Cs structure, shown in figure 1(a), is proposed by Kumar et al.[4] 
as the lowest energy structure for the Ni@Si12 cluster. The S4 structure is not previously mentioned, to 
our knowledge, in any bibliography as a stable isomer of the Ni@Si12 cluster. The Cs isomer can be 
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regarded as a hexagonal prism where a single Si atom has elongated bond lengths. The S4 isomer, 
shown in figures 1(b) and 1(b’), can be regarded as four distorted neighboring pentagons. Figures 1(b) 
and 1(b’) correspond to a relative 90 degrees rotation. 
 The S4 isomer was obtained using as an initial geometry an hcp structure with a central Ni atom 
and up to second order neighboring Si atoms. A subsequent frequency calculation revealed no 
imaginary values. In the case of the Cs isomer the structure used as the initial geometry was a 
hexagonal prism of tight C2h symmetry, as shown in figure 1(d). This (hexagonal) structure in itself is 
significant as it exhibits remarkable stability regardless of the TMA embedded[7]. As can be seen in 
Table 1, this hexagonal prism has a HL gap of 1.02 eV (using the TZVP basis set) which is in complete 
agreement with the value given by Sen et al.[7] (1.03 eV). However, a frequency calculation revealed 
three imaginary values. By performing a continuous cyclic procedure of distorting the structure in 
accordance to the imaginary frequencies, relaxing the new structure and reevaluating frequencies, in 
every case the final structure obtained was the distorted hexagonal prism (of Cs symmetry).  
The procedure mentioned above that leads to the Cs structure, via a number of intermediate structures, 
suggests a flat potential energy surface (PES), and indicates that the stability of the structure may be a 
dynamic[8,14] process rather than a static one. The differences in energy between the intermediate 
structures are less than 0.38 eV. 
Another isomer obtained from the initial hexagonal geometry is shown in figure 1(i) of C2v symmetry. 
The difference in this case is the assignment of a triplet configuration. As can be seen in table 1, this is 
an energetically low structure. This structure is comprised of two distorted pentagons (not shown on 
figure 1(i) as they are on the left and right of the structure), neighboring with six distorted rhombuses, 
and caped by a single silicon atom. By omitting this single silicon atom, the remaining structure is non-
convex. 
 

     

Cs 
(a) 

 

S4 
(b) 

S4 
(b’) 

C1 
(c) 

C2h 
(d) 

     
C2v 
(e) 

C2 
(f) 

C5v 
(g) 

C5v 
(h) 

C2v 
(i) 

Figure 1: Low energy isomers of the Ni@Si12 cluster, sorted by spin state and increasing energy. 
Structures (a),(b) are isoenergetic and correspond to the lowest energy isomers. Figures (b) and (b’) 
correspond to the same isomer rotated by 90 degrees. Ni-Si bonding has been omitted wherever 
necessary for clarity.   
 
 The ability of a transition metal to stabilize a Si cluster of a specified size can be partially quantified 
by the Embending Energy (EE). The EE is defined by two different ways in modern bibliography, 
given by the following relations: 
 
         [ ] nn(Si ) (TM) (TM@Si )uEE E E E= + −          (1) 
and 
         [ ] nn2 (Si ) (TM) (TM@Si )lowestEE E E E= + −         (2) 
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In both relations the Embedding Energy is given by the difference in energy of the transition-metal 
embedded silicon cluster from the energy of the single TMA and of the pure Sin cluster. The difference 
in the two definitions is in regard to the Sin structure. In one case the coordinates of the Si atoms in Sin 
are that of the TM@Sin cluster (i.e. simply remove the TM), whereas in the other case the Sin is the 
lowest-energy isomer of the Sin cluster[11]. Our calculations correspond to both definition, the former 
being EE and the later EE2. The former definition gives an insight on the stabilizing effects of the 
TMA for the specific structure and thus is true to its designation. An advantage of the later definition is 
that the lowest-energy (Sin)lowest cluster acts as a common reference, thus providing a means of 
comparing the stabilization effect of the TM atom in each TM@Sin isomer. We present calculations 
based on both definitions as both of these quantities are found in current literature. 
 In addition to the properties listed in table 1, we have also calculated other electronic, energetic and 
structural properties. Our results show that the structures are not suited for a charge-transfer-type 
acceptor to other substances with the exception perhaps of structure C5v (h)[10]. 
This work is currently in progress. 
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Åñãáóßá Physical Review B

And here I am, for all my lore,
The wretched fool I was before.

Called Master of Arts, and Doctor to boot,
For ten years almost I confute

And up and down, wherever it goes
I drag my students by the nose-

And see that for all our science and art

We can know nothing. It burns my heart.

---Faust by Goethe (1749 - 1832)

Ç ðëÞñçò åñãáóßá ðïõ áöïñÜ ôï óõóóùìÜôùìá Ni@Si12 äçìïóéåýôçêå óôï åðéóôçìïíéêü
ðåñéïäéêü Physical Review B. Óôï ðáñÜñôçìá áõôü ðáñáèÝôïõìå ôçí åñãáóßá - Phys. Rev. B
73, 235417 (2006) - üðùò áõôÞ äçìïóéåýôçêå óôï åí ëüãù ðåñéïäéêü.
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Structure and properties of the Ni@Si12 cluster from all-electron ab initio calculations
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The structural, electronic, and vibrational properties of the Ni@Si12 cluster have been studied using all-
electron ab initio calculations in the framework of the density functional theory �DFT� with the hybrid nonlocal
exchange and correlation functional of Becke-Lee-Yang-Parr �B3LYP�. Perturbation theory was also used for
the lowest energy competing structures in order to unambiguously identify the ground state in view of marginal
total energy differences at the DFT/B3LYP level of theory. To facilitate possible future experimental identifi-
cation and to check the stability of the structures, we have performed vibrational analyses that include Raman
and infrared spectra for the stable structures. Through the vibrational analysis, we have found that the C5v
symmetric Frank-Kasper structure, based on an icosahedral structural motif, which for some time was believed
as the ground state, is unstable. Our calculations reveal a ground state of “cubic” D2d symmetry, which at the
fourth order of perturbation theory is about 1.3 eV lower than the alternative suggested ground state, based on
a hexagonal structural motif. This distorted hexagonal structure of CS symmetry at the DFT/B3LYP level of
theory is practically isoenergetic to our cubic D2d structure, with a marginal energy difference of about
0.04 eV. In addition to IR and Raman spectra, we have examined in detail electronic �bonding and binding�,
structural, and chemical characteristics that could be important for possible future applications of these or
derived from these materials. Such characteristics include total and partial density of states, crystal orbital
overlap populations, binding energies, ionization potentials, electron affinities, “chemical hardness,” and em-
bedding energies.

DOI: 10.1103/PhysRevB.73.235417 PACS number�s�: 61.46.Bc, 36.20.Kd, 36.20.Ng, 36.40.Cg

INTRODUCTION

In the past 20 years there has been a considerable amount
of research, both theoretical and experimental, on silicon
based materials. The strong interest1–5 on transition metal
�TM� encapsulated Si clusters is due to the promising pos-
sible applications in nanotechnology and nanoelectronics, as
well as to the understanding of fundamental properties. Re-
cent developments in nanoelectronics have led to silicon
based integrated circuits with elements as small as a few
nanometers. Furthermore, stable silicon structures may serve
as building blocks for the construction of nanoscale silicon
based materials with a tunable band gap depending on the
encapsulated transition metal atom �TMA�.

The study of the physical and chemical properties at the
interface between a metal and a silicon surface is very
important.6,7 Such study for small and medium size silicon
clusters can reveal important information about the physical
and chemical processes taking place at the metal-
semiconductor interface. Knowledge and understanding of
such processes could be very important, for instance, for the
understanding and possible control of Schottky barrier
heights. It has been speculated8 that stable metal-containing
silicon clusters may represent the earliest products formed at
the interface.

Experimentally, the production and study of metal atom-
silicon clusters was first reported by Beck.8 In this work
Beck observed the formation of metal-containing silicon
clusters for three types of transition metals atoms, specifi-
cally tungsten �W�, molybdenum �Mo�, and chromium �Cr�.
The produced metal-containing silicon clusters exhibited in-
creased stability compared to similar sized pure silicon clus-
ters when subjected to photofragmentation. Hiura et al.9 re-

port that TMAs react with silane �SiH4� producing Si clusters
with an encapsulated TM atom. The endohedral TMA stabi-
lizes the Si cage. The TMAs that react with silane to form
stable cages have a partially filled d shell with two or more d
electrons in the ground state. The TM@Sin clusters that are
formed lose their reactivity to silane when n reaches 12,
suggesting that TM@Si12 complexes constitute stable clus-
ters. Furthermore, Si12 has the added advantage that it can
accommodate all relevant structural patterns—icosahedral,
hexagonal, and cubic. Therefore, the study of its structural
properties could prove very important for the design of larger
TM-semiconductor systems.

From a theoretical point of view, the structural stability
and electronic properties of TM@Sin clusters have been in-
tensively investigated during the last few years with a large
variety of theoretical methods. The results obtained by dif-
ferent techniques and/or different groups are not always
compatible. This is more or less understandable in view of
the complexity of the ab initio methods. The difficulties in-
volved in such attempts can be readily appreciated when one
considers that even for small pure Si clusters �which have
been under investigation for many years� there are still nu-
merous fundamental issues to be resolved.10 The incorpora-
tion of TMAs, such as Ni, introduces partially filled d states
�and possible different spin states�, thus making the situation
even more complex.

To date, little work has been done concerning specifically
the Ni@Si12 cluster. Menon et al.11 have performed a series
of tight-binding molecular dynamics �TBMD� as well as
density functional theory �DFT� calculations in an effort to
identify the energetically more stable isomer of Ni@Si12.
The results of both theoretical approximations suggest that
the lowest energy Ni-encapsulated Si structure is a cage of
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C5v symmetry, such as the one shown in Fig. 1�h�. Thus far,
this conclusion has only been questioned by Singh et al.,12

who has suggested that the structure of C5v of Menon et al. is
the third lowest in energy, while a distorted hexagonal prism
and a chair structure are energetically more favorable than
the former. Moreover, based on calculations on a double C5v
structure they claim that icosahedral packing is not favorable
for Ni doping. Our work is a detailed study of the structural,
electronic, and dynamical �vibrational� properties of possible
Ni@Si12 clusters. Our calculations indeed verify that the C5v
structure is not the ground state, and also reveal an energeti-
cally even lower structure as the equilibrium geometry of the
Ni@Si12 cluster. This conclusion is based on high �fourth�
order perturbation theory. To facilitate possible future char-
acterization, we have calculated a variety of properties in-
cluding IR �infrared� and Raman vibrational spectra.

TECHNICAL DETAILS OF THE CALCULATIONS

We have performed all-electron ab initio calculations in
real space in the framework of density functional theory
within the generalized gradient approximation �GGA�. For
the lowest energy structures we have complemented our
calculations with ab initio perturbation theory up to fourth
order.

Several approaches have been adopted for the construc-
tion of the initial candidate geometries, since the usual ge-
ometry optimizations �performed at zero temperature� are
more or less biased by the initial geometry and charge dis-
tribution. We started by considering structures based on ideal
fcc and hcp cells, with up to second order neighbors from a
central Ni atom, as well as additional structures based on
hexagonal and icosahedral symmetry. In all of these cases we
have performed symmetry unconstrained �C1� geometry op-
timizations, in the framework of the density functional
theory �DFT� using the gradient corrected BP86 functional13

�GGA approximation�. In these calculations we have used
the SVP14 basis set ��4s3p1d� for Si and �5s3p2d� for Ni�
and the resolution of the identity15 �RI� approximation for
the two-electron integrals. In the second stage of the calcu-
lation we have symmetrized �wherever possible� the result-
ing structures �using loose symmetry criteria� and reopti-
mized them using tight optimization criteria, in the
framework of the hybrid three parameter, nonlocal correla-
tion functional of Becke-Lee-Yang-Parr �B3LYP�.16 Based
upon prior experience,17 the B3LYP functional gives very
accurate results for both electronic and structural properties
for Si. Moreover, for the case of silicon clusters,10 it has been
shown that the quality of B3LYP results is comparable to
more sophisticated and computationally demanding methods,
such as coupled-cluster with single, double, and perturbative
triple excitations �CCSD�T��. This second round of B3LYP
calculations, performed under symmetry constraints, in-
volves the larger triple-zeta quality split valence TZVP18

basis set ��5s4p1d� for Si and �6s4p3d� for Ni�. As a third
and final step, all structures with non-C1 symmetry were
further checked for possible symmetry deviations by reopti-
mization without any symmetry constraints. The geometry
optimizations were first performed with the TURBOMOLE

program package,19 using the Ahlrichs method20 in
redundant-internal-coordinate space, imposing convergence
criteria for the residual force smaller than 10−4 atomic units.
The second round of the �B3LYP/TZVP� optimizations was
repeated with the GAUSSIAN-0321 program package using the
Berny algorithm22 and �again� tight optimization criteria.
These criteria, in addition to residual forces �both average
and maximum� smaller than 1.5�10−5 a.u., involve also the
condition of residual displacements �both average and maxi-
mum� smaller than 6�10−5 a.u. At this point, it should be
noted that, even with tight optimization criteria, the optimi-
zation algorithms do not necessarily converge to stable solu-
tions �geometries�. For this reason, we have additionally per-
formed a vibrational analysis in order to identify the
structures which correspond to real minima of the calculated
potential energy hypersurface.

We have checked that the correct ground state electronic
configuration has been obtained by performing multiple cal-
culations on different fixed spin states �singlet, triplet, etc.�
and by employing an occupation number optimization pro-
cedure using �pseudo-Fermi� thermal smearing. In addition,
the quality of the ground state wave functions was tested by
suitable stability calculations. The vibrational calculations
were also used to produce the IR and Raman spectra. Com-
pared to infrared intensities �which depend on the square of
the dipole moment gradients and the vibrational frequen-
cies�, the Raman activities involve the square of the polariz-
ability derivative, which requires the calculation of the third
derivative of the system energy with respect to coordinates
and electric field. Thus, the calculation of Raman spectrum is
by no means a trivial task. Needless to say, the same is true
for the experimental measurements.23 The IR and Raman ex-
perimental techniques for such systems are know as “surface
plasmon-polariton enhanced Raman spectroscopy” and as
“vacuum Fourier-transform infrared spectroscopy.”23 In the
present work the polarizability derivatives were computed
with the GAUSSIAN-0321 program package, using numerical
differentiation of the analytic dipole gradients with respect to
the applied electric field. Static Raman intensities �zero-
frequency, nonresonant� were computed in the double har-
monic approximation,23,24 ignoring cubic and higher force
constants and omitting second and higher polarizability de-
rivatives.

For the two energetically lowest structures, i.e., the D2d
and CS isomers, which are almost isoenergetic at the B3LYP/
TZVP level, we have also performed full Møller-Plesset25

�MP� perturbation calculations up to fourth order �full MP4,
or MP4SDTQ, i.e., MP4 involving single, double, triple, and
quadruple excitations from the Hartree-Fock ground state
Slater determinant� to test the conclusions obtained by the
B3LYP method.

In order to make the electronic properties more transpar-
ent, we have developed a simple computer code to calculate
crystal orbital overlap populations �COOP� as well as total
and partial densities of states �DOS�. The contribution of the
Ni-related states to the total DOS is based on Mulliken popu-
lation analysis �MPA�, as is the calculation of the overlap
populations. The overlap populations were used in order to
produce the COOP diagrams. These diagrams, which were
initially introduced by Hughbanks and Hoffmann,26 are in
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essence weighted DOS diagrams, the weights being the over-
lap population �OPAB� of selected orbitals in the specific en-
ergy range. For the ith molecular orbital �MO�, the overlap
population between two groups �usually called fragments� A
and B of atomic orbitals �AO� is given by

OPAB,i = �
a�A

�
b�B

cai
* cbiSab,

where the index a runs on orbitals in group A and b runs on
orbitals in group B. The coefficients cai represent the linear
combination of atomic orbitals �LCAO� expansion of the ith
MO on the AOs of group A, and Sab is the overlap matrix.
Interpretation of these diagrams is straightforward; regions
of positive value correspond to bonding states while negative
values correspond to antibonding states.

RESULTS AND DISCUSSION

Our B3LYP/TZVP calculations reveal two distinct, nearly
isoenergetic, lowest energy structures for the Ni@Si12 cluster
of CS and D2d symmetry. The CS structure, shown in Fig.
1�a�, was originally proposed by Singh et al.12 as the lowest
energy structure for the Ni@Si12 cluster. The CS isomer can
be regarded as a distorted hexagonal prism where one of the
Si atoms has elongated bond lengths. The D2d isomer, shown
in Fig. 1�b�, can be regarded as four joint distorted neighbor-
ing pentagons. Slightly higher in energy �0.5 eV above CS�,
we find two almost isoenergetic structures �one of which is
shown in Fig. 1�c�� of C1 symmetry. These structures, which
apparently correspond to the chairlike structure of Singh et
al., are comprised of two parallel distorted pentagons with
two apex Si atoms attached on opposite sides of the pentagon
planes. The main difference between them is the relative po-
sition of the two apex Si atoms.

The D2d isomer was obtained using as an initial geometry
an hcp structure with a central Ni atom with first and second
neighbors of the central Ni atom. Subsequent frequency cal-
culations have verified that this structure is really stable, cor-
responding to a minimum of the energy hypersurface. This
structure satisfies the isolated rhombus rule �IRR� proposed
by Kumar5 as a criterion of the maximum stability for silicon
based “fullerenes” �cages�. According to the IRR, in order to
minimize the bonding strain, rhombi faces �in this case,
square faces� should be placed furthest apart. This originates
from the tendency of silicon to create sp3 bonded structures.
The IRR is the analogue of the isolated pentagon rule �IPR�
for carbon fullerenes, in which case strain is induced by the
existence of pentagons.

In the case of the CS isomer the structure used as the
initial geometry was a hexagonal prism of tight C2h symme-
try, as shown in Fig. 1�d�. This �hexagonal� structure in itself
is significant as it exhibits remarkable stability regardless of
the TMA embedded.27 However, frequency calculations re-
vealed three imaginary values. By performing a continuous
cyclic procedure of distorting the structure in accordance to
the imaginary frequencies, relaxing the new structure and
reevaluating frequencies, in every case we were finally lead
to the CS structure of Fig. 1�a�.

The small energy differences between the first few struc-
tures in Fig. 1 as well as the procedure mentioned above that

leads to the CS structure, via a number of intermediate struc-
tures, suggests a rather flat potential energy surface, which
makes the location of the global minimum difficult. Since the
energy difference of the CS and D2d isomers is only 0.04 eV,
which further reduces to about 0.03 eV when zero-point cor-
rections are taken into account, we have performed addi-
tional calculations using Møller-Plesset perturbation theory
of up to fourth order with the TZVP basis set. This level of
fundamental �high order perturbation� and technical �larger
basis set� approximations is almost mandatory for such small
energy differences. The geometries of the two isomers where
reoptimized at the MP2 level of theory and subsequent
single-point energy calculations were performed at the MP3
and full MP4 �or MP4SDTQ� level. The results reveal that
the energetic ordering of the isomers change at the MP2 and
MP4 levels while remaining the same at the Hartree-Fock
and MP3 level. In particular, the MP4 results reveal a sig-
nificant energy difference with the D2d isomer lying 1.3 eV
lower than the CS isomer. The large difference in favor of the
D2d isomer is also verified by similar MP4 calculations at the
B3LYP geometry. The fluctuations of the energy difference at

FIG. 1. �Color online� Low energy isomers of the Ni@Si12

cluster, ordered from top to bottom by increasing energy �at the
B3LYP level�. The C2v isomer �i�, which has a triplet spin configu-
ration, is placed at the end. Ni-Si bonds have been omitted for
clarity. Structures �a� and �b� are isoenergetic at the B3LYP level
while the D2d isomer lies much lower at the level of fourth order
perturbation theory.
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various levels of Møller-Plesset perturbation theory is remi-
niscent of the case of Si6.10

Another low energy isomer, of C2v symmetry �Fig. 1�i��,
was obtained from the initial hexagonal geometry with a
triplet spin state. It consists of two distorted pentagons �not
shown on Fig. 1�i� as they are on the left and right of the
structure�, neighboring with six distorted rhombi, and caped
by a single silicon atom.

The isomer of C2 symmetry shown in Fig. 1�f� was ob-
tained through distortions of the C5v isomer in Fig. 1�g� fol-
lowing the modes with imaginary frequencies.

The isomer of C5v symmetry shown in Fig. 1�h�, known
as a Frank-Kasper28 �FK� structure of 12 neighbors, does not
exhibit the stability reported11 in previous calculations. Fre-
quency calculations reveal modes with imaginary frequen-
cies; thus, this isomer does not correspond to a real mini-
mum. Distortions of this isomer lead to the chair isomer
shown in Fig. 1�c�. However, its pentagonal prism �two cap-
ping Si atoms removed� has been previously used11 as a
building block for the construction of Si nanotubes. The re-
ported stability of these nanotubes is probably not immedi-
ately related to the stability of the FK isomer, as has been
speculated, but rather is inherent to the nanotube as a whole.

The bonding characteristics of the clusters can be eco-
nomically and efficiently visualized with a bond length dis-
tribution diagram. The comparison of such diagrams for the
various isomers could reveal useful qualitative trends related
to the observed energetic differences. In Fig. 2 we have plot-
ted the Si-Si bond distribution diagrams for the five energeti-
cally lowest isomers that do not exhibit imaginary frequen-
cies, i.e., the isomers denoted as CS, D2d, Chair, C2v triplet,
and C2v, and also for the C5v FK isomer. In the case of CS
and D2d, there is a narrow distribution of the bond lengths
with an average value of approximately 2.4 Å, while for the
FK isomer the existence of long bonds is evident. We note
that long bonds tend to appear as one moves to isomers of
increasing energy. The spherical symmetry of the FK isomer

is not favorable for the Si mesh. This, along with the exis-
tence of long bonds, would suggest that the hollow Si C5v
cage �i.e., having removed the Ni atom� would benefit �en-
ergetically� more than the other two clusters, from the inser-
tion of the Ni atom. Surprisingly enough, a simple examina-
tion of the embedding energies reveals that this is not the
case.

The ability of a transition metal to stabilize a specific Si
cage cluster can be partially quantified by the embedding
energy �EE�, which is defined as the difference in energy of
the transition-metal embedded silicon cluster from the en-
ergy of the single Ni atom and of a Si12 cluster. Depending
on what structure is used for the Si12 cluster, there are two
distinct definitions, denoted here as EE and EE2. Both of

TABLE I. Energetic properties of the Ni@Si12 isomers, total electronic energy �without zero-point energy correction� E, zero-point
energy correction �, Binding energy BE �per atom� HOMO-LUMO gap HL, total energy differences from CS �without zero-point energy�
�E, and embedding energies EE, EE2 �see text for difference in definitions�. The isomers are ordered by increasing energy. The first three
columns include the symmetry of the structures, spin multiplicity, as well as the number of imaginary frequencies obtained by frequency
calculations �at the �DFT/B3LYP level�. The energy values in parenthesis correspond to the results of full fourth order perturbation theory.

Symmetry
Spin
State Im.

Energy
�Ha�

�
�eV�

HL gap
�eV�

�E from Cs

�eV�
BE/atom

�eV/atom�
EE

�eV�
EE2
�eV�

CS s 0 −4981.784
�−4976.779�

0.56 1.55 0.00 3.17 5.43 3.32

D2d s 0 −4981.783
�−4976.829�

0.55 1.60 0.04 3.17 6.02 3.28

C1 �chair� s 0 −4981.765 0.54 1.53 0.51 3.13 5.43 2.82

C2h s 3 −4981.764 0.52 1.02 0.52 3.13 5.44 2.80

C2v t 0 −4981.759 0.53 1.20 0.69 3.12 5.44 2.64

C2v s 0 −4981.755 0.50 1.55 0.78 3.11 5.69 2.54

C2 s 0 −4981.719 0.46 1.68 1.76 3.03 5.11 1.56

C5v s 2 −4981.719 0.46 1.67 1.76 3.03 5.13 1.56

C5v �FK� s 2 −4981.708 0.41 1.16 2.06 3.01 4.49 1.26

FIG. 2. Si-Si Bond Distribution for the stable isomers CS, D2d,
Chair, C2v triplet, and C2v as well as the C5v FK isomer. The exis-
tence of long bonds is evident in the case of the C5v isomer. The
ordering of the diagrams is of decreasing energy going from top to
bottom.
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these definitions can be found in current literature. In the
case of Ni@Si12, these take the form

EE = �E�Si12�hc + E�Ni�� − E�Ni@Si12� , �1�

and

EE2 = �E�Si12�gs + E�Ni�� − E�Ni@Si12� , �2�

where �Si12�gs is the ground state isomer of the Si12 cluster29

and �Si12�hc is the hollow cage that remains by removing the
Ni atom from the corresponding Ni@Si12 isomer. However,
it is straightforward to show that the difference in EE2 be-
tween two given isomers is equal to the difference in their
binding energies �BE�,

�EE2 = EE2isom1 − EE2isom2 = BEisom1 − BEisom2 = �BE,

�3�

and as a result, an EE2 energy diagram follows exactly that
of a BE diagram, obviously at a different energy scale. The
first definition gives an insight on the stabilizing effects of
the Ni atom for the specific structure, while the second defi-
nition provides a means of comparing the relative stability of
each Ni@Si12 isomer. Here we present calculations based on
both definitions. Both definitions have merits and drawbacks.
Perhaps the first definition is more relevant to the present
discussion.

The values of the embedding energies in Table I present
large variation from one structure to the other. Four of the
isomers have an EE value of around 5.4 eV. The highest EE
found is that of the D2d isomer, which suggests a significant
stabilizing effect of the embedded Ni atom. The high BE as
well as the quite large highest occupied molecular orbital-
lowest unoccupied molecular orbital �HOMO-LUMO� gap
of this isomer is indicative of its stability. Since the C5v FK
isomer has the lowest EE value, this structure benefits ener-
getically the least by the insertion of a Ni atom in the hollow

FK Si cage. This is actually the opposite of what would be
expected on the basis of our earlier discussion. Since the C5v
structure is very unfavorable for the pure Si12 cluster, one
would expect that this cluster would benefit the most.

As a means to facilitate the comparison of the energy
levels between different isomers, we have plotted in Fig. 3
the total density of state �DOS� and the partial density of
state �PDOS� �nickel contribution� for the two energetically
lowest isomers as well as the FK isomer. These curves were
generated from the eigenvalues of the ground state B3LYP/
TZVP calculations with a suitable Gaussian broadening. The
PDOS of the embedded Ni atom �solid line� appear quite
similar for all clusters, with a major peak �and perhaps a few
more, secondary peaks� centered on the energy region of
−9.5 to −7.5 eV. The main contribution to these peaks origi-
nates from the d orbitals of the nickel atom, with the overall
Ni contribution ranging from 51% to 78%. For the case of CS
�mostly� and D2d �lesser� clusters, we can see a significant
level splitting of Ni d orbitals, which can be attributed to a
nonisotropic field induced by the Si network. The effect is
not present in the case of C5v isomer, which has a more
“spherical” shape and higher symmetry. In this energy re-
gion, there are Ni-related states �for the cases of the CS and
D2d isomers� which exhibit a strong antibonding character.
On the other hand, for the case of the C5v FK isomer, all of
the nickel related states in the specific energy region are
bonding. This differentiation can be considered as a result of
the loose binding of the silicon network �long bonds�, which
allows �through charge density redistribution� the formation
of Si-Ni bonding states.

In Fig. 4 we display the Ni contribution to the DOS as
well as the PDOS of the Ni related d states and the projected
DOS for each Ni 3d atomic orbital.

In Fig. 5 we show the COOP diagrams for the same three
isomers. The dotted lines correspond to the overlap of every
Ni atomic orbital �AO� with every Si AO. The solid lines

FIG. 3. Energy level diagrams
and total and partial density of
states diagrams for the two lowest
energy isomers �bottom and
middle portion of the figure� in
comparison with those of the un-
distorted Frank-Kasper structure
�top�. The solid lines correspond
to contribution to the states from
the Ni atom. The dotted lines cor-
respond to the total density of
states.

STRUCTURE AND PROPERTIES OF THE Ni@Si12¼ PHYSICAL REVIEW B 73, 235417 �2006�

235417-5



correspond to the overlap of the Ni-d AOs with every Si AO.
The crystal field splitting of the Ni 3d levels is clearly

shown in Fig. 4. This level splitting is more noticeable in the
case of the CS isomer. In this case, the Ni d state DOS has
three peaks, of which the main peak is comprised of Ni dxy,
dyz, dxz, and dx2−y2 states, while the two peaks at the sides
correspond to Ni-dz2 related states, one being bonding �at
−9.2 eV� and the other antibonding �at −7.3 eV�. The inset
image in Fig. 4 for CS corresponds to this Ni-dz2 bonding
state. This state gives the largest positive peak in the corre-
sponding COOP diagram for CS. In the case of the D2d iso-
mer, the central peak consists of Ni dyz, dxz, dz2, and dx2−y2

states, while the �less noticeable compared to the CS case�
side peaks correspond to the dxy-dominated Ni states. The
bonding level is located at −8.8 eV and the antibonding at
−7.5 eV. In this case, the central peak has a significant con-
tribution from the Ni dxz and dyz states, which remain degen-
erate as expected due to the symmetry planes on which they
lie. The molecular orbitals corresponding to these states are
shown in the inset image in Fig. 4 for D2d. The only case in
which we have clearly antibonding contribution, although
marginal, from the Ni d states near the Fermi level is for the
C5v FK isomer; see, for instance, the HOMO in the inset of
Fig. 4 for C5v FK. Also, from Fig. 4 the almost complete lack
of crystal field splitting is evident for the case of the C5v FK
isomer.

There were no trends found by our attempts to examine as
to whether eg �dz2 and dx2−y2� or t2g �dxy, dyz, and dxz� sym-
metric orbitals are filled first as a general trend in every
isomer. As can be seen in all the PDOS diagrams, the con-
tribution of the Ni-related states to the DOS declines as the
energy approaches the Fermi level. However, the �small� pro-
portion of the Ni contribution is not the same for all isomers.

In particular, the percentage of the Ni contribution to the
HOMO in the case of the C5v FK isomer is about 6%, and
around 7% for the CS isomer. In both cases, at the HOMO
the Ni states overlap with the Si states is antibonding �nega-
tive overlap�. In the case of the D2d isomer there is no con-
tribution �zero� from the Ni to the HOMO. As a result, the
HOMO has a Si sp character. Furthermore, the Ni sp states
in the energy region from −7.5 eV up to the Fermi level are
mainly bonding, while the Ni d states are nonbonding �or
slightly antibonding�, as we can infer from the COOP dia-
grams. These results regarding Ni are in agreement with the
conclusions of Mpourmpakis et al.,30 who found that in go-
ing from left to right of the 3d series of the transition metals,
the characters of the HOMO �and LUMO� changes from
metal d-like to silicon sp-like. The strong silicon
sp-character of the HOMO in the case of the C5v FK isomer
can be seen in the first inset image in Fig. 4.

In the COOP diagram for each of the isomers, a clear
separation of bonding-antibonding Ni d states appears. As
noted earlier, in each case, antibonding Ni related states exist
in the energy region of −9.5 to −7.5 eV. From the Ni d state
COOP curves �solid lines�, we see that these antibonding
states are not Ni-d related states �but rather, s and p type�,
and probably do not depend on the number of d electrons of
the embedded transition metal. The reasoning behind this is
that TM-d electrons contribute to the bonding after any other
s or p state �with the exception in some cases of the 4s state�.

FIG. 4. �Color online� Projected Ni-d density of states diagrams
for the two lowest energy isomers in comparison with those of the
�undistorted, unstable� Frank-Kasper structure. The energy level of
the HOMO is denoted by EH.

FIG. 5. Crystal Orbital overlap population �COOP� diagrams.
The dotted lines correspond to the overlap of the Ni AOs with those
of every Si. The solid lines are similar as the dotted lines; except
that only Ni-d states are included. The energy level of the HOMO is
denoted by EH.
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In order to facilitate the experimental characterization of
the Ni@Si12 cluster, we have calculated Raman activities
and IR intensities for the three energetically lowest isomers
�Fig. 6�. The frequencies with the highest activities and in-

tensities �Raman and IR� for the CS and D2d isomers are also
given explicitly in Table II.

In all cases, the contribution of the Ni atom to the higher
frequencies of the Raman and IR spectra is either nonexistent

TABLE II. Selected dominant Raman and IR �infrared� frequencies, together with the corresponding
Raman activities A and IR intensities I, for the two energetically lowest isomers, of CS and D2d symmetry.

�
�cm−1�

CS

Raman A
�Å4/amu�

IR I
�km/mole�

�
�cm−1�

D2d

Raman A
�Å4/amu�

IR I
�km/mole�

133.6 27 0 71.5 27 2

133.8 8 0 71.5 27 2

148.4 10 0 112.0 13 0

159.5 4 2 112.0 13 0

170.8 24 3 155.9 56 0

193.4 25 0 185.9 54 0

200.6 30 5 186.5 20 0

220.6 6 8 214.0 1 26

228.8 2 7 214.0 1 26

230.9 3 4 221.0 1 24

241.0 1 3 261.6 2 15

266.6 6 6 261.6 2 15

269.3 3 2 321.8 72 0

296.5 62 0 329.2 4 0

325.7 2 2 329.2 4 0

329.5 31 1 353.9 47 0

365.2 7 2 355.6 6 0

373.4 64 0 382.3 1 3

376.5 3 2 382.3 1 3

391.1 16 0 418.6 0 3

405.5 0 2 418.6 0 3

408.0 1 2 439.5 5 1

421.8 5 4 448.7 19 0

450.0 8 3 — — —

133.6 27 0 — — —

FIG. 6. Raman and IR spectrum �obtained by a suitable Gaussian broadening� of the three energetically lowest isomers of Ni@Si12,
denoted as CS, D2d, and Chair. Calculations were performed at the DFT/B3LYP level.
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or negligible. Above a specific �to each isomer� threshold,
the spectra are dominated by the Si cage vibrations. In the
case of the CS isomer, this threshold is at 335 cm−1 and for
the D2d isomer at 261 cm−1. Obviously, this is related to the
larger mass of the Ni atom, which results in low values of
frequency for the modes dominated by Ni. Furthermore, the
vibrations of the Ni atom contribute mainly to the IR inten-
sities while the vibrations of the Si cage contribute mostly to
the Raman activities.

The D2d isomer has two doubly degenerate modes of the
IR spectrum with frequencies 214 and 261 cm−1 as well as
one at 221 cm−1, each of which is dominated by the vibra-
tions of the Ni atom. The breathing mode of the Si cage
gives a peak in the Raman spectrum at 322 cm−1, while a
very similar to the breathing mode is found at 354 cm−1. The
Raman peak at 449 cm−1 corresponds to the �nearly horizon-
tal� vibrations of the two Si atoms on the bottom and their
symmetry equivalent on the top �movement transverse to the
page�. For the CS isomer, the peak in the Raman spectrum at
373 cm−1 can be considered as the breathing mode �not all
silicon atoms contribute the same to this mode�. The peaks at
296 and 329 cm−1 correspond to a twisting motion of the
silicon atoms on the hexagons’ planes. By comparing the
spectra of the CS and D2d isomers, it becomes obvious that
for the identification of the two isomers both Raman and IR
spectroscopy may be necessary. The chairlike isomer can
easily be identified by the intense peak in the IR spectrum at
477 cm−1, which corresponds to the vibrations of an apex Si
atom.

A property of interest31,32 of TMA-doped Si clusters, or
composite materials from these clusters, could be their abil-
ity to act as charge sources to other macroscopic or micro-
scopic bodies. For this purpose we have calculated the
chemical potential ��� and chemical hardness ��� of these
structures. It has been shown31,32 that a guiding principle to
predict the occurrence of an easier charge transfer between
two chemical systems, 1 and 2, is a large difference in �
together with low values of �1 and �2. Therefore, the quan-
tities of interest are the chemical potential and chemical

hardness along with the ionization potential and electron af-
finity. These quantities are evaluated as follows.

The chemical potential and chemical hardness �absolute
hardness� are the first and second derivatives of the elec-
tronic energy of the system with respect to the number of
electrons at a constant external potential.31 Evaluation of the
chemical potential and hardness is performed by a finite dif-
ference approximation resulting in the following relations:

� =
IP + EA

2
, � =

IP − EA

2
, �4�

where the ionization potential IP and the electron affinity EA
are evaluated from the energies of the N−1, N, and N+1
electron systems at the neutral cluster geometry,

IP = EN−1 − EN, EA = EN − EN+1. �5�

Although the ionization potential can be accurately pre-
dicted, the evaluation of the electron affinities can exhibit
problems. When the experimental electron affinity is nega-
tive, direct evaluation of the hardness using Eq. �4� is intrin-
sically problematic. This is due to an artificial binding of the
excess electron caused by the finite basis set. When using
larger basis sets that include diffuse functions, the electron is
able to leave the system; thus, the calculated EA becomes
near zero and the chemical hardness approaches IP/2. In such
cases alternative methods of evaluating the chemical hard-
ness have been recently suggested.33 In our case, for such
clearly positive values of the electron affinity of the magni-
tude presented here, the method of Eq. �5� that we have used
gives the most accurate results.

In Table III, we have summarized the results of our cal-
culations for the vertical ionization potentials and electron
affinities as well as the chemical potentials and hardness of
each isomer. It should be noted that these values are calcu-
lated at the ground state geometry of the neutral clusters. As
a result, direct comparison with experiment �or other calcu-
lations� should be carried out with caution �especially for

TABLE III. Energetic properties of the Ni@Si12 isomers, vertical ionization potential IP, vertical electron
affinity EA, chemical potential �, and chemical hardness �. The isomers are characterized by their symmetry
group.

Sym
IP

�eV�
EA
�eV�

�
�eV�

�
�eV� � /�

CS 6.69 2.54 −4.62 2.07 −2.23

D2d 6.57 1.92 −4.24 2.33 −1.82

C1 �chair� 6.70 2.59 −4.64 2.06 −2.26

C2h 5.90 2.31 −4.10 1.80 −2.28

C2vt 6.59 2.67 −4.63 1.96 −2.37

C2v 6.89 2.64 −4.76 2.13 −2.24

C2 7.05 2.69 −4.87 2.18 −2.23

C5v 7.31 2.69 −5.00 2.31 −2.16

C5v �FK� 7.16 3.05 −5.11 2.05 −2.49
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EA�, to avoid confusion with adiabatic electron affinities or
vertical detachment energies �these quantities involve struc-
tural relaxation of the charged cluster�. A benchmark calcu-
lation of the vertical ionization potential for the ground state
isomer of the Si12 cluster29 gives a value of 7.39 eV, which is
in excellent agreement with the experimentally obtained34

range of 7.17–7.46 eV.
Clusters with a high ability to accept an electron accom-

panied by a low chemical hardness are among those with a
large �� /�� ratio ��� /���3 as suggested by Miyazaki
et al.32�. As can be seen in Table III, the most promising of
the Ni@Si12 isomers to act as a charge-transfer-type accep-
tor to other macroscopic substances would have been the C5v
Frank-Kasper structure �if it was stable�. However �even in
this hypothetical case�, the rather high value of the hardness
suggests that it would not have been suitable.

CONCLUSIONS

In summary, using density functional theory and employ-
ing the B3LYP functional we have identified a new ground
state structure of the Ni@Si12 cluster of D2d symmetry,
which at the level of forth order perturbation theory is ener-
getically lower by 1.3 eV compared to the previously known
lowest lying isomer of CS symmetry, derived from a hexago-
nal structural motif. At the DFT/B3LYP level of theory, the
two structures are practically isoenergetic with a difference

of 0.04 eV �0.03 eV when including zero-point corrections
to the energy�. The new D2d structure, with a cubic structural
motif, satisfies the IRR stability criterion proposed by Ku-
mar. The energetic ordering of the CS and D2d isomers seems
to depend strongly on the level of correlation included in the
calculations. In particular, the CS isomer appears to be ener-
getically lower in the Hartree-Fock and MP3, level of theory,
while at the MP4 level of theory, the D2d structure is found to
be significantly lower in energy. Contrary to earlier reports,
the C5v, derived from an icosahedral structural motif, is un-
stable �exhibits imaginary frequencies� and lies significantly
higher in energy. To facilitate possible future experimental
characterization of the clusters, we provide IR and Raman
spectra for the two lowest isomers. Our calculations of ver-
tical ionization potentials, electron affinities, chemical poten-
tials, and chemical hardness reveal that these structures can-
not be expected to act efficiently as possible charge-transfer-
type acceptors to other substances.

ACKNOWLEDGMENTS

We thank the University of Patras/Research Committee
and particularly the basic research program “K. KARATH-
EODORI 2003” and the European Social Fund �ESF�, Op-
erational Program for Educational and Vocational Training II
�EPEAEK II�, and particularly the program PYTHAGORAS,
for funding the above work.

*E-mail address: zdetsis@upatras.gr
1 S. N. Khanna, B. K. Rao, and P. Jena, Phys. Rev. Lett. 89,

016803 �2002�.
2 V. Kumar, Eur. Phys. J. D 24, 227 �2003�.
3 J. Lu and S. Nagase, Phys. Rev. Lett. 90, 115506 �2003�.
4 G. Mpourmpakis, G. E. Froudakis, A. N. Andriotis, and M. Me-

non, Phys. Rev. B 68, 125407 �2003�.
5 V. Kumar, Comput. Mater. Sci. 30, 260 �2004�.
6 R. T. Tung, J. M. Gibson, and J. M. Poate, Phys. Rev. Lett. 50,

429 �1983�.
7 P. J. van den Hoek, W. Ravenek, and E. J. Baerends, Phys. Rev.

Lett. 60, 1743 �1988�.
8 S. M. Beck, J. Chem. Phys. 87, 4233 �1987�; 90, 6306 �1989�.
9 H. Hiura, T. Miyazaki, and T. Kanayama, Phys. Rev. Lett. 86,

1733 �2001�.
10 A. D. Zdetsis, Phys. Rev. A 64, 023202 �2001�; A. D. Zdetsis,

Computing Letters 1, 337 �2005�.
11 M. Menon, A. Andriotis, and G. Froudakis, Nano Lett. 2, 301

�2002�; A. Andriotis, G. Mpourmpakis, G. Froudakis, and M.
Menon, New J. Phys. 4, 78 �2002�.

12 A. K. Singh, T. M. Briere, V. Kumar, and Y. Kawazoe, Phys. Rev.
Lett. 91, 146802 �2003�.

13 A. D. Becke, Phys. Rev. A 38, 3098 �1988�; J. P. Perdew, Phys.
Rev. B 33, 8822 �1986�.

14 A. Schäfer, H. Horn, and R. Ahlrichs, J. Chem. Phys. 97, 2571
�1992�.

15 K. Eichkorn, O. Treutler, H. Öhm, M. Häser, and R. Ahlrichs,
Chem. Phys. Lett. 240, 283 �1995�.

16 P. J. Stephens, F. J. Devlin, C. F. Chabalowski, and M. J. Frisch,
J. Phys. Chem. 98, 11623 �1994�.

17 C. S. Garoufalis, A. D. Zdetsis, and S. Grimme, Phys. Rev. Lett.
87, 276402 �2001�; C. S. Garoufalis and A. D. Zdetsis, Phys.
Chem. Chem. Phys. 8, 808 �2006�.

18 A. Schäfer, C. Huber, and R. Ahlrichs, J. Chem. Phys. 100, 5829
�1994�.

19 TURBOMOLE Version 5.6, Universitat Karlsruhe, 2000.
20 M. V. Arnim and R. Ahlrichs, J. Chem. Phys. 111, 9183 �1999�.
21 GAUSSIAN 03, Revision C.02, Gaussian, Inc., Wallingford, CT,

2004.
22 C. Peng, P. Y. Ayala, H. B. Schlegel, and M. J. Frisch, J. Comput.

Chem. 17, 49 �1996�.
23 K. Jackson, M. R. Pederson, D. Porezag, Z. Hajnal, and T.

Frauenheim, Phys. Rev. B 55, 2549 �1997�; E. C. Honea, A.
Ogura, C. A. Murray, Krishnan Raghavachari, W. O. Sprenger,
M. F. Jarrold, and W. L. Brown, Nature 366, 42 �1993�, and
references therein.

24 Vibrational Intensities in Infrared and Raman Spectroscopy, ed-
ited by W. B. Person and G. Zerbi �Elsevier, New York, 1982�.

25 C. Møller and M. S. Plesset, Phys. Rev. 46, 618 �1934�.
26 T. Hughbanks and R. Hoffmann, J. Am. Chem. Soc. 105, 3528

�1983�.
27 P. Sen and L. Mitas, Phys. Rev. B 68, 155404 �2003�.
28 F. C. Frank and J. S. Kasper, Acta Crystallogr. 11, 184 �1958�.
29 X. L. Zhu, X. C. Zeng, and Y. A. Lei, J. Chem. Phys. 120, 8985

�2004�.

STRUCTURE AND PROPERTIES OF THE Ni@Si12¼ PHYSICAL REVIEW B 73, 235417 �2006�

235417-9



30 G. Mpourmpakis, G. E. Froudakis, A. N. Andriotis, and M. Me-
non, J. Chem. Phys. 119, 7498 �2003�.

31 R. G. Parr and W. Yang, Density-Functional Theory of Atoms and
Molecules �Oxford University Press, New York, 1989� 74, 95
regarding hardness, and 91–92 regarding charge transfer.

32 T. Miyazaki, H. Hiura, and T. Kanayama, Eur. Phys. J. D 24, 241
�2003�.

33 D. J. Tozer and F. de Proft, J. Phys. Chem. A 109, 8923 �2005�.
34 K. Fuke, K. Tsukamoto, F. Misaizu, and M. Sanekata, J. Chem.

Phys. 99, 10 �1993�.

KOUKARAS, GAROUFALIS, AND ZDETSIS PHYSICAL REVIEW B 73, 235417 �2006�

235417-10



Ð Á Ñ Á Ñ Ô Ç Ì Á C

Êþäéêáò C ôïõ ðñïãñÜììáôïò COOPNISI

Laws of programming. Definition: A working program
is one that has only

unobserved bugs.

---

Óôï ðáñÜñôçìá áõôü ðáñáèÝôïõìå ôïí êþäéêá, ãñáììÝíï óå C, ôïõ ðñïãñÜììáôïò coop-
nisi. Ìå ôï ðñüãñáììá áõôü Ýãéíáí ïé áðáñáßôçôïé õðïëïãéóìïß ãéá ôçí äçìéïõñãßá ôùí
äéáãñáììÜôùí ðõêíüôçôáò êáôáóôÜóåùí (DOS), ìåñéêÞò ðõêíüôçôáò êáôáóôÜóåùí (PDOS),
ðñïâïëÞò ìåñéêÞò ðõêíüôçôáò êáôáóôÜóåùí (projected PDOS - DOS) êáèþò êáé ãéá ôá äéá-
ãñÜììáôá Crystal Orbital Overlap Population (COOP). Ç ó÷åôéêÞ èåùñßá õðÜñ÷åé óôï êåöÜëáéï
4. Ôá äåäïìÝíá åéóüäïõ ôïõ ðñïãñÜììáôïò ðñïêýðôïõí áðü åðåîåñãáóßá õðïëïãéóìþí ðïõ
ãßíïíôáé ìå ôï ðñüãñáììá Gaussian-03. Ïé õðïëïãéóìïß óôï Gaussian-03 ðñÝðåé íá ãßíïíôáé
óõìðåñéëáìâÜíïíôáò ôéò ëÝîåéò êëåéäéÜ: pop=full iop(3/33=1,3/36=-1).
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8496 Bytes coopnisi.cpp

/* COOP diagrams for Ni@Si12 cluster
* Specific for TZVP basis set
* Reads files: overlap.dat, MOs.dat
* Emmanuel N. Koukaras / 2006
* Molecular Engineering Group, Physics Dept., University of Patras
*/

#include <stdio.h>
#include <stdlib.h>
#include <string.h> 10

#include <math.h>

/* — Conversion Factors (as used by G98) — */
#define H2EV 27.2116
#define AU2A 0.529177249
#define A2AU 1.8897259886
#define EV2KCALPMOLE 23.06035
#define RAD2DEG 57.295779513082320876798

void q exit(char *); 20

void q intro(void);

/* =============================================
* main
* =============================================
*/

int main(int argc,char *argv[ ]) main

{
FILE *in, *out; 30

double fdtemp;
long ltemp,test;
char temp[20][20];

/* Cmo: MO coefficients */
/* overlap: overlap matrix */
double **overlap, **Cmo, *Eeigen;
/* Ni@Si12 specific data */
long numSiAOs, numNiAOs, NidAOfirst, NidAOlast,NiAA; 40

/* COOP stuff */
double sumgauss,fwhm,k,step;
double *OP,x,rangei,rangef;

char line[100];
char stemp[800];

long i,j,innerj,endclmj,remaining;

/* first number in file gives occupied orbitals 50

* and overlap dimensions (total num basis func)
*/

long numbasfunc, numoccorb;
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q intro();

/* —————– Initialize —————– */
endclmj=0;
/* Ni@Si12 specific data */
numSiAOs=22; 60

numNiAOs=33;
NidAOfirst=16;
NidAOlast=30;
fwhm=0.05/H2EV; /* 0.5eV fwhm -> Hartree */
step=0.0002;
rangei=−12.0/H2EV;
rangef=−5.0/H2EV;

/* Read first lines from files */
if((in = fopen("overlap.dat","rt"))!=NULL){ 70

printf("getting number of basis functions. . .\n");
fgets( line, 100, in);
sscanf(line, "%s %s %s %s", temp[0], temp[1], temp[2], temp[3]);
numbasfunc=atol( temp[0] );
printf("number of basis functions: %ld\n", numbasfunc);
fclose(in);

}
else

q exit("\noverlap file not found!");
80

if((in = fopen("MOs.dat","rt"))!=NULL){
printf("getting number occupied orbitals. . .\n");
fgets( line, 100, in);
sscanf(line, "%s ", temp[0]);
numoccorb=atol( temp[0] );
printf("number of occupied orbitals: %ld\n", numoccorb);
fclose(in);

}
else

q exit("\noverlap file not found!"); 90

/* ——— Memory allocation ———
* use as: overlap[i][j] (nxn)
*/

if((overlap = (double **) calloc(numbasfunc,sizeof(double *)))==NULL){
printf("Memory allocation error. Exiting. . .\n");
exit(1);

}
for(i=0;i<numbasfunc;i++){

if((overlap[i] = (double *) calloc(numbasfunc,sizeof(double)))==NULL){ 100

printf("Memory allocation error. Exiting. . .\n");
exit(1);

}
}
/* use as: Cmo[alpha][i], alpha AO of i-th MO
* alpha: 0, numbasfunc - 1
* i: 0, numoccorb - 1
*/
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if((Cmo = (double **) calloc(numbasfunc,sizeof(double *)))==NULL){
printf("Memory allocation error. Exiting. . .\n"); 110

exit(1);
}
for(i=0;i<numbasfunc;i++){

if((Cmo[i] = (double *) calloc(numbasfunc,sizeof(double)))==NULL){
printf("Memory allocation error. Exiting. . .\n");
exit(1);

}
}
/* use as: Eeigen[i]
* i: 0, numbasfunc - 1 120

*/
if((Eeigen = (double *) calloc(numbasfunc,sizeof(double)))==NULL){

printf("Memory allocation error. Exiting. . .\n");
exit(1);

}
/* use as: OP[i]
* i: 0, numbasfunc - 1
*/

if((OP = (double *) calloc(numbasfunc,sizeof(double)))==NULL){
printf("Memory allocation error. Exiting. . .\n"); 130

exit(1);
}

/* ——— Read overlap ——— */
if((in = fopen("overlap.dat","rt"))!=NULL){

printf("reading overlap matrix. . .");
/* Dummy reads */
fgets( line, 100, in);
fgets( line, 100, in);
for(j=0;j<numbasfunc;j+=5){ 140

remaining=5*(numbasfunc−j);
/* Dummy read */
fgets( line, 100, in);
for(i=j;i<numbasfunc;i++){

fgets( line, 100, in);
/* sixth entry is for \cr */
sscanf(line, "%s %s %s %s %s %s",

temp[0], temp[1], temp[2], temp[3], temp[4], temp[5], temp[6]);
/* 5 columns per loop, at most */
if(remaining>5) 150

endclmj=5;
else

endclmj=remaining;
for(innerj=0;innerj<endclmj;innerj++)

overlap[i][j+innerj]=atof(temp[innerj+1]);
remaining−=5;

}
}
printf("ok\n");
fclose(in); 160

}
else
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q exit("\noverlap file not found!");

/* convert overlap from lower diagonal to symmetric */
for(j=0;j<numbasfunc;j++)

for(i=j+1;i<numbasfunc;i++)
overlap[j][i]=overlap[i][j];

170

// ——— Read MO coefficients ———
if((in = fopen("MOs.dat","rt"))!=NULL){

/* Dummy reads */
fgets( line, 100, in);
fgets( line, 100, in);
sscanf(line, " %s %s %s %s %s", temp[0], temp[1], temp[2], temp[3], temp[4], temp[5]);
NiAA=atol(temp[0]);
printf("Ni atom AA=%ld\n",NiAA);
printf("reading molecular orbital coefficients. . .");
fgets( line, 100, in); 180

for(j=0;j<numbasfunc;j+=5){
/* Dummy read */
fgets( line, 100, in);
fgets( line, 100, in);
/* read eigenvalues */
fgets( line, 100, in);
sscanf(line, " %s %s %s %s %s", temp[0], temp[1], temp[2], temp[3], temp[4], temp[5]);
for(ltemp=j;ltemp<j+( (5<(numbasfunc−j))?5:(numbasfunc−j) );ltemp++)

Eeigen[ltemp]=atof(temp[ltemp−j]);
190

remaining=5*numbasfunc;
for(i=0;i<numbasfunc;i++){

fgets( line, 100, in);
/* sixth entry is for \cr */
sscanf(line, "%s %s %s %s %s ", temp[0], temp[1], temp[2], temp[3], temp[4], temp[5]);
/* 5 columns per loop, at most */
if(remaining>5)

endclmj=5;
else

endclmj=remaining; 200

for(innerj=0;innerj<endclmj;innerj++)
Cmo[i][j+innerj]=atof(temp[innerj]);

remaining−=5;
}

}
printf("ok\n");
fclose(in);

}
else

q exit("\noverlap file not found!"); 210

long suma,sumb;
int found=0;
double sumgauss2;
/* ——— Make COOP ——— */
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out = fopen("COOP.txt","wt");
printf("writing results (COOP). . .");
/* Calculate Overlap Population between fragments A and B
* fragment A are Ni d-AOs 220

* fragment B are Si AOs
* Calculating OP between Ni d-AOs and every Si AO
* The easiest way is to find which Ni AOs NOT to include in the calculation.
* We only want 15 Ni AOs, ranging from 16-30.
* So we do not include 1-15, and 31-33.
*/

/* changes should be made for DOS–>PDOS
* we have as many states as we do basis functions, so i goes up to numbasfunc
*/

for(i=0;i<numbasfunc;i++) 230

/* For Ni d-state contributions, use: */
for(suma=((NiAA−1)*22+15);suma<((NiAA−1)*22+30);suma++)

/* For all Ni contributions, change above, to: */
//// for(suma=((NiAA-1)*22);suma<((NiAA-1)*22+33);suma++)
/* For specific Ni d AO contributions, change both above, to:
* using: D0:15, D+1:16, D-1:17, D+2:18, D-2:19
* each Si prior to Ni has 22 AOs. and then come 15 Ni AOs!=d
*/

//// for(suma=((NiAA-1)*22+15);suma<((NiAA-1)*22+30);suma+=5)
for(sumb=0;sumb<numbasfunc;sumb++) 240

/* do not include Ni AOs in sumb */
/* For PDOS remark the following if():
* unremark for COOP with all Si atoms
*/

if( sumb<(NiAA−1)*22 | | sumb>(NiAA−1)*22+32 )
OP[i]+=Cmo[suma][i]*Cmo[sumb][i]*overlap[suma][sumb];

k=4.*log(2.)/(fwhm*fwhm);
if(out!=NULL){

fprintf(out,"Crystal Orbital Overlap Population - Gaussian broadened.\n"); 250

fprintf(out,"Energy in eV.\n");
fprintf(out," Energy COOP DOS\n");
fprintf(out,"------------------------------------------------\n");
for(x=rangei;x<rangef;x+=step){

sumgauss=0.0;
sumgauss2=0.0;
for(i=0;i<numbasfunc;i++){

sumgauss += OP[i]*exp(−k*(x − Eeigen[i])*(x − Eeigen[i]));
sumgauss2 += exp(−k*(x − Eeigen[i])*(x − Eeigen[i]));

} 260

fprintf(out,"%11.6f %16.10f %16.10f\n", x*H2EV, sumgauss,sumgauss2);
}

}

fclose(out);
printf("ok\n");
printf("\ndone.\nHave a nice day!\n");
return 0;
}

270
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/* ————————————————————————————–
* Program Intro routine
* ————————————————————————————–
*/

void q intro(void) q intro

{
printf("\nCOOP diagram 0.1a.\n");
printf("COOP diagrams for the Ni@Si12 cluster.\n");
printf("Specific for TZVP.\n"); 280

printf("by Emmanuel N. Koukaras / 2006\n");
printf("Molecular Engineering Group, Physics Dept., University of Patras. \n\n");
}

/* ————————————————————————————–
* Program Exiting routine
* ————————————————————————————–
*/

void q exit(char *exitmessage) 290 q exit

{
printf("%s\n",exitmessage);
exit(0);
}
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